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1. Introduction

In many settings of interest to economists, individuals self-select into one among many
available alternative treatments or programs using idiosyncratic information that is related to
their potential outcomes, but not observed by the economist. In some cases, outcomes may
only be observed for individuals that select into certain treatments (e.g., wages are only ob-
served for the employed). Evaluating the effects of treatments in such settings is a common
problem in economics. One widely used solution is to rely on instrumental variables (IV)
methods, which exploit natural, policy-induced, or experimental variation that is “as-good-
as” randomly assigned and can affect individuals’ realized treatment but not their potential
outcomes. What this variation reveals about treatment effects, however, depends on how in-
dividuals respond to the instrument. When there are many alternatives, for example, changes
in the instrument may induce different individuals to switch between different treatments,
and when individuals respond heterogeneously to treatment, the resulting changes in realized
outcomes depends both on which switches occur and on who makes them. Therefore, using
IV to evaluate the effects of treatments requires the economist to impose a model, referred to
here as a treatment selection model, for how changes in the instrument can influence selection
into treatment. In this paper, I present a new general framework for the partial identification
of a broad and flexible class of target parameters, including counterfactual choice probabili-
ties, mean treatment effects, and ratios of treatment effects, in such models, and for sharply
testing the compatibility of such models with the observed data.

I present new results for settings where causal relationships can be described by:

Treatment Selection Equation: D =g,(Z,X,V), (1.1)
Outcome Equation: Y =gy (D, X,V ey) , (1.2)

where g and gy are (generally unknown) structural functions, V' and ey are (potentially
infinite dimensional) independent unobservables, X is a vector of baseline covariates, Y
is a (potentially continuous) outcome, D is a categorical treatment, and Z is a categorical
instrument randomly assigned (potentially conditional on X'). I show that, under these basic
requirements, this model is formally equivalent to the usual potential outcomes I'V model. By
treatment selection model (TSM), I mean models that impose restrictions on the treatment
selection equation, like shape restrictions on gp, or restrictions on the distribution of V.

Identification in this setting is hindered by the presence of the unobservable confounder
V', which can generate selection bias. As in Heckman and Pinto (2018), this paper’s ap-
proach to the selection bias problem uses the instrument Z to partition the support of V' into
cells that induce the same vector of counterfactual treatment assignments, or response-type."

!In order to accommodate a richer class of parameters, the notion of response-types used in this paper is a
suitably “enriched” version of the usual notion of response-type (or “principal stratum”), as considered in Balke
and Pearl (1994), Imbens and Angrist (1994), Heckman and Pinto (2018), Frangakis and Rubin (2002), Gu and
Russell (2022), Lee and Salanié (2023), and many other papers; the response-types considered in this paper
does not, however, involve outcomes directly, unlike the “generalized principal strata” considered by Bai, Huang,
Moon, Santos, Shaikh, and Vytlacil (2026).
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I show that assumptions on g, and/or V' have identifying power only through restrictions on
the relative frequencies of different response-types (including, in particular, which response-
types are eliminated by the model); although some results are developed in full generality,
the strongest results apply to models that restrict these frequencies (“response-type proba-
bilities”) to lie in a convex set, which includes all models that simply eliminate some types.
Heckman and Pinto (2018) showed that the problem of identifying response-type conditional
counterfactuals can be represented as a finite mixture model where the mixture components
are the conditional distributions generated by response-types. I establish the sharpness of
this representation for treatment selection models and attack this mixture problem directly,
leveraging a geometric characterization of such mixture models to develop new results on the
partial identification of components of overlapping mixtures, including a characterization of
bounds on mean features of such components in terms of convex moment inequalities. This
approach also allows the sharp testable implications of such models to be cast in terms of a
particularly simple class of such moment inequalities.

The proposed approach sharply incorporates the full identifying power of randomly as-
signed instruments, and can tractably accommodate continuous outcomes without discretiza-
tion. The unified approach of this paper allows researchers to flexibly choose the target
parameter and selection model most relevant for their policy question and setting, without
requiring new derivations, even when such a model/parameter has not been previously con-
sidered in the methodological literature. Since D and Z are only required to be finitely-
supported, the results in this paper apply to settings with multiple dimensions of treatment
(e.g., mediation analysis) and/or unobserved heterogeneity. In particular, the framework of
this paper applies to settings with “multiple” instruments or treatments just as easily as it does
to settings with “multivalued” instruments or treatments: such distinctions are incorporated
via restrictions on the selection equation. Moreover, by allowing Z (or some components of
it) to be included as components of D, the results also apply to models where conventional
IV exclusion restrictions may be violated (fully or partially, as specified by the TSM) . For
several important cases of models and parameters, I also show that the sharp bounds admit
analytic expressions, which can help provide intuition for the source and structure of identi-
fying power in such models. I emphasize, however, that such expressions are not needed to
implement the approach proposed in this paper, which remains highly tractable even when
such expressions are not available.

The identification results in this paper are sharp in the sense that they exhaust all of the
information in the model and in the available data. Importantly, these results are sharp under
the empirically and theoretically common assumption of random assignment (“full” inde-
pendence) of the instrument, as opposed to the weaker assumption of mean independence
considered in some of the related literature on partial identification in IV models (as in, e.g.,
Manski (1990); Mogstad, Santos, and Torgovitsky (2018)). This distinction can be impor-
tant, since the stronger full independence assumption can lead to tighter bounds on target
parameters, as discussed below. Moreover, as noted by Mogstad and Torgovitsky (2018), it is
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not common to encounter practical applications where there are reasons to believe that mean
independence holds but full independence fails to hold.

To the best of my knowledge, this paper is the first to obtain these sharp identification
results at this level of generality; in particular, I believe this paper is the first to derive sharp
bounds, under general support restrictions and for general principal strata conditional mean
treatment effects, in potential outcome models with non-binary instruments and continuous
outcomes. For several special cases, other analytic and computational approaches have been
proposed in the literature (Cheng and Small, 2006; Kolesér, Olea, and Roth, 2026). These
cases only cover a very small subset of the models that fall into the general class of treatment
selection models considered here, however, and rely on special features of their particular
settings that are not generally available for the broad class considered here.

Much of the literature on IV models with multiple treatments and/or instruments have fo-
cused on point identification under relatively restrictive assumptions on treatment selection:
Angrist and Imbens (1995) assume “monotonicity” of the instrument and extend Imbens and
Angrist (1994)’s results to a setting with multiple levels of (ordered) treatments, Heckman,
Urzua, and Vytlacil (2008) considers multiple treatments within the Marginal Treatment Ef-
fect (MTE) framework of Heckman and Vytlacil (1999, 2001, 2007a,b) but rely on con-
tinuous monotonic instruments, Heckman and Pinto (2018) consider point identification in
the same setting as this paper and propose the “Unordered Monotonicity” condition which
allows several mean counterfactuals and treatment effects to be point-identified, Mountjoy
(2022) provides point identification for some parameters of interest using continuous instru-
ments and the less restrictive “Unordered Partial Monotonicity” assumption, which builds
on the “Partial Monotonicity” assumption introduced by Mogstad, Torgovitsky, and Walters
(2021). Lee and Salanié (2018) consider a broad class of treatment selection models based on
combinations of threshold crossing rules and develop point identification results that rely on
continuous instruments. When only finitely supported instruments are available, the partial
identification framework of this paper can sharply incorporate any of these assumptions on
treatment selection.”

The convex moment characterization of the model specification test and parameter inclu-
sion tests provided here enable statistical inference using existing moment inequality meth-
ods that do not require discretization of continuous outcomes, such as Chernozhukov, Lee,
and Rosen (2013, “CLR”) and Andrews and Shi (2013), under the regularity conditions re-
quired by these methods. I also propose a simple adaptation of the procedure of CLR that, in
this setting, asymptotically controls size uniformly over any class of data distributions with

instrument assignment probabilities uniformly bounded away from zero, and is consistent

’In order to directly and sharply apply the identification results in this paper for a given TSM, the researcher
needs to know the a priori restrictions placed by the TSM on the relative frequencies of response-types. In
the leading case where the TSM simply eliminates some response-types (e.g., Ordered/Unordered/Vector/Partial
Monotonicity, and the models considered in Lee and Salanié (2018) when the thresholds are known or identified.),
this information simply consists of knowing what types are ruled out by the model. More generally, although this
information is always “known” from the model, it may be non-trivial to derive for complicated selection models
(e.g., parametric models).
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against every fixed alternative. In particular, when the instrument assignment probabilities
are known, the class contains a/l data distributions P with those assignment probabilities.

In a highly complementary paper, Bai et al. (2026, BHMSSV) propose a general com-
putational approach for inference in settings with multivalued treatments, instruments, and
outcomes. Their approach, which does not focus on treatment selection models specifically,
can be used for inference in our setting when the outcome is finite and the treatment se-
lection model simply eliminates some response-types. BHMSSV sets up their identification
problem as one “large” linear program and use the inference approach recently proposed by
Fang, Santos, Shaikh, and Torgovitsky (2023). In contrast, the approach here leverages the
unique structure afforded by treatment selection models to instead work with a continuum of
“small” linear programs for each treatment level. The papers are complementary in the finite
outcome TSM setting, because the results in this paper can be used to implement the approach
of BHMSSYV with a much smaller coefficient matrix, when the model of interest is a TSM,
while still obtaining a statistically identical procedure.® This can substantially reduce the
computational burden of BHMSSV’s approach when the model of interest is a TSM, while
avoiding the sample-splitting required by the moment-based inference approach proposed in
this paper. For continuous outcomes, however, where their approach relies on discretizing the
outcome into finitely many bins and leveraging a high-dimensional result that allows them
to increase the number of bins with the sample size (subject to a rate requirement) while
still controlling size, their approach can be computationally demanding (even after the reduc-
tion enabled by the results in this paper) and potentially very conservative. In simulations, I
find that the sample-splitting and moment inequality based approach described above outper-
forms the discretization-based approach of BHMSSV on both informativeness and runtime,
as shown in Figure 1. The cause of tighter confidence intervals is entirely structural (i.e. due
to binning), and cannot be improved by using a more powerful inference procedure: in fig. 1,
the mean 95% CI obtained by the approach proposed here, with a sample size of 12,000, is
narrower than the population level discretized identified set, with the outcome discretized to
50 bins, over 90% of the time.

Almost all of the related sharp partial identification results in IV settings with multiple
treatments assume that the instrument satisfies an exogeneity condition (random assignment
being the strongest such assumption) but do not consider further restrictions on selection
into treatment. For example, Manski (2003) assumes that the instrument and outcomes sat-
isfy a marginal statistical independence condition, and provides a sharp characterization of
potential outcome distributions for settings with many treatments and a finitely supported
instrument. Similarly, Beresteanu, Molchanov, and Molinari (2012) assume random assign-
ment of the instrument, and use random set theory to develop sharp identification results
for settings with multiple treatments and multivalued (potentially continuous) instruments,
extending the results of Manski (2003), Balke and Pearl (1997), and Kitagawa (2021); the

3This reduction may not be numerically identical because the solutions return by linear programming solvers
can be sensitive to the exact way in which the problem is specified when there are multiple optimal solutions.
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FIG 1. The DGP used in this comparison and the runtime/width numbers reported for BHMSSV are from Fig. 1

in BHMSSV (2026). The runtime and width for the split-sample CLR procedure of this paper are based on 1000
replications run on a 2021 M1 Macbook Pro.

notion of response-types is not present in their analysis, however, and they do not consider
monotonicity or any other assumptions on treatment selection.* An exception is Cheng and
Small (2006), who consider a setting with binary outcomes, three treatments and three in-
strument values, and provide sharp bounds on response-type conditional treatment effects for
particular forms of one-sided noncompliance.

This paper is also related to the literature on specification testing in IV models, for which
a more general graph-theoretic approach was recently proposed by Kaido and Ponomarev
(2025). The moment characterization obtained in this paper is specific to TSMs, and is dif-
ferent from the one obtained by Kaido and Ponomarev (2025); in particular, the conditional
moments obtained here are of moment functions of the treatment and the outcome and con-
ditions on the instrument, not conditional expectations with respect to the outcome, like in
Kaido and Ponomarev (2025) (and many other papers like Kitagawa (2015); Mourifié and
Wan (2017); Bai, Huang, and Tabord-Meehan (2025)). The resulting statistics are similar,
both in spirit and mathematical provenance, to the inclusion tests derived in Beresteanu,

4Although this paper’s approach to identification does not involve random sets, the Minkowski integral oper-
ation from convex geometry (a generalization of the Minkowski sum), central to the approach proposed here, is

related to the notion of Aumann expectation from random set theory, used in Beresteanu et al. (2012) and many
other papers.
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Molchanov, and Molinari (2011) for incomplete models with convex moment predictions.
The moment functions derived here depend on the data because they are “profiled” in the
sense that they are solutions to an optimization problem that depends on the data. The feasi-
ble set for these problems does not depend on the data, however, and so, it is straightforward
to obtain a “deprofiled” characterization that only involves moments with known functions,
which may be of interest for applying certain off-the-shelf inference methods, and avoiding
the sample-splitting of the inference approach discussed above.

This paper extends the results of Kitagawa (2015) and Mourifié and Wan (2017) on sharp
testable implications of LATE assumptions to treatment selection models beyond monotonic-
ity and to the general multivalued treatment and instrument setting, and also provides an
alternative characterization of their tests. As special cases, this paper also provides a sharp
test for random assignment, for which a test was proposed by Kédagni and Mourifié (2020),
and also for Unordered Montonicity, for which a test was proposed by Sun (2023). Neither of
these papers show sharpness under full instrument independence, however, unlike this paper.”
The framework of this paper can also be used to perform sensitivity analysis in the spirit of
Noack (2021), but I do not pursue this formally in this draft. This paper is also related to the
literature on the identification of joint distribution of potential outcomes, as investigated by
Heckman and Smith (1995, 1998), Heckman, Smith, and Clements (1997), and more recently
by Mourifié, Henry, and Méango (2020), Jun and Lee (2023) and Kaji and Cao (2023); the
approach of this paper is fully nonparametric and in a relatively more general setting. Finally,
this paper is related to the literature on nonparametric identification of mixture components,
as in Horowitz and Manski (1995, 1998, 2000), Cross and Manski (2002), and Henry, Kita-
mura, and Salanié (2014), and to the literature on nonparametric sample selection, as in Lee
(2009). For several special cases, the analytic results derived in this paper share features with
the analytic results of Horowitz and Manski (1995), Cross and Manski (2002), Lee (2009),
Kitagawa (2021), Kaji and Cao (2023), and Marx (2024).

Notation. I use “:=" to indicate that an equality holds by definition. For any set K, | K|
denotes its cardinality. For any number n € N, [n] := {1,...,n}. For any two sets A and B,
AB denotes the set of all functions from B to A; when B is finite, we will usually denote
x (b) by x (), for any given x € AB and b € B. For any n € N, A" := A", Throughout, any
vector of the form (z1,...,xx) will be understood to be the column vector [71 -+ TK]T,
For any pair of matrices (or vectors) A, B with the same number of columns, (A, B) is the
matrix M obtained by stacking A and B vertically; i.e. M(; ) = A(; ) for 1 <i < |rows (4) |
and M(; .y = B(i_|rows(4)|,.) for [rows (4) | <i < |rows (A) |+ [rows (B) |. For any vector

v, {v}, denotes the nonnegative part of v, i.e. ({v}, ), :=max {v(;),0}; similarly, {v}_

(@)
denotes the non-positive part of v, i.e. ([{v}_) i) = min {v;),0}. For any event A, denote
by 1{A} the indicator function takes value 1 if A is true, and 0 otherwise. For any ran-

dom variable X, Law (X ) denotes its distribution, and supp (X') denotes its support, defined

>Tn fact, the results in this paper suggest that the conjectured sharpness (under random assignment/““full inde-
pendence” of Z) of the approach in Kédagni and Mourifié¢ (2020) does not hold.
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here as the smallest closed set that contains X with probability 1. All optimization variables
without an explicitly specified domain should be understood to have their domain be the set
of real-valued vectors of conformable dimension. For a measure ; on a measurable space
Y, and any subspace X of a finite-dimensional Euclidean space, L' (u; X) is the space of
p-integrable functions ) — X, and L? (u; X) is the space of such functions that are also
square-integrable; when the second argument is omitted, X" is understood to be R.

2. Analytic Framework

We will work with a complete and sufficiently rich probability space, (€2, 2, P), on which
all random variables in this paper are defined; following the usual convention, I identify the
sample space €2 with the population of individuals. For each individual w € €2, we observe
(Y(w),D(w), Z(w), X (w)), where Y is their (potentially continuous and/or vector-valued)
outcome(s), D represents the treatment(s) they received, Z represents their assigned instru-
ment value(s), and X denotes a vector of their baseline covariates.

Denote by P the distribution of the observed data (Y, D, Z, X). In Sections 2 to 4, since
our focus is on identification, I will generally treat P as known; estimation and inference
based on finite samples is addressed in Section 5 and Appendix C, respectively. I condition
on X throughout the remainder, and therefore suppress it in the notation. I assume that D and
Z are categorical variables, and only assume that Y satisfies some mild regularity conditions.

Formally, I assume throughout that P satisfies the following condition.

Condition D (Setting). The random variables D (“treatment”) and Z (“instrument”) take
on values in finite non-empty sets D and Z respectively, with |D| > 2 and

P(Z=2)>0,Vze Z.
The random variable Y (“outcome”) takes on values in a closed Borel set Y C R¥, equipped

with the Borel o-algebra %y and a dominating o-finite measure |i.

Note that this condition allows the distribution of Y to be discrete, continuous, or mixed.

Following Heckman and Pinto (2018), I formalize the basic instrumental variables (IV)
setting using the following condition on P, which we will use to formally define the notion
of treatment selection models used in this paper.

Condition M (Structural IV Model). P admits a representation of the following form:

Treatment Selection Equation: D=gyp(Z, V), 2.1
Outcome Equation: Y =gy (D,V,ey), (2.2)
Independence Condition: Z,V, and ey are mutually independent. (2.3)

for random variables V' and ey taking values in measurable spaces V and Ey, respectively,
and measurable functions g, : Z xV = D and gy : D xV x Ey — Y such that, for all
d €D, gy (d,V,ey) has a p-dominated distribution.
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This model makes explicit the (potentially infinite-dimensional) latent variables V' and ey
and the structural functions g and gy, but is equivalent to the usual IV potential outcomes
model.® The independence condition is equivalent to Z being randomly assigned.

Under Condition M, we can define potential choices and outcomes as follows. For each
deD,ze Z,and w € (, define

D, (w):=¢gp(z,V(w) and Yj(w) =gy (d,V (w),ey (w)) . 2.4)

Now, under Condition M, the observed choices and outcomes are generated by (2.1)-(2.2),
which implies the usual formulation via (2.4),

D=> " D.A{Z=2z} and Y =) Y A{D=d} . (2.5)
zEZ deD

In this paper, we will focus on Treatment Selection Models (TSMs), defined as follows.

Definition 2.1 (Treatment Selection Model). A treatment selection model (TSM) is a restric-
tion on the treatment selection mechanism

D:gD (Z,V)

in Condition M. Precisely, on a specified support V, a TSM S is specified as a nonempty
collection of admissible pairs (Fv,gp), where Fy/ is the distribution of the latent variable
V and gp is the treatment selection rule.

A TSM S may restrict the distribution of the latent confounder V', the shape of the struc-
tural function gp, or both. Note that V' generally has no representation-invariant meaning
under Condition M alone, but can become economically interpretable once a TSM S is im-
posed. In the remainder, I assume that the analyst has specified a treatment selection model
(TSM) S. Along with S, I also assume that the analyst has specified a latent subpopulation
V* CV of interest, the interpretation of which depends on S.

A leading class of V* is principal-strata, sets of the form V* = {(D,:z € Z) € A*},
which stratify the population based on the set of counterfactual choices they would make
when faced with different values of Z. Generally, however, the subpopulation of interest
need not be determined by principal stratum. For example, a TSM may introduce latent costs
or preferences that can distinguish between individuals with identical treatment choices over
the observed instrument support.

2.1. Response-Types. Define the random vector D indicating the principal-stratum that an
individual belongs to,

D=D(V):=(gp(z,V):z€Z)=(D,:z€ 2) ,

61 provide a formal statement and proof of this claim in Appendix D.
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and then define the random vector T
T=T(V):=(D,1{V eV},

which denotes an individual’s response-type. If membership in V* is determined by D, then
we may simply take T" = D. Otherwise T" can be viewed as an “enriched” stratification that
further distinguishes individuals in the target population within each principal-stratum.

2.2. Parameters of Interest. We will focus on target parameters that can be expressed in

one of the following forms, for some measurable V* C V.

(i) Response-type probabilities: P (V' € V*). For example, P(T'=7) =P (V ¢ T (7).

(i) (Un)conditional mean outcomes: for known oz € R and integrable x4 : )Y — R,

E|> agka(Ya)

deD
For example, E [Y; — Yy | T =71] or E[Y; — Yy .

(iii) Ratios of (un)conditional mean outcomes: for known «g, Bg € R (with 54 # 0 for at
least one d € D) and integrable x4 : Y — R,

E [Ygep @ara (Ya) |V € V']
E[Y ep Bara (Ya) |V € V']

ElYo.) =Yoo |T=7] . E[Yo.1)~Y00]
> E[Ya,1)~Y0,0 | T=7] 7 E[Y(1,1)~Y(0,00]"

Vev*] )

For example

2.3. Parent Distributions. Note that our parameters of interest are now features of the
(unknown) joint distribution, denoted ), of

(Yy:deD),T,Z2)

and we shall refer to such distributions as parent distributions. Therefore, we can use @ as
our primitive object moving forward. Let M denote the set of possible parent distributions;
precisely, define M as the set of probability laws of ((Yy:d € D), T, Z) over the specified
supports, with Qy, < p foralld € D and Z L ((Yg:d €D),T). For each QQ € M, denote
by P the distribution of (Y, D, Z) induced by Q via (2.5). Now, the identified set for Q

under Condition M is given by
Q=09(P):={QeM|P?=P} .

We will say that a parent distribution () satisfies S if and only if there exists a structural repre-
sentation satisfying Condition M, with (Fy-,gp) € S, that induces () as the joint distribution
of ((Ya)gep T, Z). The identified set for  under S, denoted Qg = Qg (P), is defined as
the set of parent distributions that (i) generate the observed data and (ii) satisfy S. Precisely,

Qs :={Q € Q| Q satisfies S} .
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2.4. Identifying Power of Treatment Selection Models. Denote the set of response-types
possible under S, by

T :=supp(T)={T (v) |veV}.

For each response-type T € T, denote by 7(z) the treatment taken by those of response-type
7 when Z = z. Also define, for each treatment d, the subset T3 C T of types that are not
“d-Never-Takers”, i.e. T;:={T7 €T |3z € Z:7(2) =d}.

T is determined by the assumptions imposed on g, and V' by the TSM S. If S places no
restrictions on treatment selection, then 7~ = DZ x {0, 1}. More generally, S can restrict the
distribution of T' in other ways, beyond just restricting its support. The distribution of T is
captured by the (unknown) vector of response-type probabilities (i.e. the relative frequencies

of response-types), which we denote by 7,
= <IP’(T:T):T€’T> :

For @ € M, denote by w¥ the 7 induced by Q, i.e. 7% := (Q (T =) : T € T). The iden-
tified set for 7r under S, denoted I, is defined as

H::{ﬂ'Q‘QEQs}.

The next result shows that treatment selection models have identifying power for features
of parent distributions only through restrictions on the distribution of response-types. Denote
by Rx = Rx (S) the a priori restrictions imposed on 7r by S, defined as

R = {(IP’FV [((gD(z,V))ZGZ,]l{VEV*}) :T] :T€T> I(FV,gD)GS}
= {79 | Q € M and Q satisfies S} .

Note that R is feature of S and does not depend on the observed data distribution P, since
the definition does not impose () € Q. Moreover, R is always a finite-dimensional bounded
set. We now have the following result.

Theorem 2.1. Suppose P satisfies Condition D. Then, for any treatment selection model S,
Os={QeQ|mgeRL(S)} .
Proof. See Appendix A.1.1. ]

In particular, we now have that IT = { @ ‘ Qe Q} N R, where the first set depends on
P, but not S, and the second set depends on S, but not P.

2.5. Requirements on S. The reduction in Theorem 2.1 applies to arbitrary TSMs, but
operationalizing this result generally requires additional structure on R,. I now introduce
convexity and polyhedrality conditions, which are satisfied by many familiar restrictions on
treatment selection.
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I first introduce the notion of support functions of convex sets, which will be used exten-
sively in the remainder.

Definition 2.2. For any non-empty closed convex set C CR™, let h¢ : R™ — R U {00} be its
support function, defined as the convex function such that, for every c € R",

he(c):=supc'x .
xcC

By convention, the support function of () is taken to be constant at —oc.

We will see later that when R is closed (therefore compact) and convex, the identified

set for 7t under S is a compact convex set, leading to the following condition.
Condition C. R(S) is nonempty, closed, and convex, with support function hs:=hg _(s).

When S only satisfies Condition C, I will generally assume that the analyst knows hg,
the support function of R . Many results will be most useful when S satisfies the following
stronger condition, which is satisfied by the selection models most frequently considered in
the literature, including the leading class of models that impose only support restrictions on
T (i.e. models that simply eliminate some response-types).

Condition CP. R (S) is a nonempty closed convex polytope,’ with
Rx(S)={meRT |Agm <ag} ,
for known matrix Ag and vector as. In this case, hs (c) := hg,, (¢) =infy>p.a7x=c Aag.

Any selection model that simply eliminates response-types (including, e.g., Or-
dered/Unordered/Vector/Partial Monotonicity) automatically satisfies this condition. More
generally, Condition CP is satisfied by any selection model S such that the (a priori) re-
strictions on the type distribution imposed by S can be characterized by a set of linear
(in)equalities involving response-type probabilities.® The main utility of Condition CP is
tractable computation of the support function of IT; we will see later that II itself is a convex
polytope whenever S satisfies Condition CP.

3. Sharp Testable Implications of Treatment Selection Models

Notation. The following notation is used throughout the remainder. Fix an (arbitrary) or-
dering on D, Z, and D, and assume throughout that all relevant tuples indexed by any subset
of these sets follow this ordering. We will generally identify D with the set {d1, ..., d|p| }.

TWe will say that a set K C R" is a convex polytope if and only if there exists, for some m € N, a matrix
A € R™*™ and vector a € R™ such that K = {# € R™ | Az < a}. Note that this definition allows K to be
unbounded.

81n this case, R is simply the intersection of the standard D2 -simplex with the polytope defined by the
non-negative solutions to such linear (in)equalities.
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For each treatment d € D, define the response-matrix R, € {0, 1}|Z|X|T| \ {0} by
Ralz, 7] :=1{7(z) =d} ,

so that each column corresponds to a type 7 € 7 and indicates the instrument values under
which individuals of that type take treatment d.
Ford € D,z € Z, define the observed subdistribution Py, as follows, for Borel A C Y,

Py.(A)=P(Y €A D=d|Z=z),
and denote by Py the tuple formed by stacking over z € Z,
Py (A):=(Py,(A):z€Z) .

Similarly, for parent distribution Q € M and d € D, T € T, define the subdistribution
Q.+ as follows, for Borel A C ),

Qir(A)=Q(YgcAT=T1),
and stack these over T € T to get

QY :=(Qur(A):TeT) .

3.1. Identified Set for Parent Distributions.

Lemma 3.1 (Sharp Characterization of Qg). Suppose P satisfies Condition D and let Q € M
with Qz = Pz be given. Then, QQ € Qg if and only if, for Borel subsets A C ),

R4QF (A)=Pj (A) VYdeD, ()
= R .
Proof. See Appendix A.1.2. |

Note that () only restricts the marginal distribution of (Y3, T") under @) and, in particular,
does not involve the joint distribution of potential outcomes. Indeed, any restrictions im-
posed by S on the dependence structure of (Yy) ., must be enforced through the restriction
7 € R, which restricts the distribution of T' and plays the role of a “mutual compatibility”
requirement. As formalized in the next subsection, we will therefore be able to evaluate the
compatibility of the observed data with S by first studying the possible values of treatment-
specific outcome distributions within each response-type, and then examining what (if any-
thing) remains possible once we additionally require that these treatment-specific outcome
distributions can each be coupled with a common T distribution that satisfies the second
requirement.

In the remainder, it will prove convenient to generally represent the relevant outcome dis-
tributions by their densities with respect to the common dominating measure w. Throughout
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the remainder, denote by pdﬁz the sub-density of P ., i.e. pﬁz >0 and, for any A € Ay,

Py (4) = /A Ph (y) dus(y)

We will usually suppress the dependence on P and just write p,).. Note that py), is not
generally a density because fy paj- (y) du(y) = P (D = d| Z = z), which can be strictly less
than 1. When P (D =d|Z = z) > 0, we have py. (y) = P(D=d|Z = z) fy|p=dq,7==(y)
where fy|p—q,z—. is the density of the conditional distribution of Y given {D =d, Z = z}.
Define p;: YV — Rgo as the vector-valued function obtained by stacking py, over z € Z,

Py (y) =P} (y) = (péj\z (y):z€ Z) .

For each parent distribution Q € M and 7 € T, define qq, = qﬁ_’_ as the sub-density of
the sub-measure ()4 -, defined as Qg r (A) ;== Q (Yg€ A, T =) for all A € %y. Define
q;:Y— Rgo as the vector-valued function obtained by stacking qq|, over T € T,

9:(v) =qf (v) = (qﬁT (y):T€ 7') :

Note that [, qu (y) dp (y) = =€,

Throughout, all pointwise statements involving y € ) should be interpreted as holding
p-almost-everywhere. When I say “all” or “each” y € ), I mean “p-almost-all”, and when I
say that a property holds for “some y € )7, or that “there exists y € ) with some property, I
mean that the set of y € ) with the property has positive p measure. Similarly, all results and
(in)equalities involving measurable functions over ) should be understood as holding only
up to a zero u-measure subset of ).

Now, we can rewrite (x) in terms of densities to get that Ryq, (y) = p, (y), for all treat-
ments d and outcome values y. However, once w € R is imposed, it suffices to impose
the relaxed requirement R;q,; (y) < p, (y). To see this, first note that 7w € R, implies that
> re7 ™ =1, and so, we must have

Z(Rdﬂ')(z):ZWrzlzzp(D:C“Z:Z):Z/ypdz(y) du(y)

deD TeT deD deD

which implies

Z/deQd (¥) —pa(y) duly) = (Rdw—/ypd () du@)) =0,

deD deD

and so, Ryq; (y) — py(y) <0 for all d € D,y € Y must hold with equality in order to be
compatible with w € R . Therefore, we have now obtained the following characterization of
the identified set for () under S,

3.1

— Q
QS(P):{QEM'QZ_PZ77T E7?’71'7 }

Ruq5 (y) <pl (y) VdeD,ye .
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This characterization is useful because R;q,(y) < p,(y) always admits a nonnegative solu-
tion (i.e. g;(y) = 0), whereas the unrelaxed system R;q,;(y) = p;(y) only admits a solution
when p; (y) € cone (Rg). In the next subsection, we exploit this property, along with Ry
being invariant across y, to reduce the continuum of treatment-specific restrictions imposed
by (3.1) to a finite-dimensional feasibility problem.

Remark 3.1 (Sample Selection). For any d € D, taking A = ) in (%), we get
Rdﬂ-:(P(D:d|Z:z):zEZ), (3.2)

which is the propensity score equality. If Y is observed for all treatment states, as we gener-
ally assume in this paper, specifically requiring (3.2) is redundant given (x). In some settings,
however, (Y, D, Z) may only be observed conditional on D € DT, where D C D, with only
(D, Z) being observed when D € D \ DI (i.e. there is sample selection). In such cases,
Lemma 3.1 continues to hold if, for each d € D\ DY, the requirement that () must hold for
each A C Y is replaced with the (much simpler) requirement that (3.2) must hold. With this
modification in place, the approach of this paper extends to settings with sample selection.
For an example of such an application, see Kroft, Mourifié, and Vayalinkal (2025). ¢

3.2. Identified Set for Response-Type Probabilities. For d € D and y € ), let
Fibreg (p, (y)) denote the set of non-negative solutions to Rgq, (v) < p, (v),

Fibreq (p, (v)) == {x € RZ; | Raw <py (y)} ,

which is a closed convex polytope. Defining Fibre;(py(y)) in terms of the relaxed
Ryq, (v) < p,;(y) system, instead of Ryq, (v) = p,; (y), ensures that it is always nonempty
(since p; > 0 implies that = = 0 is a solution). , but is unbounded whenever the model does
not eliminate all “d-never-taker” types (i.e. individuals that don’t take treatment d when faced
with any z € Z).

The support function of Fibrey (p; (y)), which we will also view as a function of p, (y),
will play a central role in our remaining analysis. In the remainder, denote this support func-
tion by the shorthand hg ( - ;p, (y)). Precisely, for every ¢ € RT, define

ha (C;pd (y)) = hFibred(pd(y)) (C)
= sup c'r,
>0:Raz<p,(y)
and note that the right hand side above is a linear program.
Note that hy (¢;p, (y)) = oo iff there exists 7 € T such that 7! (d) = () (i.e. T is a “d-
Never-Taker”) and ¢(,) > 0. In other words, for each y € Y, ¢ — hy (¢;py (v)) is a bounded
function over directions that only put positive weight on 7 € 7y (i.e. the non-“d-Never-Taker”

types). For later use, note that, by duality of linear programs, we now have that for any
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c € RT with cir) <0VT €T\ Ta,

ha(eipa(y) =, min  £7p,(y) - (3:3)

Now, since every () € Qg must satisfy qug (y) < pg(y) for all y € Y and
[ 44 (y) duu(y) = 7, we can define a set I1; of preliminary “candidates” for 7, as follows,

I, := {/yw(y) du (y)

Since this argument holds for every d € D, we must have that 7w € () ;. I14. Note also that

measurable x : Y — R;—O s.t.
x (y) € Fibreq (py (y)) Yyed . |

this intersection is always nonempty, since each II; contains the O vector. Once intersected
with R, however, such frivolous candidates are removed and any additional restrictions
required by S are imposed, yielding the following result that shows this is sharp.

Theorem 3.1. Suppose P satisfies Condition D, and let the TSM S be arbitrary. Then,

1= <ﬂ Hd>m7z7,. (3.4)
deD
In particular, Qg # 0 if and only if ((yep Ta) N Rax # 0.
Further, if S satisfies Condition C, Il is a compact convex set, and if S satisfies Condition

CP, I1 is a compact convex polytope.

Proof. See Appendix A.1.5 |

As suggested by our discussion in the previous subsection, this result formalizes the idea
that agreement of treatment-specific allocations on a common S-compatible 7r, is sufficient
to obtain a compatible parent distribution ) with 7@ = 7. The proof of this result further
makes it clear that, as might be expected, we can take this compatible () to also have potential
outcome distributions that agree with aforementioned treatment-specific allocations, and we
will exploit this fact in the next section to obtain bounds on mean outcomes and treatment
effects.

Although Equation (3.4) reduces compatibility to the non-emptiness of finitely many
finite-dimensional sets, these sets are still defined in terms of infinite dimensional objects
satisfying a continuum of restrictions. The key feature that enables us to operationalize this
characterization is that the pointwise linear restrictions Ry < p; (y) all share the same co-
efficient matrix R, across the continuum of y-values, with only the observed sub-density
vector p, varying with y.

To illustrate why this feature is so powerful, it is useful to first consider the following

equality version of Fibreg,

Fibreg (py (v))~ := {cc € R;U ‘ Rz =p, (y)} .
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We can view each Fibre;(p,(y))~ as the feasible region of a linear program, with
Fibrey (p; (y))~ # 0 if and only if p; (y) € cone Ry, where cone Ry is the set, a convex
cone, generated by the nonnegative linear combinations of the columns of R,;. To make this
concrete, let ¢ € R7 be a vector of weights on response-types, and consider the linear pro-
gram (LP)

max {c¢'x |z € Fibrey (py (y))” } =max {c'z | Rox=p;(y), x>0} . (3.5)

For simplicity, first assume that p; (y) € coneRy Vy € ) so that the LP above is feasible.
In our setting, since R is “fixed”, while p, is “moving” (with y), a natural question to ask
is what happens to the LP as we move over y € ), causing p, to move over cone R4? As
it turns out, the answer is that cone R; admits a finite partition into “‘chambers” with the
following property: for any fixed vector of weights’ ¢, the optimal value is given by the same
linear function of p, (y) as long as p,; (y) stays in the same chamber. This partition depends
only on R, and works simultaneously for every such ¢, although the linear function depends
on c.

This linearity allows us to interchange integration and optimization within each chamber.
Precisely, if B C ) is aregion such that {p; (v) : y € B} is a subset of a single chamber, then

T T
d = .
fo my ded=  mg  c
Raz=p,(y) Rav= [ p,(y) du(y)

We can use nonnegative slack variables to convert our inequality fibres Fibreg (p; (v))
into equality fibres of the form just discussed. In particular, IT; can be decomposed into a
finite Minkowski sum, where each component of this sum is formed by “integrating” polyhe-
drons with the same ““shape”, in the sense that linear programs defined over such polyhedrons
produce the same optimal “basis” for every objective function.'’ The same structure under-
lies Algorithm 3.1, which extends solutions across outcome values as needed, without first
enumerating the collection of possible chambers.

Therefore, in order to operationalize this result, we will work with the support function of
I1,;, which can be evaluated through integrals of the form we just discussed. In order to state
the most powerful version of that result, I first state the following result, which shows that

the dualization (3.3) allows integrals of hy (¢;p, (y)) to be cast as moments.

Lemma 3.2. Suppose P satisfies Condition D. Then, for d € D and integrable ¢ :) — RT
with c(p\77) < 0, there exists integrable £} (c(-) ipy ()):Y— Rgo with
G (c(y);pa(y)) € argmin  £7py(y)

£>0:RT£>c(y),
1€ <lle(y)l|

9We need ¢ to be such that the maximum is finite; i.e. no positive weight on d-never-takers.

10Formally, these polyhedrons are considered “normally equivalent”. See the proof of Lemma A.3 for a more
careful discussion of this idea.
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and

/y ha (e (v) 104 (4)) dis () = / €5 (e5pa (9)PE (4) dpt ()

y
=Y Ep[mi(c(Y);W)|Z=2] .
zZ€EZ

wheremy (- sy, d'2) ==L (- ipg () 1{d' =d}.

Proof. See Appendix A.1.3. ]

In this section and the next, given ¢ € R7 with cm\7) < 0, choose an arbitrary measur-
able £ (c;py (y)) as in Lemma 3.2, and let m)] (c;y,d', ) := ) (e;pf () 1{d =d}.

Throughout, we will use the following shorthand, for any matrix A, with rows
{a1,...,a;}, define the vectors hy (A;p,(y)) and my (A; W) as

ha(A;pg(y)) = (ha(aj;pq (y)))f:1 and mg (A; W) := (mg(a;; W))5_, .

We now have the following result which states that the support function of Il; can be
obtained by integrating the pointwise support function hg(c;p, (v)), and therefore can be
expressed in terms of the moments we have just defined.

Lemma 3.3. Suppose P satisfies Condition D. Then, for d € D and ¢ € RT with crn\7) <0,

hnd<c>=/yhd<c;pd<y>>du<y>=ZE[md<c;W>|Z=z] ,

Z2EZ

Further; there exists a matrix Ag € RF*T depending only on Ry (not on P), with rows
{ay,...,ap,} such that aj -y =0T € T\Tg,j € {1,...,kq} and

m, - {mzo‘Admg/yhdmd;pd(y))du(y)}

= {xZO

Proof. See Appendix A.1.4. |

AdeZE[md(Ad;W)\Z=Z]} :
z€Z

With this lemma and Theorem 3.1 in hand, we immediately have the following result,
which characterizes the sharp testable implications of TSMs that satisfy Condition CP, in-

cluding the leading case where S consists solely of support restrictions on 7.

Theorem 3.2 (Sharp Testable Implications under Condition CP). Suppose P satisfies Condi-
tion D, and S satisfies Condition CP. Then, 11 is a convex polytope, with
A as
An

> Efmn (W)[Z = 2|
z€EZ
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Ay mdl(Adl;W)
where A1 = : and myy (W) :=

A‘;\m md‘D‘(aA.d"DﬁW)
Further, for any c € RT, A(c) := {(As,Am) >0 ‘ Alds + Af{An > ¢} # 0 and

hit (e) inf {)\gas + ZE [Afrmo (W) } Z =7z] } ,

(As;Am)€A(c) ez
which is a linear program.'" In particular,

Qs #0 < Adas+ Y E[Aymn (W)|Z=2]>0 V(As,Am)€A(0) .
z2€EZ

Proof. See Appendix A.1.6. ]

In order to operationalize Theorem 3.1 for TSMs that only satisfy the weaker condition
Condition C, we will need the following general characterization of the support function of
convex intersections. More importantly, this result is of practical relevance, since the matrix
A, is not generally easy to compute, whereas integrals of hy can be easily computed via
Algorithm 3.1.

Lemma 3.4 (Infimal Convolution Representation of Support Functions of Intersections). Let
Ki,...,Kn be nonempty closed convex subsets of RF. First, if ﬂf\i 1 K is compact and
nonempty, then, for all c € Rk,

N
hay K, (€) T e inf {th (ci)} ’
Cifi—1'24=1Ci=C =1

and, in particular, the right hand side equals 0 when ¢ = 0.
Second, if either (i) at least one K; is compact or (ii) every K; is polyhedral, then

N N N
ﬂKl#Q) <~ ZhKL (C,) >0 VCl,...,CNERk:ZCZ':O.
i=1 i=1 i=1
Proof . The first claim follows from a suitable application of the Fenchel-Moreau theorem.
The second claim follows from strong separation of Hi\; 1 K; and the diagonal in the first
case, and from Farkas’ lemma in the second case. See Appendix A.1.7. |

Define Cyg := {c¢ € RT | ¢ 75 = 0}, 1et C := [] yep Ca. and, for u € C, use the shorthand
U := (Uq) 4o p to split it into its Cqy components.

Recalling that hg := —oo, this expression for hy holds even when IT = (}, but is finite if and only if IT # ().
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Theorem 3.3 (Sharp Testable Implications under Condition C). Suppose P satisfies Condi-
tion D, and S satisfies Condition C. Then, for any direction ¢ € RT

hi () = me{Z/hd ug; Py (y)) du(y) + hr, (C—Zud>}
“ \dep

deD
:i%fé{ZZE[md(ud’ WHY|Z==z]+hgr, (C—Zud>},
deDzeZ deD

which is a convex program. In particular, S has the following sharp testable implications:

Qs # 0 — ZZE[md(ud;WﬂZ:z]%—th <—Zud> >0 VueC.

deD zeZ deD

Proof. See Appendix A.1.8. ]

The second display above says that Qg = () if and only if there exists (uq) ;op such that

ZZE[md(ud, W) | Z=z]<—hg, ( Zud>:ﬂ_i€n7£w<2ud> T,

deD zeZ deD deD

which is equivalent, by Lemma 3.4, to the existence of a v € R7 such that

sup v'w< inf v'w

ﬂ'eﬂdevnd TER~
where we use that  sup v'm= inf > Sy ha(va;pa (v)du(y).
mwe ) Iy (va) 4D2qVa=v gD

deD

3.3. Computation of [h4. Inorder to represent Rqg, < p, as an equality system, we will
use the augmented matrix R := [Ry; Iz], where Iz is the conformable identity matrix and
represents (non-negative) slack variables.

For any suitable subset B of columns of R, denote by Rp the submatrix of R consisting
of those columns, and denote by R_ 5 the submatrix consisting of only those columns not
in B. Since columns in R, have a one-to-one correspondence with response-types, we can
view B as a subset of response-types/slacks. For any vector ¢ € RT we will also use, in
an abuse of notation, ¢ to represent the version of ¢ mapped into R7 x RZ by setting the
additional coordinates (slacks) to zero and define cp as the subvector consisting of just those
components that correspond to response-types/slacks in B, and define c_,p as the subvector
consisting of components corresponding to response-types/slacks not in B.

Given the output of Algorithm 3.1, we can construct the value function as

g (e();pa () iy =Y 1y € O@)}enm) ) Ryl pay)
Y
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Algorithm 3.1 (Computation of hy).

Input:  Model and Data: matrix R := [Ry4 Iz] and function p;: Y — Rgo.

Parameters: function ¢: )Y — R7 with e <0.

Oracle: LP; (¢, b) returns a primal-dual optimal basis for max c'x.

(z,8)>0:R(xz,s)=b
Output: Solved Points: G C ),
Optimal Basis Map: B:y+— B (y) fory € G,

Support Sets: O :y+— O (y) fory € G .

1: SetG:=0and O(G):=0

2: while O (G) # ) do > Find optimal solution for all y € Y
3 Choose j € Y \ O (G) arbitrarily
4: Set B(g) :=LP4(c(9),p;(9)) > Query LP solver

5: Set O (g) to the subset of Y\ O (G) where B(y) remains feasible and optimal:

0(j):=qyeY\0(9) Ry ) 20,
) () RpizRopg — s @) 20.

6: Update G < G U {g}

7: Update O (G) < l,eq O (v)

8: end while

9: return (Q, {(B(y),0 (y))}yeg>

the dual solution as

1 o
G (c()ipa () = Y My € O)IRGT ey () -
geg
For the primal solution, first define, for each B € {B (y)},cg. the matrix Jp such that, for
any © € R?, Jgz =2 € R7 such that Z(p~7) = and & 5) = 0."> Then, the primal

solution is given by
alg . . = -1
4;% (c()ipa (1) iy Y 1{y € O} pp Ry Paly)
€6
The following result shows that these constructions exactly recover their corresponding tar-
gets, and that Algorithm 3.1 always terminates in finitely many steps.

P2precisely, let J B consist of the columns indexed by B of [T 171 017 x| Z\]’ in the same order as in R .
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Theorem 3.4. Suppose P satisfies Condition D and let S be any TSM. Given d € D and P-
integrable ¢ : Y — R7 with c(n\7;) < 0, we have that Algorithm 3.1 satisfies the following
properties, for any oracle solver LP 4 (c,b) that returns a primal-dual optimal basis for the
specified LP,

(1) Algorithm 3.1 terminates in finitely many steps,
(ii) After termination, the resulting (g, {(B(y),0 (y))}y€g> satisfies the following :

a) (Integrability) y — hglg (c(y);pg(y)) is integrable.
b) (Optimality) Forall y € Y,

ha (e ()P (v) = W% (c(y) Py (v))
=c(y)Tq}¢ (c(y);pa (v))
=% (c(y):Pa®) Pa(y) -

c) (Feasibility) For all y € ),

Rqq’® (c(y);p4 () <pa(y)

and
€5 (c(y)ipa(y) >0,
REGE (c(y):pa(y) Z e(y) ,
1€5% (e (1) ;22 (1)) oo < ll€ (@) [loo -
Proof. See Appendix A.1.9 |

4. Sharp Bounds on Counterfactual Means and Treatment Effects

For any P-integrable x: )Y — R and d € D, denote by 1, the vector of response-type-
probability-weighted response-type conditional x (Y;) means,

Nd,(x) = "dQ,(m) = (E k(Yo)L{T=71}]: 7€ ’T>

_ (}P’(T—T)E[/i(Yd) \T—T]:T€T> .

To simplify the exposition in the main text, I focus on the special case where 6 is a condi-
tional mean. Precisely, in the remainder of this section, I fix d € D and a nonempty subset of
response-types A C T, let x := k4 and 7 := 1, (r)» and assume ¢ has the form

T

6= Al

AN
A

=E[ra(Ya) [T € 4] , 4.1)

where ¢4 € R7 indicates which response-types are in 4, i.e. ¢ A;4) =1 and ¢4, 4) = 0;
I also assume that A contains no d-Never-Takers and so, ¢4,(7\7;) = 0. I also assume that
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K =k (Y) is compact, and define
£:=mink, K:=maxK and Og:=[k,K| .

All results in this section are stated and proved in full generality in Appendix A.3.

Since 0% is only well-defined when ¢"7w® > 0, I take the identified set to be the a priori
range whenever zero conditioning mass is compatible with the model and the data. Precisely,
I define the identified set for § under S, denoted Og, as

0 iff Qs (P) =10,
Os =0g (P):= o if infgeqq(p) €'m =0,
T n@
can .
P th .
{CL’R’Q‘QEQS( )}0 erwise

4.1. “Direct” Approach. In order to proceed, we start by considering the joint identi-
fied set for (n,7), {(n®,7%)|Q € Og}. In the previous section, we obtained IL,, the
set of “candidates” for 7r, by integrating functions that lie in Fibre; over ). Noting that
Jy () gq- (y) du(y) =n, we can consider a set Y. of “candidates” for (), ). Precisely,
for d € D, define

Tym { ( /y ra(9) 2 (y) du(y), /y 2 (y) du(y)>

By Theorem 3.1, we now have

x (y) € Fibreq (py (y)) Yy €Y

measurable  : ) — ]RIO s.t. }

{(n?.79)| Qe Qs} =Ts N (RT xII) , 4.2)

which, together with Lemma 3.4, immediately suggests that the sharp upper bound on the
numerator c¢yn =P (T € A)E [k (Yy)|T € A] in (4.1) can be obtained by evaluating the
support function of Yy N (RT X H) in the direction (c,0). Precisely, for any Q) € Qg, we

must have the following upper bound and, by (4.2), it is sharp under S:

QT eA)Eq k(Yo )|T € AJ< inf {hy,. (ca —u,—v)+ hp7xn (u,v)}

u,veER

= inf {hr, (ca—u,—v)+ hg7 (u)+ hx (v)}

u,veERT

= inf {hr, (ca,—v)+hmo(v)}, 4.3)

veERT

where the second line follows from the general fact that hx, xx, (a1,a2) = hg, (a1) +

hg, (az2) for nonempty convex K71, Ko,'? and the third from hgr (u) = oo for all u # 0.
Importantly, like we saw with Ay, in the previous section, the support function hvy,, of

T, also possesses a pointwise fibre integral representation. To see this, first note that, for

13 T T T T
For K1, K9 # 0, 8Upg, c K\ woc Ky €1 T1 + € T2 =SUDg e ) €] 1 + SUDgye [, Co2 T2
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(n,m) € Yy and (¢, ¢x) € RT x R, there exists measurable & € Fibrey. (py.) with
(ere)tn.m) = [ Tz )+ Tz ) dutn) = [ (s ey + e ) duty)

which suggests the following extension of Lemma 3.3.

Lemma 4.1. Suppose P satisfies Condition D. Then, for d € D and (cy, c,) € R7T xRT with
Cry(\T) < 0 and £ (y) ey SO VY €,

h, (¢y, cx) :/yhd (k(y) e+ cxspg (y)) dp ()

= Elmq(s(Y)ey+cr;Y,D,Z)| Z=12] .
ZEZ

Proof. See Appendix A.2.1. |

Applying Lemma 4.1 now provides a tractable moment representation of the sharp upper

bound (4.3) on the numerator in (4.1), which is a convex program.
cin

cim’
ever, and so, bounds on such parameters cannot be directly obtained in this way. One way to

Conditional means, like our target parameter are not affine functions of (7, ), how-

proceed is to start from (4.3) and add the constraint ¢!, = p by intersecting the hyperplane
{x|cx =p} with Yg. N (R x II), applying Lemma 3.4 as before, and simplifying to get

T .
= f hy.. ,— h —A Ap} o,
Dol can AGR}EGRT{ Yo (€4, —v) + hi1 (v — Aea) + Ap}

which then gives the following sharp upper bound on ¢ (whenever p > 0),

inf <th* (ca,—v) + hix (v — Aea) + /\p>
T € A] < max AR wERT )

EQ [/ﬁ; (Yd*) - [B’p] »

where p := infrerr €7 and P := sup,cyy ¢}y 7. This is not a jointly convex program,'* but
this characterization of the bound is nevertheless useful, especially for obtaining analytic
bounds. For our main results, however, we focus on an alternate “root”’-based characterization
that allows us to get generally computationally tractable representations for the sharp bounds
and inclusion test, as developed in the following subsection, and used extensively in Section 5

to develop estimators for these bounds.

4.2. Characterization Based on “Extreme Residuals”. We start by observing that anQ
T € A].

is zero whenever c;m% = Q (T € A) is zero, since cn% = (c79) Eq [r (V)

14Note, however, that the inner problem is convex, with value function concave in p, making the outer maxi-
mization a concave(-linear) fractional program, which can be cast as a convex program via the so-called Charnes-
Cooper transformation (see Schaible (1995) for a review, or Boyd and Vandenberghe (2004, Exercise 4.7)).
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Therefore, we have that

where we note that, for () such that CLﬂ'Q =0, all v € O satisfy cImQ — 7(:7471'@ =0, as
required. Now, we have

vEBOg < JQ € Qs cImQ — 'ycLﬂ'Q =0 (4.4a)
< inf {CImQ - ")/CLTFQ} <0< sup {c}mQ - fycIlTrQ} ) (4.4b)
QeQs Qe0s
and by (4.2), the last implication (4.4b) is equivalent, under Condition C, to
—hy,. @71 (—€a,7¢4) <0 < hy, w7 (€4, =€) -

In the nonlinear optimization literature, the quantity ¢"n? — v¢" 7@ is sometimes referred to
as the “(nonlinear) residual” associated with the candidate ~y (e.g., Kelley (2003)). I therefore
refer to the infimum and supremum in (4.4b) as the lower and upper extreme residuals, and
denote them by W (v; P) and ¥ (vy; P), respectively. Applying Lemma 3.4 now gives the
following residual-based characterization of the identified set for 6.

Lemma 4.2 (Residual-based Representation of Og). Suppose P satisfies Condition D and S
satisfies Condition C. Then,

Os(P)={7€600|¥(1;P) <0<V (y;P)}.

Moreover, U (-; P) : ©g — R is convex and

U (y; P)= o, e {che, —vcxr} (4.52)
x, €Il
= it { [ e ()= e vipe )+ @ ] @)

Similarly, ¥ (-; P) : ©9 — R is concave and

U (y;P)= ( mi)nT {chx, —ychzr} (4.6a)
Ly, Lr clgx:
x,. eIl
—— it { [ e (= n)ea—vipe )t +in @)} de
vERT y
Proof. See Appendix A.2.2. [ |

In Lemma 4.2, (4.5a) and (4.6a) are “primal” representations of the extreme residual,
whereas (4.5b) and (4.6b) are (Lagrangian) “dual” representations which can also be ex-
pressed in terms of moments, by applying Lemmas 3.3 and 4.1. As we will see in the next
section, both representations will play a role in our proposed estimator for the sharp bounds
on 6. If P is compatible with S, i.e. Qg (P) # (), then (4.52) and (4.6a) can be written as a
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maximum and minimum, respectively, but this is not necessarily true for (4.5b) and (4.6b),
where, in general, the optimal values need not be attained by any optimizer.

4.2.1. Estimation Equation for Sharp Bounds. The characterization of Og given in
Lemma 4.2 immediately suggests using the dual representations (4.5b) and (4.6b) to ob-
tain a moment-inequality based test of candidate inclusion, and we will indeed formalize this
idea in a computationally convenient form at the end of this section. First, however, we have
the following result, based on (4.4a), that represents the sharp bounds on 6 as the unigue root
of the corresponding extreme residual, and also expresses each bound as the solution to a

convex program.

Theorem 4.1 (Sharp Bounds on Conditional Means). Suppose P satisfies Condition D and S
satisfies Condition C, with Qg (P) # 0. If minge o4 (p) cl\w® > 0, then the following bounds
on 0 are sharp under S,

sup{y € Oo | -¥(y; P) <0} =:6(P) < 0

IN

0(P) :=inf {y € O|¥(y; P) <0},

and ¥ (-; P) and V(- ; P) are strictly decreasing, with unique roots (P) and 0(P), respec-
tively.

Proof. See Appendix A.2.3. ]

This representation of 6 and 6 as unique roots suggests a natural connection to the general
theory on Z-estimators defined as roots of random data-dependent maps,'> which will prove
useful in the next section.

Remark 4.1 (Computationally Convenient Representation of § and ). Since ¥ (-; P) and
—W (-; P) are convex, the bounds § and @ given in Theorem 4.1 are defined by con-
vex programs. Computing WU (-; P), e.g., requires (convex) optimization and so, it may
seem that computing the bounds requires solving nested optimization problems. This is
not the case, however, since the apparent nesting can be eliminated by jointly optimiz-
ing over the inner- and outer-problems in a unified convex program. Precisely, whenever
minge o (p) cL‘er > 0, the sharp upper bound @ (e.g.; lower bound is analogous) can be
computed using the following “lifted” convex program, under the convention that an empty

feasible set implies f = &,'°

vei[I;fE] v such that /yhd* ((k(y) —v)ea —v;pge (y)) dp (y) + hax (v) <0,
vERT

15See, e.g., Van Der Vaart and Wellner (1996, Chapter 3.3) or Kosorok (2008, Chapter 13).

16Under Condition C, this lifted program has an empty feasible set if and only if § = % and the infimum
defining W (%; P) is not attained; under Condition CP and mingego s(P) n® > 0, the infimum is attained.
For formal statements and proofs of the claims in this remark, see Appendix A.2.5.
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which has the following moment-inequality representation,

inf 4 st Y Ep[mf (5(Y)=9)ca—v;Y,D,2Z)|Z=2]

~v€Ek,K],vERT

ucC z€Z
—I-ZZ]Ep[mf(ud, ’Z—z +hR (U—Zud>
deD 2€2 deD
Under Condition CP, this simplifies to
inf v st ZEP [m{; (v, u, \; W) ‘ 7= z] <0, 4.7)
Tae! ez
A>0

where

my (v, u, X\ W) :=ml. ((F&(Y) —y)ea—ASA =D ug; W)
€D (4.8)
+ Z mg (ug; W) + @)\Tas
deD

and we recall that C := [[,cp Cg, with Cq := {u e RT ’ UT\T) = 0}, and the shorthand
u = (ug) dep 18 used to split w into its Cq components. Note, however, that the moment
functions above depend on P, which presents additional challenges for estimation and infer-
ence, as discussed in the next two sections.

Finally, I note that, under Condition CP,

@ N = =
(7 P) = inf, > Ep[mf (vu, W) | Z=2] ,
)\>0 z€EZ
and the optimal solution to (4.7) above, whenever it exists, is a root of ¥ ( -; P). )

4.2.2. Inclusion Test. From Lemma 4.2, we immediately have that, for any v € Qg,

7€Os <= 0< min{¥ (y; P),—¥ (y;P)}

_ {nfT}{ [ o 00500 = )4 = i () )+ w0}

Convexifying this problem and using positive homogeneity (in (¢, v)) we have the following

characterization of the inclusion test as a convex program.

Theorem 4.2 (Inclusion Test for Conditional Means). Suppose P satisfies Condition D and
S satisfies Condition C. Then, for any norm || - || on R7 x R,

Os=Jvc0o| nf (/ hd*(t(%(y)—v)CA—U;pd*(y))dﬂ(y)Jth(v))ZO
vERT, tER,
[[(v,t)|I<1

Proof. See Appendix A.2.4. |
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4.3. Point Identification. For completeness, I also revisit sufficient conditions for point
identification, due to Heckman and Pinto (2018).

Proposition 4.3 (Heckman and Pinto (2018)). Suppose P satisfies Condition D. Then, for
any treatment selection model S with Qg # (), the following statements hold:

(i) Forany d € D, if ¢ € row-span (Ry 73, then ¢'q, is point-identified under S
Ri 7
(i1) If c € row-span : , then c"m is point-identified under S
Rip)7
For a proof, see Theorem T-2 in Heckman and Pinto (2018), which is a mathemati-

cally equivalent result, except stated in terms of Moore-Penrose inverses of R;. Note that
Proposition 4.3(i) is also sufficient for the point identification of mean outcomes, since

c € row-span (R, 75 ) implies that {EIZ ’ (n,m) € Td} is a singleton. Similarly, for point

identification of treatment effects, ¢ € row-span (Rg 75) N row-span (Ry 7 ) is sufficient

T T
C MNa—C Na

for { s

‘ Mg, m™) €Y, (Mg, m) EXgr . } to collapse to a point.
These conditions are not, however, necessary for point-identification of any of these pa-
rameters. In the absence of these conditions, point identification can still be obtained if some

“knife-edge” conditions hold, as discussed in the following remark.'”

Remark 4.2 (“Knife-edge” Conditions for Point Identification). Let S be a treatment selec-
tion model such that Qg # 0. If II = R N (), I is a singleton, say {o}, then obviously
7 = o is point-identified, but the (weighted) density g; may not be point-identified for any
d. If o is a vertex of 11, however, then g, is point-identified! I sketch the argument below.
A similar argument shows that ¢'q, is point-identified if R N (1),op ILg is a (non-empty)
subset of the extreme face of the polytope IT; with respect to the direction ¢.'®

To see this, first note that any vertex of II; can be obtained by integrating along the corre-
sponding vertex of Fibrey (p, (y)). In fact, it is possible to show that the extreme face of the

polytope II,;, with respect to a direction c, is the following set

g:y— R;—o is measurable,
g (y) € (Fibreq(py (y)))*Vy €Y

where (Fibreg(p;(y)))¢ is defined as the (maximal) extreme face of the polytope

/ a(y) du (v) , 4.9)
Yy

Fibrey (py (y)) with respect to direction c.!” Since o is a vertex of Iy, there exists a di-

rection ¢, such that argmaxg g, {cgzc} = {o}. It is straightforward to show that (4.9) is

175ee also Navjeevan, Pinto, and Santos (2023) and Goff (2024) for a detailed discussion of related point-
identification results. In particular, Theorem 2 in Goff (2024) shows that the conditions in Proposition 4.3 are also
necessary to ensure that S delivers point-identification of such parameters under any distribution of the observ-
ables that is consistent with S. This is in contrast to Remark 4.2 here, which suggests that certain parameters are
point-identified under S (i.e. their identified set, under S, is a singleton) whenever the distribution of observables
satisfies certain conditions, even when S fails to satisfy the corresponding condition in Proposition 4.3.

"81n other words, if R N Naep Mg C argmaxgeyy, c'x.

19This claim generalizes Proposition 1.2 in Billera and Sturmfels (1992), and follows from Lemma A.2.
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a singleton if and only if (Fibre, (py (y))) is a singleton, say {b3° (y)}, for every y € Y,
which immediately gives the result. Indeed, when this is the case, g, () = b3° (y) for every
y € Y, which also implies the identification of the corresponding mean counterfactuals. ¢

5. Estimating the Sharp Bounds

So far, we have treated the distribution of the observed data P as known. In this section, I
assume that we only have access to a finite sample

id
{(}/Za D, Zl)}?zl = {VV’L}:Lzl WP

of independently and identically distributed draws from an unknown distribution P satisfying

Condition D. As usual, we define the empirical distribution B, by

1 n
Po(Y<yD=dZ=z2=—3% 1{Y;<yDi=d Z=z}.
n
=1

Throughout this section, I assume that S satisfies Condition CP, and leave the develop-
ment of estimation methods for TSMs that only satisfy Condition C to future work. As in the
previous section, we will continue to take the target parameter 6 to be the conditional mean
(4.1) and maintain the assumptions on « and c 4. Throughout this section, I also assume that
P is compatible with the TSM S and that the denominator @ (T" € A) in (4.1) is strictly pos-
itive for all parent distributions () that are consistent with the model and the data. Precisely,
I maintain the following assumption.

Assumption 5.1. The observed data P and the treatment selection model S are such that

Qs (P)#0 and QminP)Q(TGA)>0.

€0s(

For simplicity, I only discuss estimation of @, the upper endpoint of the identified set for
0; estimation of 6§ is analogous.

Under these conditions, we have the following result that says we can restrict the (outer)
optimization in the definition of ¥ (vy; P) to a uniformly bounded set of directions.

Lemma 5.1. Suppose P satisfies Condition D, S satisfies Condition CP, Assumption 5.1
holds, and v € ©q. Then, there exists By < 0o, depending only on S, k — k < 00 and cy,
such that, for all such P and ~,

V(i P)= wmin Y Ep[mg (v,u,W)[Z=2] . (5.1)
() o <Bs 2€Z

Proof. See Appendix B.1.1. [ |

In the remainder, we will treat the moment functions 1my as uniformly bounded, which
is justified by this lemma, together with Lemma 3.2. So far, we have defined the mo-

ment functions my via an arbitrary choice of inner optimizers ¢%, as given by Lemma 3.2.
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This is convenient for identification, since our results there only rely on quantities like
> ez Ep [mf (v,u,A\;W) | Z = z] which are invariant to the choice of £5. The individual
moment functions, however, are not themselves invariant and so, the choice can be conse-
quential for the estimation and efficiency results below. For computational convenience, we
will continue to estimate the moment functions m using arbitrary measurable selections of
optimal inner dual multipliers,?” but we will now be more particular about the inner dual mul-
tipliers used in the definition of their population counterparts, which will allow us to avoid
imposing needlessly strong restrictions on P.

To this end, define 9% as the set of moments optimal for (5.1), including all possible
optimal selections of both the outer and inner problems, subject only to bounds that hold
over all S-compatible P. Precisely, with W : =) x D x Z, define

Y ez Epm(W)|Z=2]=0, and
m (y7 d, Z) =1 {d = d*}go,(z) (y) + gd,(z) (y) + )\|Za‘s :
measurable (o, {q,,...,Lqp| : Y — Rgo Yyey,
= mea;‘\*jabl% 10 () oo < llco(y)lloc and R £o () > co ().

MW R4 () o < lltalloc and R} (y) > ug Vd €D,
UEC, )\207 ||(u7A)||OO SB@’

and co (y) = (k(y) —0(P)) ca — AIA— Y uq.
deD

In the remainder, when we require that there exists a population optimizer satisfying some

requirement, we will simply say that there exists m € 95 meeting that requirement.

5.1. A Model-Compatible ‘“Plug-in”’ Estimator: Consistency and Limitations. Given
the characterization of  (P) provided in Theorem 4.1, a natural approach is to obtain esti-
mates p.,, of the observed sub-densities p; and solve the convex program (4.7), with pg.,, in
place of the unknown true pf . In our setting, however, this familiar “plug-in” approach faces
two immediate complications.

First, when Y is not finitely-supported, suitably estimating p,; generally requires pg.,, to
be obtained via smoothing, or some other form of regularization, which can lead to bias. Sec-
ond, even when Qg (P) # (, the estimated observed-data distribution P, induced by these
Dg,, may not be compatible with S in finite samples, leading to empty identified sets. When
P lies on the “boundary” of the set of S-compatible observed-data distributions, Qg (Pn)
may remain empty with nontrivial probability even in large samples. A natural solution to
this second problem is to project (j)dm) gep Onto the set of “S-compatible sub-densities” to

obtain a compatible estimate (i)dm) 4ep that allows us to construct a suitable observed-data

distribution P,, with pj " = Py, for each d, such that Qs(P,) # 0. With such a P, in hand,

20This measurability requirement is naturally satisfied by the estimated moment functions computed using the
basis-extension approach of Algorithm 3.1, while allowing the algorithm itself to be implemented using arbitrary
solutions provided by any linear programming solver.
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we can now obtain a compatible plug-in én by solving (4.7) with p, ,, in place of pf ,1.e.
0, :=0(P,) . (5.2)

To formalize and operationalize this construction, I now make our requirements on P,
concrete and provide a feasible procedure for computing (5.2). First, note that P is fully

determined by the sub-density vectors (p(flD ) which determine the conditional distribu-

deD?
tions (Y, D) |Z = z for z € Z, and the marginal distribution Pz of Z. Next, define the set of
S-compatible sub-densities as

ITERR, (Ta) gep€ [1 L' (1, R50)7
deD

(gs = (bd)dGDGH Ll (/J‘vRZU)Z fyxdd,u:ﬂ-Vdv Z fy bdd:u': 17 ) (53)
deD deD
Razq(y) <ba(y) Vd,y.

and note that, as derived in the discussion immediately following Lemma 3.1, the require-
ments imposed in the definition of %g ensure that (i) (by) dep 18 a stacked vector of sub-

densities, and (ii) by (3.1), any P satisfying Condition D with (pf ) € ¥s must also have

Qg (P) # (. In this sense, 6g provides a suitable formalization of thdeer?otion of the set of “S-
compatible sub-densities”, as required. Note, however, that projection onto g is generally
an infinite-dimensional operation when Y is continuous, depending on the density estima-
tor used to construct Pn. See Remark 5.1 below for a convenient construction that allows
compatibility to be imposed using a single linear program.

Finally, for any observed data law P’, with P/, < uforalld € D,z € Z, define

d|z
A (P, P) 1222/3)‘1%{2 (v) — Pl ()| duy) ,
deD zeZ

which is the distance between the conditional sub-density vectors induced by P’ and P, under
the vector-valued L' metric induced by the ¢! norm, and will serve, for our purposes, as an
appropriate metric by which P, must approximate P. As an aside, I also note that

A (PI,P) =2 ZTV (P(/Y,D)\Z::NP(KD)\Z:Z) )
z€EZ

where TV denotes the total-variation distance.
In the remainder, we will assume that P, satisfies the following requirements.
Assumption 5.2. For every n, P, is a distribution of (Y, D, Z) that satisfies:
. b, e
® (di )dep = (pd;n)dep SER
(11) PZ;n = PZ;n ’
(i) A (Pn,P) L.
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As mentioned above, the first requirement ensures that Qg (P) # () and the other two
requirements ensure that P, can still serve as a suitable approximation for P. We now have

the following result, which shows that, under these conditions, 0,, is consistent.

Theorem 5.1. Suppose P satisfies Condition D and S satisfies Condition CP. Then, under
Assumptions 5.1 and 5.2,

0, 5 0(P) .

Proof. See Appendix B.1.2. [ |

Remark 5.1 (Computation of 9:). The theoretical results in this section permit P, to be any
preliminary estimator satisfying the specified rate, y-measurability, and other conditions, as
needed for each result. In practice, however, with continuous Y, projection onto %g, the set
of S-compatible sub-densities, may not be tractable for all estimators.

One convenient way to render this step tractable is to construct the estimate P, using
conditional sub-densities estimated using products of triangular hat functions on a common
grid. In this case, we can impose linear coefficient restrictions that ensure the entire fitted sub-
density vector lies in ¥g. Under Condition CP, computing the minimum (in #!) coefficient
adjustment required to satisfy these restrictions is a linear program. I provide the explicit
construction in Appendix E, where the convergence rate of this estimator is established, and

other computational details are discussed. ¢

5.1.1. Limitations of the Plug-In Estimator. In the remainder, suppress the dependence of
P and P on n.

Our construction of P above enables us to overcome the challenges described earlier and
define a coherent and operationalizable notion of “plug-in” estimation that is suitable for our
setting. P can be a biased estimator of P, however, and may converge at a rate slower that
root-n. Moreover, f (P) is not generally first-order insensitive to perturbations in P and so,
poor estimation of P can translate to poor estimation of 6 (P).

Finally, a further complication arises from the fact that én is defined as the root of a de-
creasing function that is itself the infimum of an estimated function, which can lead an to be
biased downward in finite samples. To see this, first note that (5.2) implies, by definition, that
0,, is the unique?! value of ~ that satisfies

0:@(7;15) .

21 . . O T.Q . .
Under the assumption that min Qe0s(P) c 4™ > 0 which holds w.p.a.1 under Assumptions 5.1 and 5.2,

but can fail in finite-samples.
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Moreover, as noted in Remark 4.1, under Condition CP and Assumption 5.1, we have that

07 ('Y;p> - uerg,iilzo ZEJS {m(lj (7, w, X; W) ‘ 7 z} ’ 5.4)
()| <Bo 2€2

which is the minimum of an estimated function and so, can itself suffer from potentially
severe downward bias in finite samples because sample optimizers can be selected based on
realized sampling error, as has been noted in the related literature.?”. Finally, by Theorem 4.1,
we have that, under these conditions, W (y; P) is a strictly decreasing function of +, which
implies that

@(é(p);p):ozﬁ(én;ﬁ)<@(§n;p) — §(P)> b,

thereby transmitting the downward bias of ¥ (7; P) to its root 6,,.
In the next subsection, I propose a bias-corrected estimator motivated by these concerns.

5.2. A Bias-Corrected Estimator. We begin this section by noting that 0 can generally be
obtained by solving (4.7) (with P, in place of P) by convex optimization methods, using
Algorithm 4.1 to evaluate the pointwise support functlons and recover associated inner dual
multipliers, which also yields the moment function m}’ and optimizers @ := u(9 P), A=
(0, P) associated with the solution, such that

¥ (0:P) = 2 [mi (iAW) [ 2=2] =0,

This (4.7) based approach relies on the dual representation (4.5b) of W (y; P) but, as noted
earlier, ¥ (vy; P) also has the primal representation (4.5a). Indeed, it is also possible to obtain,
from the outputs of Algorithm 3.1, a primal solution (77, 7r) such that

v (én, ]5) = max {cgmn - ’ycllac,r} =chn — anclﬁr =0.
(Ty,@-)EYa(P):
wﬂel'l(ﬁ)

Since the feasible set for the primal problem does not depend on -, we also have that
¥ (1 P) = el — el = —ch (7= 0n) .

where the last equality uses ¢}y7 = (clﬁr) 9: The inequality above holds with equality when

= 6’ and so, —c ATI‘ €0, v ( s P) where 0, denotes the subdifferential. Note that, in
general, neither the primal nor dual solutions are necessarily unique. When the optimal con-
ditioning probability ¢, is unique, ¥ (’y; ]5) is differentiable with respect to ~ at its root

Or, and —c]y 7 is its y-derivative.

22For example, see the discussions in Manski and Pepper (2000, 2009); Haile and Tamer (2003); Kreider and
Pepper (2007); Chernozhukov et al. (2013). In particular, the approach proposed by Chernozhukov et al. (2013)
suggests an alternative solution to this problem, based on inverting the inclusion test proposed in Theorem 4.2 to
obtain a half-median-unbiased estimator.
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5.2.1. The Correction. In order to motivate a suitable correction for én, first suppose that
P and P are such that ¥ (7; P) admits a first-order expansion around <§n, 15), and that a

suitable envelope theorem applies. Then, we can linearize the estimation equation for 6 (P)
around (én,]—:’> as follows,

0=V (6(P);P)
~ U <9:n;15) + Z (PZ:z — PZ:Z) mf (9:n,ﬁ,5\n; - > — (ch7) <§(P) — 6’:”) ,

z2EZ

where, for integrable functions f,

g(P)%an—i—CLlﬁ_Z]Ep [mf (én,a,i;w) ‘Z:z} . (5.5)
z2€EZ

Although the linearization used to obtain (5.5) relies on regularity conditions that will not
generally be imposed in the remainder, the resulting correction also possesses several proper-
ties that are desirable for one-sided control, based on primal-dual inequalities that do not rely
on differentiability. To see this, first note that the feasible set over which the infimum in (5.4)
is taken does not depend on ~ or P, we have that the P-optimal moment remains feasible at
the true P, yielding the following weak-duality inequality

P; = 5. _Jsw(ip)
;EP [m9 (Gn,u,)\,W> ‘Z z} 2\1/(9,P>

Next, consider a parent distribution Q) € Qg (P) such that #2 = § (P), in which case we have
andQ* =0 (P) clym?, which yields

7 (9:, P> > andQ* - §c1T47rQ = (0_(P) - 9) el

where the first inequality follows from the primal representation (4.5a) of W (vy; P). Together,
the inequalities in the last two displays imply that, for every such endpoint-optimal parent,

(50 % oA AT |
;Ep[mg (0.0 5W)|Z2=2] = (9(P) ) hn?, (5.6)

without any differentiability requirements. Now, substituting this inequality into the right
hand side of (5.5), we get, for any such parent distribution @),

1 . .
bt = > Ep [mg’ <9n,f&,)\,W) ‘Z:z}
AT zez
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- :n—é(P)’ ‘clﬁr—c}lﬂ'Q}
>0(P)— = , (8.7

T
Cc,T

where the equality in the penultimate line follows from adding and subtracting @ (P), then
simplifying.

5.2.2. The Estimator. Since the expectation in (5.5) is taken with respect to the true P,
which is unknown, we need to evaluate the moment term in (5.5) at a suitable estimated dis-
tribution, in order to operationalize the correction suggested by our derivation above. There-
fore, we will estimate the correction term by evaluating the expectation in its numerator on
held-out data.

To formally define the bias-corrected estimator, I introduce the following notation. Ran-
domly partition the sample into K folds Iy,...,Ix C [n], for fixed K > 2, and define
n(k) . \Ik| and n" = |{i € I | Z; = z}|. For each k, define P*) and P*) as the ver-
ic1,» define Pk
\Ly> and extend the re-

maining notation accordingly. Finally, define the bias-corrected estimator éngF)

sions of P and P, respectively, defined using the subsample {(Y;, D;, Z;)}
and P(—*) as the analogous versions defined using {(Y;, D;, Z; )}iemn]

as follows,

K b ~
=Y I e 3 3 (A0 X )

k=1 2c2z T i€ly:
Zi=z

In the remainder, I assume that the folds are selected independently of the data and, for
each k€ {1,..., K}, |I| > 0 and =2 — ¢;, for some ¢, € (0,1). Throughout, in all results
involving 9_7(I ), conditions 1mposed on P, including Assumption 5.2, will be understood to

hold for each P(—5).

5.2.3. Consistency and Root-n Control of Inward Error. First, we have that 57(LCF) is con-

sistent under essentially the same conditions needed for consistency of 6,,.

Theorem 5.2. Suppose P satisfies Condition D and S satisfies Condition CP. Then, under
Assumptions 5.1 and 5.2,

a3

o) Lg(py .

Proof. See Appendix B.1.3. |

In order to control inward error, we need the following technical regularity condition that
permits continuous, discrete (finitely-supported), and mixed distributions.

Assumption 5.3. Under P, the conditional distribution of r (Y') given D = d* has an essen-
tially bounded density with respect to the Lebesgue measure, with the exception of finitely

many atoms.
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Informally, Assumption 5.3 restricts how much probability can concentrate on small inter-
vals of  (Y).”* Recall that {z}_ := min {z,0}. We now have the following result formal-
izing the sense in which the inward error of 0:7(TCF) is controlled at root-n scale. Importantly,
note that this result imposes no differentiability requirements on the extreme residual ¥ or

on the endpoint functional & (P) itself and so, holds even in highly irregular cases.
Theorem 5.3. Suppose P satisfies Condition D, S satisfies Condition CP, and
A (157 P) —Op (nfl/?’) . (5.8)
Then, under Assumptions 5.1 to 5.3,
va{olen —a(p)} =or() .

Proof. See Appendix B.1.4. |

The rate requirement (5.8) is fairly mild and does not require the sub-densities to be esti-
mated at root-n rate. In particular, it does not necessarily impose any higher order smoothness
requirements on the outcome (sub-)densities: when Y is a continuous scalar, the estimator

~1/3

discussed in Remark 5.1, with bandwidth sequence h,, <n , achieves (5.8) whenever Y

has bounded Lipschitz sub-densities (see Appendix E). When the conditioning probability
P(T € A) is point-identified under S,** the conclusion of Theorem 5.3 continues to hold
even without Assumption 5.3, and with (5.8) weakened to A (ﬁn, P) =0p (n_l/ ).

5.2.4. Root-n Consistency and Gaussianity. For each k€ {1,..., K}, d€ D and z € Z,
define the signed product error

= p(—)
Ri.d,- (P,P;m) ::/y [pﬁz (y) _p(ﬁz ' (y)}
x [mf " (079,89, A y,d,2) = m(y,d.2) | duty)
For root-n consistency of ééCF), we need the following additional assumption, on the control

of the outward error of the sum of these signed errors.
Assumption 5.4 (Approximation of Optimizer Sequence). For k € {1, ..., K}, there exists a

n

{Z Z Rk.d,- (]3, P; mfﬁ}) } = 0Op (n—1/2> ‘
-

measurable sequence m(]?])p € My such that

deDzeZ

~1/3

Under (5.8), which requires that P suitably approximates P at rate n , a simple suf-

ficient condition for Assumption 5.4 is that each fold’s estimated optimal moment function

23The main role of this assumption is to rule out cases where x (Y') has a density that diverges near a point
(e.g., a Beta distribution with a shape parameter less than 1, which has a “bathtub” shaped density).
>*In the strong (“generic”) sense of the row-span condition required by Proposition 4.3(ii).
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1/6

mg (én, @, - ) approaches a population optimal moment function at rate n~"/°, uni-

formly over (y,d, z); uniformity is not necessary, however, since poor approximations of the
optimal moment on “low probability” regions of ) (e.g., due to changes in optimal bases
across P and P) may contribute only negligibly to the integrated product error Ry, 4 ..

Theorem 5.4. Suppose P satisfies Condition D, S satisfies Condition CP, and (5.8) holds.
Then, under Assumptions 5.1 to 5.4,

N <9£LCF) — é(p)) =0p(1) .

Proof. See Appendix B.1.5. ]

For asymptotic Gaussianity, we need significantly stronger stability and remainder control
conditions, which replace Assumptions 5.3 and 5.4, as follows.

Assumption 5.5. There exists pL (P) € (0,1] such that, for all Q € Qg (P) with 69 =0 (P),

chm? =ply (P) .

Assumption 5.6 (Common Score of Optimal Moments). For my,mz € Mp and z € Z,
my (Y,D,z) —Ep[mi (W) |Z=z2]=ma(Y,D,z) —Ep[ma (W) | Z =2] ,
Py p|z—.-almost surely.

Assumption 5.7. For k € {1,..., K}, there exists a measurable sequence m;k;) € M% such

that A <15, P> | 7R — Q| = op (n"1/2) for some Q€ Qs (P) with 62 =0 (P), and

{Z Z Rk.a,. (RP;mfﬁ» } —op <n_1/2> .
+

deDzeZ

The product rate requirement is easily satisfied when ) is finite since A <]5, P) =
Op (n~'/2) also implies a op(1) denominator error. More generally, the n'/3 rate of (5.8)
together with o p(n_l/ 6) denominator error can deliver the required product rate.

Under Assumptions 5.5 and 5.6, define (with Pz(z) := P(Z = z)) the conditionally cen-
tred score ¢p as
m (W) = Ep [m (W) | Z]

Pz (2)pl, (P)

for any m € M, with ¢p (W) invariant to choice of m under Assumption 5.6.

op (W) := , (5.9
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Theorem 5.5. Suppose P satisfies Condition D and S satisfies Condition CP. Then, under
Assumptions 5.1, 5.2 and 5.5 to 5.7,

Vi (85— 8(P)) = <= 3" 0 (W) +0p(1) = N (0.Er [0 (W)])
=1

Proof. See Appendix B.1.6. ]

5.3. Efficient Estimation.

5.3.1. Preliminaries and Statistical Model. In the remainder, I will generally assume that
Py is entirely unknown and estimated from the data; where relevant, I will provide the mi-
nor modifications required to adapt the following results to the case where the assignment
probabilities are known a priori (as in, e.g., a randomized controlled trial).

Let v be the product measure on Y x D x Z produced by x on ) and the counting measure
on D x Z. Define the observable law (statistical) model

%S::{P<<V Pz (z)>0Vze€ Z, Qg (P)# 0, min cIlﬂQ>0} .
QeQs(P)

If assignment probabilities are known, then take *JBg to be the submodel that only includes P
with P equal to the known probabilities.

In order to state the efficiency results precisely, I now formally define several notions
from the semiparametric estimation literature that are relevant to our efficiency theory. For
a detailed discussion of these notions, see Van Der Vaart (1998, Section 25.3) and Bickel,
Klaassen, Ritov, and Wellner (1998, Chs. 3 and 5.2). Denote the set of mean zero square-
integrable functions by L2 (P) := {s € L* (P) | Ep[s(W)]=0}.

Definition 5.1 (Quadratic-mean Differentiable Paths and Tangent Space). A two-sided path
through P in Bgq is a map t — P, such that Py = P and, for some € > 0, P, € Pgq for
all t € (—e¢,€). Denoting by r¢ := % the Radon-Nikodym derivative of P; with respect to
v, we will say that such a path is quadratic mean differentiable (OMD) at zero with score
s€ L3(P)iff, ast — 0,

—0.
L2(v)

- 1
HM_TS\/%

Finally, define the tangent set of ‘Bg at P as the set consisting of scores of all such QMD
paths through P, and define the tangent space ‘,]3153 of Pg at P as the closed linear span in
L2 (P) of this tangent set.

With this definition in hand, we can now define the notion of parameters being “pathwise
differentiable” with respect to the data distribution P, relative to our model *Bg, as follows.

Definition 5.2 (Pathwise Differentiability and Efficient Influence Function). For any Banach
space B, we will say that a parameter 9 : PBg — B is pathwise differentiable at P with
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respect to ‘BISD iff there exists a continuous linear map Ip ‘Bg — B, called the pathwise
derivative of ¥ at P, such that every two-sided QMD path (P;), through P in Bg, with score
s€ L% (P), satisfies, as t — 0,

—0.

H?lf (0(B) = 0(P) = Dp(s)|

When B = R, there exists a (P-almost-surely-)unique g € ‘Bg such that
Ip (s) =Ep[g(W)s(W)] Vs € B§ . (5.10)
and we refer to g as the efficient influence function (EIF) qﬁ}‘g;ﬁ of ¥ at P.

In the above definition, the existence and uniqueness of such a g follows from the Riesz
representation theorem, and given a scalar parameter ) that is pathwise differentiable at P,
with influence function g, its EIF ¢}, is the orthogonal projection of g onto ‘,]3 5 .

We are now ready to formally define the notion of asymptotic efficiency that we will work

with in the remainder.

Definition 5.3 (Asymptotic Linearity, Regularity, and Efficiency). An estimator T,, for pa-
rameter ¥ : Pg — R is said to be asymptotically linear at P, with influence function
g€ L (P), iff /i (To 9 (P)) = 2= S0, g (W) + 0p (1)

T, is said to be regular at P in YPgq iff there exists a distribution L such that, for every
two-sided path (P;),, through P in *Bg, that is differentiable in quadratic mean at zero, and
every fixed h € R, under Ph/\/ﬁ,

Vi (T =0 (Puyyi) ) ~ 2 5.11)

If, at P, ¥ is pathwise differentiable and T), is regular, then T,, is asymptotically efficient at
P iff (5.11) holds with

2 =N (0.Ep [0, W)]) -
These definitions provide the foundation needed to formally assess the efficiency of égCF).

In the remainder of the main text, we will write ¢}, := ¢7, 5. First, note that, for any regular
asymptotically linear estimator of , with influence function ¢, we have

Ep {Q(W)z} —Ep [(ﬁ}g (Wﬂ +Ep [(g (W) —oép (W))Q] ;

since Ep [0} (W) (g (W) — ¢} (W))] =0 as ¢} is the orthogonal projection of g = ¢} +
(9 — ¢p) onto &]3183 . Therefore, any such estimator is efficient if and only if its influence
function is P-almost-surely equal to ¢} . In the remaining subsections, I characterize ¢} and
CF)

provide additional conditions under which (i) 018 is regular, with influence function equal

to the function ¢ p introduced earlier, and (ii) ¢ p coincides with ¢%.
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5.3.2. A Semiparametric Efficiency Bound for Sharp Bounds on Conditional Means. In or-
der to characterize efficiency at P in P, we first need to obtain a suitable characterization of
the tangent space ‘BISD of Pg at P, the closed linear span in L2 (P) of the set of scores gen-
erated by two-sided QMD paths through P in Pgq. First, recall €5, the set of S-compatible
sub-densities defined in (5.3) above, and note that for any path ¢ — P;, we have

P e < P.z;>0, min cyw?>0 and (p € s.
t € Ps % ocBin,, €A (P;")aep € s

Since we already impose the first two requirements at P = P € Pg, and since hyg as given in

Theorem 3.2 is a continuous function of (péD ) we must have that any QMD path satisfies

Pz >0 and mingec oy (p,) cLﬂ'Q = —hg( pt)d(e—Dc 4) > 0 for sufficiently small ¢. Therefore,
the final requirement, that the conditional sub-densities associated with such a path must lie
in %g is the substantive requirement. This suggests examining the conditions under which
a QMD path P; has conditional sub-densities that lie in %s. Note that for any such path,
we have ¢ (y,d, z) = Pz (z)pﬁtz (y), with ro (y,d, z) :== Py (z)pdﬁz (y). We now have the
following lemma that derives some useful pathwise derivatives.

Lemma 5.2. Suppose P € Bg. Then, pdﬁz SPg — L (1), Py - Pg — RZ and o : Pg —
L' (v) are pathwise differentiable. Along any two-sided QMD path (P;), through P in Bg,
with score s € L2 (P),?

Py, () () = vl (v) (s (y,d,2) =Ep[s(W) | Z =2])
Py (5) () = P2 () Ep[s(W) | Z=2] |
To (8) (yv d, Z) =To (y> d, Z) S (y7 d, z) )

and, with hs (y,d,z) :==s(y,d,z) —Ep[s(W)|Z=2z],ast — 0,
2
Py P
pd|z_ \/pd\z 1
— Zh(- P
> Py(2) - Sha (d.2) \ /ol —0.  (5.12)

deD,ze 2
L2(p)

Proof. See Appendix B.1.7 ]

Given s € L (P), Lemma 5.2 suggests decomposing s orthogonally, with ks as defined
there, into s(y,d,z) = hs (y,d,z) + Ep[s (W) | Z = z], where z — Ep[s (W) | Z = z] re-
flects changes in the assignment probabilities and h; reflects changes in the sub-densities p;.
Therefore, h is the component of s that is constrained by the requirement that (péD VdeD €

5. For s € L (P), define pf () = (pfhs (- d.2) ) and p(s) 1= (B () sep-

23 Note that the lemma, as written, does not depend on whether or not assignment probabilities are known.
However, if the assignment probabilities are known, then s will necessarily satisfy Ep [s (W) | Z = z] = 0 for all
z € Z, and Py will be zero, as required.
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In order to characterize ‘,BISD , we first define a suitable “tangent space” ‘KSP of ¢g at P.
Precisely, noting that pg, (s) (y) = pg‘z (y) hs (y,d, z) = 0 whenever pg‘z (y) = 0, define the
ambient space of sub-density perturbations at PP, denoted Hp, as

ba). € {Y — R} measurable ,
baj-(y) =0 Vy with ply_(y) =0,

2
LY P [{ bat=() dp(y) < oo

deD,zeZ P(ﬁz(y)>0} pd\z(y)

Hp = (bd) gep = ((bd|z)zez>

and endow it with the norm || - || p, defined, for b = (bg) ;. as

1/2

2
o= > Poe) [ bal9)” 1)

deD,z€2 {y]p%.()>0} Pd=()

Then, for every b = (by), in Hp, there exists a P-almost-surely-unique i € L? (P) such that
bajz () = paj= (y) My, d, 2),”° with

I6llp = \JE [n(W)?] = A2y -

Conversely, given any h € L? (P), we have that ((pd|z(-)h(-, d, Z))deD) - € Hp, with its
zE

norm unchanged. Therefore, the mapping h — ((pd|z(-)h(-, d,z)) deD) . defines a linear
S

bijective isometry between L? (P) and H p, making Hp a Hilbert space. By construction, we
have that for any s € L (P) such that there exists a two-way QMD path (P;); through P
in P with score s, the pathwise derivative p’(s) is in Hp. We now define 64 C Hp as
the closed linear span in Hp of the set of p’’(s) generated by scores s of such paths. Note
that p*’(s) is a vector of pathwise derivatives in L' (1), as given in Lemma 5.2, whereas the
closure in the definition of ‘KSP is in the norm corresponding to L? (P) scores. This yields the
following representation of ‘,]318D , which will prove useful.

Define Lp := {s€ LE(P) |Ep[s(W)|Z=2]=0Vz € Z} if the assignment probabili-
ties are known, and set £p := L3 (P) otherwise.

Lemma 5.3. Suppose S satisfies Condition CP and P € *Bg. Then,
P ={sec ‘j)P(s) eed}.
In particular, s € ‘I?]SD if and only if there exists as : Z — R and hs € L (P) such that

> Pz(2)as(2) =0, Bplhs (W) | 2] =0as., ((pF. ()hs(d.2))
z2€Z

) e%d,
deD/ zeZz

and s (y,d,z) = as (z) + hs (y,d, 2), with as(z) = 0 for every z € Z when Py is known.

26Simply take h (y,d,z) := bd‘z(y)/pd|z(y) whenever pdlz(y) > 0 and 0 otherwise. Any other solution to
by~ (y) = Pd|= (y) h(y,d, z) must agree with this one wherever pd|z(y) > 0, hence P-almost-surely.
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Proof. See Appendix B.1.8. |

This result already explicitly characterizes the assignment component of the scores that
belong to PBL, as the space of all functions a : Z — R with Ep [a (Z)] = 0. Informally, with
estimated Py,”’ the set of allowable first-order perturbations Py of the assignment probabili-
ties at P under Pyg is the set of all Py, satisfying Yoez Py (z) = 0. Therefore, we now focus
on CKSP .

In order to provide a more concrete characterization of ¢, we will work with the char-
acterization of II; given in Lemma 3.3. Let A, be as given by Lemma 3.3, with rows
{a41,...,a4p,}, and define J; (P) as the subset of rows of A that bind at P, i.e.

i = {j

Next, let A sr be the submatrix of A ; consisting of the rows in J, f , and define, for y € ),

aym = [ ha(asials) duty) ¥ €1 )}

the pointwise face 71 (y) as

Roxz =p) (y), Aqsrx=ha(Aqsr;pq(y)),
T(r)= 0V7T €T with max T(r) = 0.
well(P)

The main utility of defining .%Z, f (y) is that, informally, any allowable first-order perturba-
tion p}f of pf must be supported by a “latent perturbation” g, = (qd|T)T€7. that satisfies
da)r (y) = 0 whenever supgc zr(,) @(r) = 0. This must hold for all d € D and these latent
perturbations must be mutually compatible with each other and the restrictions on 7 that are
binding at P, in the sense formalized in the next result.

Define the set of rows of A g, the coefficient matrix in the definition of R, under Condition
CP, corresponding to inequalities that hold with equality throughout IT (P),

JE = {j| AL gy =as ) ¥r e TL(P)} .

and denote by Ag ;- the submatrix of Ag consisting of the rows in JéD . We now have the

following explicit characterization of %SP , and therefore of ‘)3183 .

Theorem 5.6. Suppose S satisfies Condition CP and P € *Bg. Then,

(@q)aep € TT L' ()7, dar(y) =0Vy: sup @ =0,
deD zeZL (y)

i € ker (Ag gp) :VAED, [}, (y) dp(y) =7 .

Proof. See Appendix B.1.9 |

%4 = (Rady)gep € Hp

With this result in hand, we are now well-equipped to derive the efficient influence func-
tion. First, define 0 < B:; (P) <p% (P) <1 as the endpoints of the interval of conditioning

2"When assignment probabilities are known, then we must have PZ =0.
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probabilities that can support the sharp upper bound, i.e.
v,y (P). 7 (P)] == {hn?| Q€ Qs (P): 09 =0 (P)}
= {CLT&' ‘ (n,m) € Ygd* (P), m €I (P),cn=0(P) an-} .

Next, for p € ‘5; , define

op (p) ::mleIgt* Z /m y,d,z pd|z( ) du(y)
deD,zeZ

which can be understood as the smallest possible change in the optimal moments in direction
P; note that d p need not be linear, but is always finite, continuous and concave.

In order for an efficient influence function to exist, we need 6 (P) to be pathwise differ-
entiable. In general, however, § (P) may only be directionally pathwise differentiable. The

following lemma provides a characterization of the pathwise differentiability of & (P).

Lemma 5.4. Suppose S satisfies Condition CP and P € *Bg. Then, for every two-sided OMD
path (P;), through P in Bg with score s,

op (0(s)) .o .p
. é(Pt)—g(P) 5P(i)P(S)) ,A(P) UC5P(P (S))ZO>
b t el () P ) o ()
pelp (P)7:(P) Sy o (571) <0.
Further, 0 (P) is pathwise differentiable at P with respect to ‘,BISD if and only if
P (™, b)) p if (b7, p"(s))p 20,
op (g =< 75 (P 5.13
PN =N R e o) e pepe <0, O
P, (P)

where p* is the unique solution to the strongly concave optimization problem

max {20p (p) — B[} - (5.14)
PEGE
Proof. See Appendix B.1.10 |

We now have the following result.

Theorem 5.7 (Efficient Influence Function and Semiparametric Efficiency Bound). Suppose
S satisfies Condition CP, P € Pg and the condition (5.13) holds, so that 0 (P) is pathwise
differentiable at P with respect to ‘135. Then, with

pI = 'P’*) ) = argmax {26p (p) — ||p||3
P = ((002)...0) oy = ome (200 (2) — 1915}
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defined as in Lemma 5.4, the efficient influence function ¢} of 0 at Pis
. Px
pd\z
b5 (., 2) = { p, ()l (9)
0 otherwise.

ifpy. (y) >0,

Therefore, whenever 0 is pathwise differentiable, the semiparametric efficiency bound for
estimating 0 (P) in the model Bg is

* 20 ||pP’*”%3
EP (ﬁp(W) — " 5 -
P,y (P)
Further, Ep (¢}, (W) |Z = 2] =0 forall z € Z.
Proof. See Appendix B.1.11 [ |

Corollary 5.1. Suppose S satisfies Condition CP, P € Pg and Assumption 5.5 holds, so that
Py (P)=p4(P)= p; (P). Then, the following statements are equivalent:

() 0 is pathwise differentiable at P with respect to 5435.
(ii) &p is linear on %”SP .
(iii) For any mi,mo € Mp and p € €,

degez /y (s (9, 2) — ma (5., 2)) P (4) dpa(y) = 0.

Suppose, in addition, that these equivalent statements hold. Then, for any m € M5, the
strongly concave problem (5.14), with unique solution p**, is equivalent to

max 82 57 [ m(y..5) . ) duto) ~ Ll

. Sp
PETs deD,zcZ

and the EIF ¢} and semiparametric efficiency bound in Theorem 5.7 reduce to

. Px
pd\z .. P . p
‘ o Py, (y) >0, 21 _ ™17
O (,d:2) = ply (P)pl, () and  Ep |6 (V)] = % ik
0 otherwise, A
Proof. See Appendix B.1.12 |

5.3.3. Efficiency of Bias-corrected Estimator.
For d € D and @ € Qg, denote by Ry (y; Q) the matrix obtained from R4 by retaining
only the columns that correspond to response-types 7 with qc(ﬁ_r (y) > 0.

Assumption 5.8 (Weak Interiority). There exists QT € Qg (P) such that

(i) 79" €relint (Ry),
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(ii) Foreveryde D, | min qd| ( )du(y) >0,
yTE d

(iii) Foreveryd e D andy € ),

col (Rd (y;QT>> =col(Rg) N {’U eR? ’ v =0Vz€Z :pcllj‘z (y)= 0} .

Denote by Eg the set of rows of Ag corresponding to inequalities that hold with equality
throughout R, i.e.

={j|Asj 7 =as ;) V7 : Asm < as} ;

Eg can be found using a linear programs over the known polytope R, (see Appendix E).
Denote by Ag g the submatrix of Ag consisting of only the rows in Eg, and note that
span (Ry — Rx) = ker (Ag ). Informally, we can now characterize the set of two-sided
perturbations of a 7 € relint (R ) that can support an allowed perturbation p in terms of the
globally-binding restrictions of S. Precisely, given 7! € relint (R ), we have

79" 4 tic € Ry for all sufficiently small |t| <= Agp=0.

The relative interiority of 7Q" ensures that the remaining inequalities implied by S are locally

slack and so impose no additional restrictions on 7r.

Lemma 5.5. Suppose S satisfies Condition CP, P € Bg, and Assumption 5.8 holds. Then,

6=l pem, Py (y) € col-span (Ry) Vd € D, . .
dr € ker (Ag ) :Vde D, fypd ) du(y) =Ry .
Proof. See Appendix B.1.13 |

Theorem 5.8 (Regularity and Efficiency of 9 ) Suppose the conditions of Theorem 5.5
hold. Then, 07(1 ) s regular at P, with influence function ¢p, as defined in (5.9).
If Assumption 5.8 also holds, then é,SCF) is asymptotically efficient if and only if

(pd|z¢p (y,d, z))zez € col-span (Ry) Vde Dandy€ ), (5.15)
and there exists 7 € ker (Ag ) such that
(Ep[l{D=d}¢p(W)|Z=2%]),=RqrVdeD. (5.16)

In such cases, ¢ = ¢p and

. o1 1 Var (m (W) | Z = z)
IEP [ng (W) :| _pTA (P)QZEZZ PZ (z) )

forany m € My .
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Further, (5.15) and (5.16) hold whenever S satisfies

As

Rl
rank | | —rank(Asp) = 2| (D] - 1) (5.17)

Rdm\
and, in the case where S simply restricts the support of T, (5.17) reduces to

Ry,
rank | =1+|Z|(|D|—-1) .
Rdm\

Proof. See Appendix B.1.14 [ |

6. Conclusion

This paper presents new specification testing and partial identification results for instru-
mental variable models with multiple levels (or types) of treatment and discrete-valued, ran-
domly assigned, instruments. The proposed framework allows for the partial identification of
a broad class of causal parameters under many different kinds of assumptions about the treat-
ment selection mechanism. Other than random assignment of the instrument, I do not require
any additional restrictions on treatment selection, but allow the analyst to flexibly model se-
lection into treatment. Using a novel geometric characterization of IV mixture models, this
paper provides a characterization of the empirical content and testable implications of such
models, and a a new characterization of the identified set for counterfactual choices, outcome
means, and treatment effects under such models.

I use the aforementioned convex representation to derive a semiparametric efficiency
bound for the estimation of sharp bounds on conditional mean parameters under such mod-
els, and propose a cross-fitted, bias-corrected estimator that attains the bound in suitably
regular cases, while controlling inward error at the root-n rate in irregular cases. The convex
moment characterization of the model specification test and parameter inclusion tests pro-
vided here enable statistical inference using existing moment inequality methods that do not
require discretization of continuous outcomes, such as Chernozhukov et al. (2013, “CLR”)
and Andrews and Shi (2013). I also propose an adaptation of the procedure of CLR that, in
this setting, asymptotically controls size uniformly over any class of data distributions with
instrument assignment probabilities uniformly bounded away from zero, and is consistent
against every fixed alternative. In particular, when the instrument assignment probabilities

are known, the class contains a// data distributions P with those assignment probabilities.
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Appendices
Unless otherwise specified, y,d, z, T range over ), D, Z, T, respectively. These ranges are
implicit whenever the domains of quantification, summation or integration are omitted. All
optimization variables without an explicitly specified domain should be understood to have
their domain be the set of real-valued vectors of conformable dimension.

Throughout the appendices, 6 is one of the three types of parameters considered in Sec-
tion 2.2. Fix a representation of 6 using measurable functions kg, 7z : Y — R and fixed
vectors ¢4, @y, Cr, a; € RT. We can now represent all three types of 6 in the following form,

ga _ N°

= 5o 1)
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where

N? = cTr@ 4 Y / ra(y)cha?(y) duly)
dep?Y

0% = aln®+ 3 [ salw)alad(v) duty)
dep’Y
The following condition rules out # being an effects ratio.

Condition T1. 6 is a parameter of the form considered in Section 2.2, with the affine ratio

representation given in (1), with ag = 0 for every d € D.

The following condition allows 6 to be an effects ratio, but does not allow x4 and 34 to
differ if the d-relevant coefficients put weight on d-Never-Taker types.

Condition T2. 6 is a parameter of the form considered in Section 2.2, with the affine ratio
representation given in (1), such that, for each d € D, at least one of the following holds:

(i) Kq =4,
(i) ag\7) =0.
The following condition requires that 6§ be defined using bounded loadings.

Condition T3. 6 is a parameter of the form considered in Section 2.2, with the affine ratio

representation given in (1), with

max esssup (|ka(y)] || alleo + |22 (y)ll|@dllo) < oo,
deD yey

where the essential supremum is with respect to |i.

Appendix A: Main Identification Results

In the remainder, we make extensive use of Aumann’s (1965) definition of integrals of
set-valued functions. Since we apply them to maps derived from polyhedral correspondences
and rely heavily on generalizations of results developed in Billera and Sturmfels (1992), I

follow their terminology and refer to these integrals as “Minkowski integrals”.

Definition A.1 (Minkowski Integral). For a correspondence F : Y = RF and measurable
A C ), define the Minkowski integral of I as

/AF(y)du(y) = {/A-’Edu

The definition above is more general than the one in Billera and Sturmfels (1992), since

x e L'(1;RY), x(y) € F(y) Vy € A} :

we need this notion to apply to a broader class of maps than the integrably bounded “polytope
bundles” considered in Billera and Sturmfels (1992).%8

28The formulation here applies to deterministic correspondences on ). For a random set on a probability
space, the same construction gives its Aumann expectation; see, Definition 5 in Beresteanu and Molinari (2008).
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A.1. Proofs of Identification Results in Sections 2 and 3

A.1.1. Proof of Theorem 2.1.

Proof. “C” follows from the definition of R and so it suffices to show “2O”.

To this end, let Q € Q (P) with 7@ € R, be given. Then, there exists (Fy,gp) € S
that induces 7w%. Define mutually independent random variables (e (7): 7€ T), V ~ Fy,
Z ~ Pz, where, for each 7 € T, e(7) is defined as a random vector with distribution
Q(v,),.,/T=r- Define ey := (e (7)), ey and gy (d,v,€') := e (T (v)) 4. When 71'8_) =0,
take the components of e(7) to be mutually independent with common law Py, which does
not affect the observed data. Finally, define D = g, (Z,V) and Y = gy (D, V,ey). By con-
struction (Z,V ,ey;gp, gy ) satisfies the independence condition, generates () and satisfies
S, as required. [ |

A.1.2. Proof of Lemma 3.1.

Proof. First, note that the random assignment of Z implies that for any @ € M with
Qz = Py, forany d € D,z € Z and Borel B C ), we have

Po(YeB,D=d,Z=2)=Q(YyeB,D,=d)Q(Z=>2) , (A1)
and since Q7 = P, we have®
Po(Y €B,D=d|Z=2)=Q(Y,€ B,D, = d)

= > Q(YdGB,T:T)=<RdeQ(B))

T (2)=d )

The “ == " direction now follows immediately by noting that Q € Qg implies (i) 79 € R
by Theorem 2.1 and (ii) Py = P and then stacking both sides over z € Z. The other direction
follows by noting that the right hand side of (A.1) determines P fully and so, if () satisfies
it with P in place of Py, then Pg = P and so, () € Q, and then applying Theorem 2.1. W

A.1.3. Proof of Lemma 3.2.

Proof. By Lemma A.7, the map y — £ (c(y); p} (y)) is measurable and, for all y € Y,

25 (cy);ph (v) € a;gmin 'p) (y) .
€RZ,
RI£>c(y)
18] <Ile()]|

The norm bound gives

Ep [[1€5 (e(V);pg (V)| o] SEp[lle(¥)]o] < o0,

2For both implications, we are free to assume WLOG that Qe ‘R, since this is necessary by Theorem 2.1
and is imposed in the converse. This avoids irritants related to the appropriate index for T-indexed objects etc.,
and allows us to take the sum over T .
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and so this map is P-integrable. Let ppi, := min,cz Pz(2) > 0. By the definition of mg
and the pointwise value equality in Lemma A.7,

§jEpwﬁ%dyanz—zy—/eﬂdwuﬁwnhﬁ@wmw>
2€EZ N

_ /y ha (e(v):pf () du(y)

géwwuzﬁmmm

z2€EZ

1
<

Ep [[le(Y)]lso] < 00 - n

min

A.1.4. Proof of Lemma 3.3.

Proof. Fix d € D and a coefficient c satisfying the hypothesis. We first show that maxi-
mizing separately at each y gives the support function of II;.

Lemma A.2 supplies an integrable pointwise maximizer *, and 7* := fy x> dp be-
longs to IT,. For any 7 € II,, choose an integrable selection x(y) € Fibreq(p! (y)) with
fy x dp = 7. Then

aw:/c%@mww
%
< /y ha (¢;p5 () dply)

= /ch*(y)dM(y)ZCTW*-
Y

Thus the integrated pointwise maximum is attained in II;, proving the first equality.
Lemma 3.2 gives the moment representation:

b, (c) = /y ha (¢;p8 () dp(y)

= ZEP (mi(eW)|Z=2] .
2€Z

Next, we show why finitely many support inequalities suffice, with directions that depend
only on Ry. Let B:= By (pj;D ) be the partition from Corollary A.1, and define

rgi= / pdp du, Cp:= (Fibred(’r‘B))('E)a K= Z Cp -
B BeB

By that corollary, K is a nonempty compact convex polytope and
11, = {:1:20’3:(7;) EK} .

Thus it suffices to describe K'; the remaining coordinates of & are unrestricted beyond non-
negativity.
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Take A7, aq j, and Jr from Lemma A.4. For each I' € g, that lemma supplies vr ., €
Cp maximizing a"x over Cg simultaneously for all a € T. Therefore, with

vpi= Y worg, €K,
BeB
the definition of a Minkowski sum gives
hi(a)= thB(a):aTUF VacTl.
BeB

In particular, hx is linear on each cone I'.

Every u € K satisfies aj ;u < hi(aq,;) forall j € [k,]. Conversely, suppose u € R%\ K.
The sets K and {u} are disjoint, nonempty, compact and convex subsets of R7, and so the
strict hyperplane separation theorem, applied to these two sets, supplies a with

a'u> maxa'v=hg(a).
veEK

Completeness of .4 places a in some I' € 45, where a = jedr Ajad,j for coefficients
a;; > 0. If all the proposed inequalities held at u, linearity on I" would give

T, _ AT
au= E ajag ;u

JjeJr

< Z ajhk(aq;) =hk(a),
jETr

contradicting the strict separation. Therefore,
K= {ue R% | aju < hi(aq;)Vje lka} .
To express these inequalities in the full coordinates, define
AsGm) = aig  Aagmm =0 Vi€ k.
This matrix depends only on R4. Moreover,
hi(aq;) = hm, (AE;(]‘,)> ;

and the first part of the proof expresses each of these support values as the required integral

and moment. Substituting them into the finite inequalities for K gives

I, = {wZO'AdeS/yhd (Agipi () du(y)}

= {mZO

A.1.5. Proof of Theorem 3.1.

AdeZEp [mg(Ad;W)‘Z:z}} . |
z2€Z
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Proof. For “C”, let () € Qg. By Lemma 3.1,
19 € R, Ragf(y)=pl ), /quusz VdeD.
y

Therefore, qc? (y) € Fibreq(p!'(y)) Yy € Y and is integrable with fy ql? dp = 9. There-
fore, w@ € I, for every d € D, which gives II C R, N Naep Ma.
For “2” fix m € Rx N ﬂdeD I1,. For each d € D there exists, by definition of II,, g; =

(qajr)reT € L' (1, RZ) with

/chz dp =, Raq,(y) <pl (y) .

We will now construct a parent law that preserves these marginal sub-densities.
First, by the argument already given in the main text, Ryqy(y) < p! (y) must hold with
equality at this g,;: for each z € Z,

> [ 5w - Reast) | dnn =1 3 iy Y14 =)

deD TeT deD

=1-1"w=0.

Every integrand is nonnegative, and so Rqq,(y) = pJ (y) for every d € D.

Next, whenever ) > 0, the function g, / () is a probability density because
fy qajr dpp = (7). Take T' with probabilities 7 and, conditional on T' = 7, take the Yy’s
to be mutually independent with these respective densities. Take Z ~ Pz independently of
((Yg)aep, T'), and denote the resulting joint law by

Q = Law ((Yy)gep, T, Z) . (A.2)
This construction gives Q € M, Q; = P, 7% =, and
QYyeB,T=1)= /Bqd|.,.du VdeD, Te€T, BeABy.
In particular,

RdeQ(B): /BRdedM

:Lﬁw:ﬁw»

Together with 79 € R, and Qz = Pz, this implies () € Qg, by Lemma 3.1, which also
gives IT = {WQ}Q € Qg} #0.

Finally, Lemma 3.3 makes every II; a closed convex polyhedron. Under Condition C,
their intersection with R is closed and convex, and it is bounded because

ReC {m>0[1Tn=1},
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and therefore compact. Under Condition CP, R also has a finite linear-inequality represen-

tation, and so the same intersection is a compact convex polytope. ]
A.1.6. Proof of Theorem 3.2.
Proof. Let

ZEP mn |Z—Z}
z2EZ

By Theorem 3.1 and lemma 3.3,
I(P)= {m>0|Asm <as, Apm < bu(P)}.

This is a convex polytope, and it is compact since it is contained in R .

Fix ¢ € RT . The linear program maximizing ¢ 7 over the nonempty compact set R has
a dual solution A > 0 satisfying AZAS > ¢ and so, (A,0) € A(e).

If TI(P) # (), strong duality gives

hl-[(p) (C) (}\s,}{ﬁHéA {Asas + }\lt[bH(P)} ,
Aibi(P)= Y Ep Afmu(W) | Z =2].
z€Z

If TI(P) = (), Farkas’ lemma, applied to the displayed system defining II(P), gives
(nSﬂ?H) > 0 with

Agns + Afinm > 0,
3= ngas +nbn(P) <0.
For every t > 0, (A& + tng, tny) € A(c), with objective
(A +tng)Tag + tnipbrn(P) = (M) Tag + ¢ — —oc.

The dual infimum therefore equals —oo = hy(c) in this case as well.

Finally, at ¢ = 0, the dual infimum is zero if II(P) # () and —oo otherwise. Since (0,0) €
A(0), this infimum is zero exactly when every feasible dual objective is nonnegative. By
Theorem 3.1, II(P) # () is equivalent to Qg(P) # (), giving the final claim. [ |

A.1.7. Proof of Lemma 3.4.

Proof. Let K := ﬂfi 1 K. Suppose first that K is nonempty and compact, and define

The function f is convex. For any xg € K,

fle)>c'my,  f(0)=0,



56

and so f is proper.

For C' C R*, let §¢ equal zero on C and oo elsewhere. For g : R¥ — RU{oc}, let g*(x) :=
Supycpe {2 Tu — g(u)} forits convex conjugate and g** := (g*)* for its biconjugate.” Since
each K is nonempty, closed, and convex, h} =Jk,, and

ff(®)=  sup Z (c]z — hi,(ci))

cy,...,cNERF i—1

N
= k. (x) = k().
=1

The Fenchel-Moreau theorem (Rockafellar, 2015, Theorem 12.2) therefore gives cl f =
f** = hg. Compactness of K implies that hx is finite throughout R*. By Theorem 7.4
and Corollary 7.4.1 in Rockafellar (2015), f and cl f have the same relative interior of their

domains and agree there. Therefore,
ri(dom f) = ri(domel f) = R,
fle)=(clf)(c)=hk(c) VeceR",

which proves the first claim.
For the second claim, if & € K and ZZJ\L 1 ¢ =0, then

N N
th(ci) > zcgm:().
i=1 i=1

For the converse, suppose K = ().
If one K; is compact, relabel the sets so that Ky is compact. Define

S = ﬁKi, A::{(y,...,y)’yeRk}.
i=1

These sets have positive distance. Otherwise, there would be x; ,, € K; and y,, € RF satisfy-
ing
| —Ynll2 < *1
max ||x; .
i€[N] in = Ynllz = n

Compactness supplies a subsequence n; with x1 ,, — @ € K1, and
in; — @2 < |Tim; — Yn,ll2 + [|Yn, — Tin;ll2 + (|21, — 22
2 .
< ;4—”3}1,“_7. —xl2—0 Vi e [N].
J

Closedness of each K; would then give € K, a contradiction.

3OSee, e.g., Rockafellar (2015, Section 12, p. 104) for more details.



57

The hyperplane separation theorem, applied to the nonempty closed convex sets S and A

at positive distance, gives cj,...,CN € R* such that

N
Z hi,(¢;) = sup Z clx;
i=1 (€L i—=

Since S is nonempty, the left-hand side exceeds —oo. The right-hand side is —oco unless
Zfil c; = 0, and so this sum must be zero. The right-hand side is then zero, giving the
required strict inequality.

If instead every K; is polyhedral, we can write

K; = {:cE]Rk)Aia:Sbi},

where A; € R™** and b; € R™. Since the combined system is infeasible, Farkas’ lemma

gives A; € R} satisfying

N N
d AN =0, D b <.
=1 =1

Set ¢; := A \;. Forevery x € K,

clx=AA;x<Alb;,

and so
N N N
Se=0, S (e < SATb <0,
i=1 i=1 i=1
This proves the converse. |

A.1.8. Proof of Theorem 3.3.

Proof. By Theorem 3.1,
II(P) =Rx N (] Ta(P).
deD

By assumption, R, is a nonempty compact convex set. By Corollary A.1, each II;(P) is
a nonempty closed convex polyhedron, with d-Never-Taker coordinates ranging unrestricted
over RZ(}E. For c € R7 and u € [[ ;. R7, define

Fe(u):= Y hm,(p)(ua) + bz, (C = ud> :

deD deD
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If II(P) # 0, its compactness and Lemma 3.4 give

b)) = _int _Fefu).

If TI(P) = (), the second claim of Lemma 3.4 gives ag, (ag)qep € R7T with
ap+ Z a;=0.

Let n:= hr, (ao) + >_4ep M, (p)(aa) < 0. By subadditivity and positive homogeneity of
support functions, for every ¢ > (0, we have

Fe ((tag)aep) < hr.,.(c) +tn — —oc.

Thus the same infimum identity holds when IT(P) = (), with hy(c) = —oc.

It remains to restrict the infimum to C. If F.(u) < oo, the unrestricted nonnegative co-
ordinates of IIy4(P) imply ug (g 7;) for all d € D. Define uy by g, () := ug,(7;) and
ﬁd;(T\l}) :=0.Then u €C, ug > ug, and

hit,p)(@a) = hr,p)(wa),
hR. (C— Z’%) < hgr, (C— Zud> :
d d

where the inequality uses R, C Rgo. So, Fe(u) < Fe(u), and restricting the infimum to C
does not change its value.
For u € C, Lemmas 3.2 and A.2 give

b, (p)(ua) = /yhd (ua;pd (v)) dp(y)

= Ep [mf(ugW)|Z=2].
z€Z
Convexity follows because support functions are convex and their arguments are affine. The
final claim now follows immediately by noting that when ¢ = 0, the infimum is 0 if II(P) # ()
and —oo otherwise. |

A.1.9. Proof of Theorem 3.4.

Proof . First, note that (0, p;(y)) and ||¢(y)||s1 are primal and dual feasible, respectively,

so every pointwise LP max c (y)T x is always feasible; note that the value of
(z,8)>0:R(x,8)=p,(v)
this LP is exactly hq (c(y);py(y)). Next, since ¢\ ;) < 0 and since every slack column

and every column of R indexed by 7; contains a 1, we have that

0<hg(e(y);ps(y) < lle®) lolTpy (y) < oo,

and so each pointwise LP has a primal-dual optimal basis. The finite termination claim now
follows immediately by noting that there are only finitely many possible bases, and that each
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iteration of the while loop covers every remaining point where the basis found that iteration is
primal-dual feasible, ensuring no basis recurs. This also implies that the regions {O (y)},c¢g
forms a finite partition of ) and since the regions are defined by linear inequalities involving
the measurable functions ¢ and p,, this partition is a measurable partition.

On each region, their defining inequalities give primal and dual feasibility, with common
objective ci(y) TR 5" py(y), which immediately implies that B is primal-dual optimal there
and so, (ii)b)-c) holds, except for [|[€3'% (¢ () ; Dy (¥)) loo < [l (1) |loos * for which we now

obtain a direct argument, as follows. For any basis B that is primal-dual optimal at y, let
L= RchB(y), and note that

RpL=RpR; ep(y) =ca(y) ,

and since R p is necessarily invertible, it does not have any zero rows, and so, given z € Z
it must have a column, say column j, with a 1 in its z-th row, so that, since Rp is a binary

matrix,
0< L) SRy €=cp ) ) <le®)ll -

The result now follows immediately by noting that the constructed functions are all mea-
surable, by the argument above, and, since c is P-integrable and Py > 0,

Ep(lle(¥) ]

0< /yhilg(c(y);pd(y))du(y) < min.cz Py (2) <0 u

A.2. Proofs of Identification Results in Section 4

A.2.1. Proof of Lemma 4.1.

Proof. Define

Ed(y) = {(acl,a:Q) S RT X RIO

wl:"ﬁ(ng?’ } )

Ryz2 < pf(y)

By the same argument as in the proof of Lemma 3.3, applied to the coefficient y — £ (y)c, +
¢, we have

hy,(cy, cx) = /yhsd<y)(cn,c7r)du(y)-

The first equality now follows by noting that

he, () (CnCx) = sup {c;:rl +crxa}
(x1,x2)€EE(Y)

= sup {c;m(y):cg +clxo}
(x1,22)€Ea(Y)

= sup (k(y)en + c7r)T T
xz€Fibreq(pf (v))

31Since this constraint is not part of the ordinary dual problem associated with the pointwise LPs.
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= hyg (/@(y)cn + Cﬂ;pc]lj(y)) ’

The moment representation follows from Lemma 3.2 with ¢(y) = k(y)c;; + ¢x. |
A.2.2. Proof of Lemma 4.2.

Proof. Suppose first that Qg(P) # (). Let Kp be the nonempty compact convex set in
Lemma A.10. For every y € R, its image under (N, a) — N — ~ya is the compact interval

{N—va|(N,a) € Kp} = [¥(v; P),¥(y; P)].
If minn q)ex, a > 0, this gives
v€0Og(P) < I(N,a)e Kp:N=na
= ¥(3;P)<0<¥(y;P) Wy eOy.

If instead the minimum mass is zero, compactness supplies (N,0) € Kp. The bound |N| <
|| k|| coa implies N = 0, and so every v € O passes the residual test, as required by the defi-
nition ©g(P) = Oy in this case.

By (4.2), the extrema over Kp are exactly the primal extrema in (??). For the support
representations, Lemma A.11, applied first to x at v and then to —x at —v, gives

V(v P)= inf {/yhd* ((5(y) = v)ea —vipg(y) duly) + hl‘[(P)('”)}?
V(T\75) >0

—wiP) = nt | [ e (= s)ea - vpE0) duto) + ey (0) |
V(T\7x) 20

The restriction on v is exactly the condition that the inactive coefficients in the fibre objective
are nonpositive; all remaining coefficients are bounded, and so both fibre integrals are finite
by Lemma A.2.

Finally, TUisa supremum of affine functions of ~, and ¥ is an infimum of those functions,
proving convexity and concavity, respectively. Both are finite by compactness of K p.

If Qg(P) = 0, then II(P) = () by Theorem 3.1. The residual definitions give ¥ (y; P) = oo
and ¥ (v; P) = —oo, and so no y € O passes the test. On the displayed domain of v, the fibre
integrals are finite and hyy(p)(v) = —o0, giving the same extended values in the support
formulas. |

A.2.3. Proof of Theorem 4.1.

Proof. Let K p be the compact convex set in Lemma A.10, and set
. ) N N
ax:= min a>0, f_:= min —, 0y := max —.
(N,a)eKp (N,a)eKp a (N,a)eKp a

Both ratio extrema are attained by Lemma A.10 and belong to Oy.
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For every (N,a) € Kp and 7/ > 7, a, < a <1 gives

(N=va)— (7' =7) <N—~a
< (N =7va) —a.(y' = 7).

Taking either minima or maxima over Kp gives

T(y) = (7 =) SUE) <U(y) —ax(y =)

for each ¥ € {¥(-; P),¥(-;P)}. Both functions are therefore continuous and strictly de-
creasing, implying that their roots, if any, are unique. Therefore, it suffices to exhibit a root
for each.

For every (N,a) € Kp,

N—60_a>0, N—01a<0,

with equality at a minimizing and maximizing ratio pair, respectively. Therefore, we have
W(0_; P)=V(f,; P) =0, where the roots are unique, and we now have

{y€60|-¥(y;P) <0} = [k,0-],
{y€60|¥(y;P) <0} =[0,,F7].

By Lemma 4.2, ©g(P) = [#_, 6], and so the bounds are sharp; in this case, both are also
attained. |

A.2.4. Proof of Theorem 4.2.

Proof. Note that, in this case, (:)s = Og, where és is as defined in (A.3) above. The result
now follows immediately from Theorem A.1 by setting ¢4+ = a, = ¢4, setting aq« = ¢ to
zero along with all other a4 and ¢4, using A C 75+ to eliminate ¢, and then noticing that
non-zero choices of vy, for d # d*, can only ever increase the objective (since 0 is always
feasible for the maximization problem defining h). |

A.2.5. Proofs of Claims in Remark 4.1.

Proof. Let Gp, Hp, and, under Condition CP, #p and Dy be as defined in Lemma A.11.
That lemma gives

V(v P)= nf Gp(y,)

= vleIllRfT HP(’Ya v, ’U,),
ueC

and establishes joint convexity of both objective functions and the value §(P) of both lifted

programs.
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For every choice with Gp(,v) < oo, Lemma 3.2 gives

Hp(v,v,u)= Y Ep [mh (5(Y) =y)ea—v; W)+ > mf(ugW)|Z =2z
z€Z deD
+ hr, (v— Zud> ,
deD

which is the stated moment representation. Under Condition C, the two lifted programs agree
in infimum value; feasibility at ¥ = ( P) is equivalent to attainment of the respective infimum
defining ¥(0(P); P) =0.

Under Condition CP, Lemmas 3.2 and A.11 give

Ip(u,A) =Y Ep [mg (v, u, X\ W) | Z=2],
z€EZ

U(y;P)= inf ).
(v; P) (UAI}GDQfP(’YU )

Here Dy specifies exactly the choices for which the target fibre integral is finite. By
Lemma A.12, there exists (u*, A\*) € Dy such that

Sp (0(P),u*,X*) = U(0(P); P) =0.

Thus (4.7) attains #(P), and every optimal solution has its vy coordinate equal to the unique
root of ¥(-; P).
Finally, since (k(y) — &)ca < 0 and each fibre contains 0,
GP(E, 0) = HP(E, 0, 0) =0,
Jp(r,0,0)=0 under Condition CP.
All the displayed programs therefore have nonempty feasible sets, under the conditions im-

posed throughout the remark. Replacing x by —«, which yields a parameter with sharp upper
bound —0(P), proves the analogous claims for the lower-bound. |

A.3. Identification Results for General Parameters

In this section, let § = g—i be represented as in (). Let ©g be the set of a pri-
ori possible values for 6, which we will treat as known and assume satisfies Oy 2
{NQ/D?|Q € M, 7@ € R }. Define Og, the identified set for # under S, as

0 iff Qs (P) =0,
_Je if inf DY<0< su D® ;
Os (P) := 0 QeQs(P) Qerp(P)

{N@/D? ‘ Q € Qg (P)} otherwise .

For effects ratios, we will require the following condition, which assumes the zero denom-

inator case away.
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Assumption A.1.0 ¢ {D?|Q € Qs (P)}

A.3.1. Inclusion Test for General Parameters. Define®

Os (P) := {7 €0y

- Q _ D@ Q_ D@
Qelélsf(P) (N ~D ) <0< Qesgsp(P) (N ~D )} . (A.3)
For all three types of target parameters, under the requirements of Theorem A.1 below, we
have Og (P) C Og (P) C Og (P) with Og (P) = Og (P) for target parameter types (i) and
(ii); for effects ratios, Og (P) = Og (P) whenever the s are bounded and the requirements
of Theorem A.1 holds.

Recall that C := [] ;. Cq, With Cq := {u cRT ’ U\T;) = 0}, and the shorthand v :=
(v4q)4ep is used to split v into its Cq components. For any b € R7, denote by b4 the vector
generated from b by setting its d-Never-Taker coordinates to 0. Define

Fp(v,t;7) = 2/ haq (t (Ka (y) €a —v%a (y) @a) g — va; Py (Z/)> dp (y)
dep’Y

+ hl'[ (Z v+t (Cw - ﬁyaw) + C'y (ﬂ) ) (A4)

deD

where ¢, is the following “Never-Taker” adjustment term,

Cy ()= Z (Ed {t (car) — a4 }+ + 854 {t (ca(r) = V04r)) }7) TeT |,
deD:T¢Ta

with K4 := esssup k4 and k4 := essinf k4, and where we extend the domain of Ay to include
n I

oo, with the convention 0 - oo = 0.* Note that the ¢, (t) = 0 if ¢4,(\73) = @g;(7\7;) = O for
all d € D; more generally, ¢, (t) satisfies

e, ) ift>o0,
C”(t)_{—;g(—l)ifmo.

and so, the test below can be implemented as the minimum of a pair of convex programs, one
with ¢ > 0 and another with ¢ <0.
We now have the following inclusion test for Os.

Theorem A.1. Suppose P satisfies Condition D and S satisfies Condition C. Further suppose
that either (i) 0 satisfies Condition T1, or (ii) Assumption A.1 holds and 0 satisfies Condition
T2. Then, for any norm || - || on ([Tyep ]RT) x R,

P)= inf F t:y) >
Os(P)=4¢7€60 o p(v,t;7) >0
[I(w,t)[I<1

32Using our usual convention that infimum (resp. supremum) over empty set is oo (resp. —00).
33 Note that this is unambiguous here since ¢y € R\ {—oc}
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Proof. Fix v,t € R, and define
94(y) ==t (ka(y)ed — vsa(y)aa) g,
b:= t(cw - ’Yaﬂ) + C*y(t)'

Each g, is P-integrable and takes values in Cy. Writing g := ) ", pf‘z, Lemma A.2 gives, for
every vg € Cq,

0< /y ha (9a(y) — va:pE (1)) duly)

< / (192) oo + 0allo0) maly) dia(y)
Yy

< Erllga(Y)lloo +[[valloo
- min, Pz (2)

If Qg(P) =0, then II(P) = (), and so Fp(v,t;y) = —oc for every v € C. Both sets in the
statement are therefore empty. Assume henceforth that Qg (P) # ().
First consider d € D and T ¢ 7. Under either Condition T1 or Condition T2,

FW) =t (ka(y)eayry — v%2a(y)@gy(r))
= t(ea(r) = 1au(n)) Faly).

Let po be the density supplied by Lemma A.1 for the functions (kg, 5¢4)4cp. For any a <
esssup,, f, the density

_ r@L{fy) >a}
pa(y) : Jy po(w)L{f(u) > a} dps(u)

has finite x4- and s¢;-moments and satisfies fy fpadup > a. Since a is arbitrary, the supre-
mum of fy Jqdu over nonnegative densities of mass ) is

mryesssup f = () [Ra {t (Catr) = 1aa(m) b, + 8 {t (Cair) —7a0m) }_|
I

This also holds when 7 () =0, using 0 - co = 0.

These conditional outcome distributions can be chosen separately for every (d, 7) with T ¢
Ta. They leave 7 and every R;q,; unchanged. Draw the potential outcomes independently
conditional on T', and draw Z independently with law Pz; Lemma 3.1 then gives a parent in
Qs(P). Summing the preceding suprema therefore gives

sup t (NQ — fyDQ)
QeQs(P)
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Here finite suprema are approached by the densities just constructed; if one contribution is
infinite and has positive mass, it can be made arbitrarily large while all other contributions
remain finite.

If b7y = 0o and 7r(;y > 0 for some 7 € TI(P), both the last supremum and Fp(v,t;7)
are infinite for every v € C. Otherwise, every coordinate on which b is infinite has zero mass
under every € II(P). Replace those components of b by zero to obtain b’ € R7 . Then, for
every v € C,

b'r=""w  Vmell(P),

hl-[(p) (b—i—Zvd) = h]_‘_[(P) (bo—i-Zvd) .
d d

Apply Lemma A.9 with Dy = D, Ty = II(P), loadings (g,)4ep, and coefficient b°. In either
case, we obtain

sup t (NQ — 'yDQ) = inf Fp(v,t;7). (A.S5)
Qe0s(P) vel
Att =1 and t = —1, this identity and (A.3) give

v € BOg(P) <= Fp(v,t;7)>0 YveC, te{-1,1}

At t = 0, the same identity gives Fp(v,0;) > 0 for every v € C. Moreover, positive homo-
geneity allows us to restrict to the unit ball, as required. |

A.3.2. Sharp Bounds for General Parameters. Note that, whenever S satisfies Condition
C, Assumption A.1 implies that either infgegs DY > 0 or SUPQe O D® < 0. Define

1 if infgegs D? >0,
sp = .
—1 otherwise ,

and then define the generalized extreme residuals as

T (y;P):= sup sp(N?—+D?) ,
QEQs

(v P)= juf op(N®=7D%)

Theorem A.2. Suppose P satisfies Condition D and S satisfies Condition C. Further suppose
that 0 satisfies Condition T1 or Condition T2 (or both). Then, ¥ (vy; P) : ©¢ — RU{—00, 0}
is convex, ¥ (y; P) : ©g — R U {—o00, 00} is concave, and

¥ (y;P)= if Fp(v,5p;7) ,

Y (v;P)= —},TGIEFP (v,—sp;7) -
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If also Qg # ) and Assumption A.1 holds, then the following bounds on 6 are sharp under S,

0(P) :=sup{y€Og|—¥(;P) <0} < 6 < inf{y€Og|¥(y;P) <0} =:0(P),

and, if these bounds are finite and supge o spD® < o0, then W(-;P) and ¥U(-;P) are
strictly decreasing, with unique roots 0(P) and O(P), respectively.

Proof. Applying (A.5)att=sp and t = —sp gives
U(v; P)= inf Fp(v,sp;7),
velC
U(y; P)= — inf Fp(v,—sp;7).
vel

For each @, the function v — sp(N? — yD®) is affine, and so its supremum is convex and
its infimum is concave.

Now suppose Qg (P) # () and Assumption A.1 holds. By Lemma 3.1 and convexity of R,
mixtures of compatible parents remain compatible: their independent Z-marginal is always

Pz, their response equations are preserved, and their type vectors remain in R . In particular,
DU—N@oHA@ — (1 — \)D@ + XD VA€o, 1].

The denominator image is therefore an interval. Since its closure excludes zero,

ax:= inf sPDQ > 0.
QeQs(P)
Define
N@ N
0_:= inf —, 0L := sup —=.
Qeds(P) D@ T ocantm D9

For every @ € Qg(P),
sp(N? —4D?) = spD?(69 — ),
and so, for every v € R,

—¥U(y;P) <0 <= v<6_,

T(y;P) <0 < >0,
Every finite endpoint §_ or 6, belongs to ©¢ by its defining requirement. If §_ = —oo or
04+ = oo, the corresponding set in the bound formula is empty. Thus the stated formulas give
0(P)=6_ and §(P) = 6., including infinite bounds.
For Qo, Q1 € Qs(P), the ratio

(1 — A)N@o + AN@
(1 —A)D@ + AD@:

is continuous in A € [0, 1] and takes every value between #9° and #9:. Every value strictly
between 6_ and 6 is therefore attained, and the bounds are sharp.
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Finally, suppose _,60+ € R and

be:= sup spD¥ < 0.
QeQs(P)

For every v € R and Q € Qg(P),
IN? — D9 < by (max{|6-], 0+ [} + |7]),
and so both residuals are finite. For + >+,
sp(N? =9D?) = b.(v' =) < sp(N? —+'D?)
< 5p(N? =9D%) —a.(y — 7).
Taking suprema or infima over () gives

U(y) = by =) S U(Y) SU(y) —ax(v' =)

for each ¥ € {¥(-;P),¥(-;P)}. Both functions are therefore continuous and strictly de-
creasing, implying their roots, if any, are unique. Therefore, it suffices to exhibit a root for
each.

Choose sequences (Q;; )nen, (@ )nen € Qs (P) such that 89+ — #_ and A9 — 6., so
that we now have

ISP (NQf - eiD%)‘ < b,

o9 —ei‘ ~0.

All residuals at 6_ are nonnegative, and all residuals at 6, are nonpositive, and so,
W(0_; P)=V(f,;P) =0, as required. |

A.4. Auxiliary Identification Lemmas

Lemma A.l. Let measurable fi,..., fn :Y — R be given. Then, there exists measurable
po:Y —Rwithpo(y) >0y €Y, [},podu=1and [, <Z£{:1 \fﬂ) po dp < 0.

Proof. Since yu is o-finite, Lemma 6.9 in Rudin (1987) gives the existence of w € L' (u)

with 0 < w (y) < 1 Yy € Y; result follows immediately by defining py := m,
where -

0<c:= w (y) dpu < oo . [ |
- /yl+z£1|fk<y>|“

Lemma A.2. Suppose P satisfies Condition D and fix d € D. Then, for any P-integrable
c:Y —RT with (1) < 0, there exists x* € Ll(u;]RgO) with :1:’(*7.\72) = 0 such that, for
allye),

x*(y) € argmax c(y)'v,

veFibreq(pf (v))
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and
0<||lz*(y H1<Z Ryz*( <Zpd|
z€Z ZEZ
Moreover,

max /C(y)Tw(y) du(y)=/ ha (c(y);ipy () duly) < co.
y y

zeL' (1RT))
x(y)EFibreqs(pl (v))
z7\ 7 (y)=0

Further, for ¢’ : Y — R7T that is also P-integrable and satisfies c/(T\7;) <0,

‘/ ha (c(y):pi () du(y) - /hd (¢ W):p () duly)
y
/(ZPCM ) ) = <)) o duy).
z€Z

Proof. For y € ), define the nonempty compact set (closed, bounded, and contains 0)

Fibre)) (pf(y)) := {x € Fibrey (pf(y)) | x\7) =0} .

Every column of Ry,(. 7;) contains at least one 1 and so, for every « € F1bred (pf (y))
Izl = > 2 <Z Rax), <Zpd\
T€TL
Define

—c(y)Tx ifxe Fibre?l (pf(y)) ,
%) otherwise,

fly,z):=

and note that the following set

epi f(y,-) := {(z,a) : 2 € Fibre] (p () , —¢(y)"® <a}

is always a closed and measurable set, since it is defined by linear constraints with measurable
coefficients, by Theorem 14.36 in Rockafellar and Wets (1998). This, in turn, implies, by
Theorem 14.37 in Rockafellar and Wets (1998), that there exists a measurable x* with

x*(y) € argmax c(y) .
wcFibre§ (pf (v))

Since Ry,(. 7\ 7;) has only zero columns and ¢\ 7;) < 0, we have

c(y) " z*(y) = ha (c(y); Py (v)) -

The first claim now follows since, for every measurable = with z(y) € Fibre) (p’(v)).

/nw Yl du(y) Z/MZ (o) = P(D=d12=2)< 2],
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Next, since Pz > 0, we have

/rc )| dply /|| uoo<2pd| ) (v)

-5, ML= el

1
~ min, Pz(z )

pllleY)lleo] < o0,

which gives the second claim since the right hand side doesn’t depend on x, and we already

have c(y)Ta*(y) = ha (c(y); Py (v))-
Finally, note that

ha (e();py () — ha (' (v): 0] () < (e(y) — < (y)Tz*(y)

5 (ngz@)) I(ew) — ¢l

and the result follows by noting that, since switching the roles of ¢ and ¢’ gives the reverse
inequality, the above continues to hold if we take the absolute value on the left hand side,
so we can integrate the absolute value of the left hand side and apply the integral triangle
inequality to get the result. |

Lemma A.3. Ler H € {0,1}™*"™ be an arbitrary binary matrix with no zero columns. Then,
there exists Ng < 0o, depending only on H, such that, for every b € L'(j; R™) with b(y) €
such that, for every B € B

and every measurable A C B,

Jdxy € Ll(,u;Rgo) such that

/:BAd,u—u,
Hu:/bd,u =queRY)| /s
A Hza(y) =b(y) Vy € A,

T A,y (y) >0 <= u) >0y € A,j €[n]

{UGRZO

Proof. We will first partition the possible values of b(y) so that the same linear solution
formulas work throughout each cell. Their linearity will then let us construct a pointwise
solution with the prescribed integral.

Since H has no zero columns, the “fibre” H (r) := {x > 0| Hx = r} is compact for any
r € cone H and so, is a polytope. For each r € cone H, we can view the fibre # (1) as the
feasible region of a linear program. Associated with every such fibre is a “normal fan”**
which is a collection of cones such that the relative interiors of the cones in the normal fan
partitions the space of objective functions (i.e. the space of linear functionals on # (7)) into

functions that are maximized at the same face of H (). Now, by Theorem 5.4.7 in De Loera

34See Definition 2.1.8 in De Loera, Rambau, and Santos (2010).
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etal. (2010),% there is a finite partition €5 of cone H into relatively open polyhedral cones
(“chambers”) such that, within each chamber C, the fibres {# ()}, are normally equiv-
alent, i.e. they have the same normal fan. In particular, given 71,72 € C' and any objective
function ¢z, the set of optimal bases is the same at H (r1) and H (). In fact, the set of
bases that are feasible at # (r) is invariant over € C'. Let _Z¢ denote this common set of
feasible bases:

|/| =rank H . jy =rank H,

=< JC
sc Sy C C cone H(.,J)

For every J € _Z¢, the basic solution H jlr depends linearly on = and is nonnegative for
every r € C. By the basic feasible solution characterization of optimal solutions to linear
programs (see, e.g. Theorem 4.4.1 Matousek and Girtner (2007)), every linear objective at-
tains its maximum over /() at one of these solutions, which are the vertices of () and
s0,

H(r) = conV{Hjlr‘Jejc} VreC.
If needed, set b(y) = 0 on the measurable null set
N:={yeY|bly)¢coneH}.

This changes none of the integrals or almost-everywhere assertions in the claim, and ensures
that b(y) € cone H for every y € ). Let B consist of the nonempty sets

Beo:={yeY|by) e C}, Cebn.
Since the chambers are Borel sets, B is a measurable partition of )/, with
|B| < Ngr = |G|
Fix C' € €y, measurable A C B¢, and u > 0 satisfying
Hu=by ::/ bdu.
A
If 1(A) =0, then

0<||ul1 <1"THu=0,

35 Also see Section 1.2 and the discussion following Corollary 9.5.7 in De Loera et al. (2010).

36 A feasible basis at 7 is a subset B C [n] such that the submatrix H g is invertible (assume, for simplicity,
that H has full row rank, otherwise this remark applies to any submatrix of H consisting of linearly independent
rows), and H E,lr >0, where H Elr is defined, in an abuse of notation, as the vector @ such that T\B = 0

andxpg = Hélr. For any objective function ¢ € R" and 7 € cone H, there exists a basis B such that Hélr €
H (v) is an optimal solution to the linear programming problem max{c @ | Hz = 7, > 0}, in which case it

is called an optimal basic solution and we call B an optimal basis (which then also implies that cTHglr is the
optimal value for this LP).
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and we can take x 4 = 0. Suppose now that ;(A) > 0. Since C'is a relatively open polyhedral
cone, there exist matrices E, G¢ with m columns such that

C={reR"|Ecr=0, Gcr>0}.

Since b(y) € C for every y € A, integration gives
Ech = / Ecbdu = 0,
A

Geby = / Gebdu >0,
A

where strict positivity follows from p(A) > 0, and so by € C.
The convex-hull representation of #(b,4) now gives coefficients a; > 0, J € _Z¢, satis-

fying

Zouzl, u= ZaJHjle.

Je g Je fo

Use these same coefficients at every y € A to define

> ayHj'b(y) ifye A,
xA(y) = < Je sc
0 ifye)\ A

This map is measurable and nonnegative, and

Hzay)= Y ably)=bly) VyeA
Je Jo

Since every column of H contains a 1,

/ @A)l duy) < / 1" Haa(y) du(y)
Yy A
— / 1) 1 dya(y) < oo,
A

/chdu: Z OzJH}1 (/ bdu)zu.
A A

Je Jo

Finally, for each j € [n], the linear function

and linearity gives

li(r) = z ayH ' r
JeSe )

is nonnegative on C, and so is either identically zero or strictly positive throughout C'. In-
deed, if £;(ro) =0 < £;(r1) for some 7,71 € C, relative openness gives ro — ery € C for
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sufficiently small € > 0, but
li(rg—er1) = —elj(r1) <0,
a contradiction. Since b(y), b4 € C, the C direction now follows from
Taj(y) >0 = Lj(ba)>0 <= uy >0 Yye A, j€[n].

For the reverse inclusion, any @ 4 satisfying the conditions on the right gives

Hu:H/mAd,u:/H:cAdu:/bdu,
A A A

as required. |

Corollary A.1.Fix d € D and b € Ll(,u;]Rgo). Let By(b) be a partition supplied by
Lemma A.3 for

Hy:= [Rycm) I1z]-
Then, Y ¢ Ba(b) (Fibred ( / gb d,u,) ) T is a nonempty polytope, and

/ Fibreq(b(y))du(y) = S w e RZ | um e > <Fibred ( / bdu>>
Yy b) B (72)

BEBd(

where t

Proof. The matrix H 4 has no zero columns, and its identity block ensures that b(y) €
cone H ;. For every B € B4(b),

/B (Fibrea(b(y))) ) dii(y) = <Fibred ( /B bdﬂ))m).

To prove C, take v € [, (Fibreq(b(y))) 7;) due(y). By the definition of the Minkowski inte-
gral, there exists © € L' (p; Rgo) such that Ry, 77)x(y) < b(y) Vy € B, with

v:/a:d,u,
B

and integrating both sides of the inequalities satisfied by this x gives v > 0 and
Rd;(.ﬂd-)v = /BRd;("me du < /B bd,u,

and so v € (Fibreg ([ bdpu)) (T
Conversely, take v € (Fibre, ([5 bd,u))m). The vector

v

/ bdu — R0
B
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is nonnegative and has image | pbdu under H;. By Lemma A.3, there exists xp €
Ll(,u;]R;‘;O) satisfying

Ry mze(y) <bly) VYyebB,

/cch,u:'v,
B

and so v belongs to the Minkowski integral on the left.

Restricting selections to the cells, and combining them as ) Ba(b) 1pxp, we get

/y (Fibrea(b(y))) () diy) = (Fibred ( /B bdp))(m.

BeBa(b)

The columns of R outside 7; are zero. Thus, any selection in this last Minkowski integral
can be extended to a selection of Fibrey(b(y)) with any prescribed nonnegative integral
u(7\7;) in the remaining coordinates, by setting x 77)(y) = po(y)u(7\7;), where po is the
probability density from Lemma A.1. Conversely, every integrable selection of the full fibre
restricts to an integrable selection of its J; coordinates, and so the claimed equality follows.

Finally, each summand is a polyhedron containing zero, and every v in the summand
indexed by B satisfies

ol < 1Ry v < /B 1611 dia(y) < oo.

Each summand is therefore a nonempty polytope, and so is their finite Minkowski sum. W

Lemma A.4. Fix d € D. There exists a finite complete polyhedral fan A in R™, consisting
of pointed cones®’ and depending only on Ry, such that, for every I' € Ny and r € Rgo,
there exists vr 5 € (Fibrey(r)) 77y satisfying

max a'r = aT'vp,T YaeTl.
xe(Fibrea(r)) ()

Moreover; there exist a nonnegative integer kq and vectors aqj € R7\ {0}, j € [ky], de-
pending only on Ry, such that every T’ € Ay admits Jp C [kq| with

I'= Zajad,j OéjZOVjEJF
JEJT

Proof . For every r € Rgo’ the set (Fibrey(r))7;) contains 0, and

H.’D||1 < lTRd;(."];)ZB < H’I‘Hl Vo € (Fibred(r))(»,;),

37A cone is said to be “pointed” if it does not contain any line (i.e. no full line passing through origin).
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and so (Fibrey(r)) ;) is a nonempty polytope. Denote its normal fan by .45 ., and its normal
cone at a vertex v by Ny .(v). By Farkas’ lemma,

Ngr(v) = cone ({RZ;(z,’E)

U{—e.,-‘TE'E, v(,.):O}),

2€Z, Ry mv= T(z)}

where e,y = 1{T = 7'} for 7,7" € T3. Every Ny, (v) is therefore generated by a subset
of the fixed finite set

Vg = {R;(ZJJ) z € Z} U{—er|T€T}.

Since .47, consists of the vertex normal cones Ng ,(v) and their faces, the family
z
md = {:/%’1- ‘ rc Rzo}

is finite.

Define the coordinate orthant fan by

O4:= {HOT

T€T

O, € {{0},R20,R§0} V1€ 72} .

Let .43 be the common refinement of the fans in 95 U {0 }; explicitly,

HNai=0N (| T5|0€0s, Tz e FVF €Ny
FEN

The fan .47 is finite and complete because every fan in the finite family 91; U {0} is finite
and complete. Every I' € .47 is contained in some O € 0y, and so

N (-I)C 0N (-0)= {0},

which establishes pointedness. The construction of .#; depends only on R,.
Forevery' € A and r € Rgo, refinement of .43 ,. gives a vertex vr ;. of (Fibrey(r)) (75
such that

['C Ngx(vry).
By the definition of Ny, (vr ),
a’'(x—wr,;) <0  VaceT, x e (Fibreg(r)) ),
and so

max a'r = (IT'UF’,,- YaeTl.
:I:E(Fibred(r))(E>
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For each distinct extreme ray of the cones in .4, choose a nonzero vector on the ray,
enumerate the resulting finite list as a4 1, ..., aq,, and define

Jr = {j € [ka] |R>0aq,; is an extreme ray of I'} VI € A.
Every pointed polyhedral cone I' € .47 is generated by its extreme rays, and so

I'= Zajad,j OéjZOVjEJF . [ |
j€Jr

Lemma A.5. Let K C R" be nonempty, compact, and convex, and let /N be a finite complete
fan of pointed polyhedral cones in R™. Choose one nonzero vector on each distinct extreme
ray of the cones in A, and enumerate these vectors as a1, . .. ,ax. For every I' € N, define

Jr = {j € [k] |R>oa; is an extreme ray of T'} .
Then the following statements hold.

(1) Suppose that, for every I' € N,

hx Z aja; | = Z ajhk(a;j) Y(j)jen € Ré%’
jEJr JjEJr

Then
K= {zeR"|ajz <hg(a;)Vje[k]}.

(ii) Let C': Y = R™ be a correspondence with nonempty compact convex values. Suppose
that, for every a € R", the function y — h¢,)(a) belongs to LY (), and

(@)= [ he(@)duty).
Suppose also that
hew) | Do aiai | = Y ajhoy(ag)
j€Jr JeJr

foreveryye Y, I' e A, and (o) jcs. € Riro, under the standing convention for point-
wise assertions in y. Then

K= {azeR”

afe < [ o () dutu) Vi< 1]}

Proof. Every x € K satisfies a}m < hik(ay;) for all j € [k], by the definition of the sup-
port function h .

Conversely, suppose x € R™ satisfies these inequalities. For any a € R", completeness of
A gives I' € 4" with @ € I, Since I' is generated by its extreme rays, there exist a; > 0,
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j € Jr,suchthata=>" jear @ja;. The hypothesis in part 1 gives

T,.__ 2 ST
a = a]ajm

jeJr
S Z ath(aj) = hK(a,).
j€Jr

Thus a"x < hi (a) for every a € R™, and so hyperplane separation gives x € K.
Under the conditions of the second claim, for every I' € .4 and every (o) c . € Réro,

hic | D aja; | = / how | Y aja; | duly)

jeJr Y jeJr

= /yza]’hC(y)(ag‘)dﬂ(y)

j€Jr
= Z ij h K (aj).
JE€Jr
The first claim therefore applies, and the second claim follows immediately by substituting
hic(a;) =[5 how) (aj) du(y). ]

Corollary A.2. Suppose P satisfies Condition D, and fix d € D. For every a € R, define its
zero extension a € RT by

ym=a e =0

Let aq1,...,aq%, be the vectors supplied by Lemma A.4, with zero extensions

adi,.-.,adk, Then

I, = {ueRgo

< [ ha @asinf ) duto) vi € ).
In particular, I1; is a nonempty closed convex polyhedron.

Proof. Define

K:=a) ), Cy):= (Fibred(pf(y)))(m :
By Corollary A.1, K is a nonempty polytope, and
;= {ueR|um e K}.

For every a € R, Lemma A.2 applied to the constant coefficient @ gives

0<hg(a)= /y he) (@) du(y)

_ /y ha (@1 (y)) duly)
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<llalo Y _P(D=d|Z=2) < 0.
z€Z
In particular, y — hc(y)(a) belongs to L (11).
For every I' € .43, Lemma A.4 supplies vp pr(,) € C(y) such that, for all nonnegative
coefficients (o) je .,

.
how) | Y ajaa; | = | D ajaa; | vrpre
j€Jr JjE€Jr
= Y ajheg)(@a;).
JEJr

Lemma A.5(ii), with n = |75, 4" = .47, and generators a; = a4, ;, therefore gives

K= {veﬂ@

ag;v < /y ha (@aji 0y (v) dp(y) Vi€ [k'd]}~

Substituting this representation of K into the displayed representation of II,, and using

~T T
Aq ;U= Qg jU(Ty),

proves the claimed equality. The resulting representation of Il; is a finite intersection of
closed halfspaces containing 0, and so I1,; is a nonempty closed convex polyhedron. ]

Lemma A.6. Let n, € N, let g€ L! (1; R>0), and let measurable functions x,, : Y — R™,
n € N, satisfy

lZn(W)llo <g(y)  VneN,yel.

Then there exist integers 1 <nj <ng < --- and ® € L*(p; R™), with ||2(y) | s < 9(y), such
that

—0 (k — 00)
1

H/yw(y) (@ (y) — 2(y)) dp(y)

for every measurable w : Y — R satisfying

/ lw(y)|g(y) du(y) < oo.
Yy

Moreover, for any m € N, matrix G € R™*"= and measurable b : )) — R™,

Gx,(y) <bly) VneN,ye) = Gx(y) <b(y) Yye).
Proof. Define the finite measure

v(A) ::/gdu VA e Ay,
A



78

and, for every n € N, define

if g(y) >0,
un(y) =< 9()
0 otherwise.

Then |lu,(y)||o < 1. Since By is countably generated and v is finite, L'(v; R") is sepa-
rable. Banach-Alaoglu and weak-* metrizability of the dual unit ball therefore give integers
1 <n; <ng<--- and a measurable u, with ||u(y)||s <1 for v-almost every y, such that

H/yf(y) (un,(y) —u(y)) dv(y)|| =0  Vfel'(v).

1
Set z(y) := g(y)u(y). Then

() o < g(y),

/wa(y)Hldﬂ(y)Snm/ygdu<oo.

For every measurable w with fy |w|g dp < oo, we have w € L(v), and so

/y w(@n, — ) dp /y w(tn, — ) dv

Now suppose G, < b for every n. For each i € [m], define

A= {ye V|G, z(y) > by (y)}-

— 0.
1

1

For every y € A;,

—[|Giyllhg(y) < G yz1(y) < by (y),
by (y) < Gix(y) <[1Gil19(y),
and so 14,b;) € L' (). Applying the established moment convergence with w = 1 4, gives
0< /A (Giye = b)) du

= lim (G(z’)il}nk - b(l)) d,u

k—oo J 4,
<0.
Since G(; yz(y) — by (y) > 0 on A;, this implies p(A;) = 0. Applying this argument for

every i € [m] gives Gx < b, as required. [ |

Corollary A.3. Let ng,,mg,meN, g € Ll(u;RZO), and G € RM¢*" Jet b:)y — R™Me
and W : Y — R"™*"= be measurable, with

/y Wi 0)lo(w) duly) <00 Vi€ [m], j € [na).
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Define

X = {xel(yR™)

12(y)lloo < 9(y), Ge(y) <b(y) Vy e V}.

~{ [ wwat i |zcx}

is compact and convex (potentially empty).

Then

Proof. Forevery x € X,

mo Ny

@W@ e ZZ/wg Ylg(y) dply) < oo,

i=1 j=1
and so J C R™ is well defined. If X = (), then 7 = () is compact and convex.

Otherwise, take any sequence (2, )nen C J, and choose x,, € X with

/W xn(y) du(y) Vn e N.

By Lemma A.6, there exist integers 1 <nj <ng < --- and € X such that, taking w(y) =
Win(),

/ W (4,9) nzw( )(y) - m(])(y)) dlu’(y) —0 Vie [mL VAS [nac}
Therefore,
—/ W (y)x(y) ZZ / W (i) (0) (%) () — 25y (1)) di(y)
y =1 j=1

— 0.

Since « € X, the limit fy W x du belongs to 7. Thus 7 is sequentially compact in R™, and
hence compact.
For z,2' € X and t € [0, 1], set x; := tx + (1 — t)x’. Then x; € L'(p;R™*), and

2 ()]0 < (W) lloo + (1 —)[2' ()l < g(),
Gzi(y) = tGz(y) + (1 —t)Gx'(y) < b(y),

and so x; € X. Therefore,
t/ chdu+(1—t)/Wa:’du—/Wa:tduej,
y Yy y

which proves convexity of 7. |
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Lemma A.7. Fix d € D. There exist a finite nonempty index set ¢q, matrices Bq j € REXT,
J € 74, depending only on Ry, and a jointly Borel function

€ {ceRT |eqng <0} x RE) — RE
such that, for every (¢, b) in its domain,
R;€;(c;b) > c,
b'€(c;b) = hy(c;b),
1€5(c; b)[loo < [l€loo,

EQ(C; b) S {BdJC‘ J e /d} .

Proof. Define

G [IIZ]’ Eq = IO'ZX'T'],
R ey
Sai= {21+ |TN || = 2], det Gy, #0}

Forevery J € _#4, set

B,y = G;% 1B (A.6)

Note that _Zj is finite and [| Z]] € 7.

Fix (c,b) in the specified domain of £};. The vector ||c||«1z is dual feasible, since every
column of R, indexed by 73 contains a one, and the other columns are zero with correspond-
ing coefficients nonpositive. Since b > 0, the dual objective b £ is bounded below by zero.
The dual admits an optimal vertex £ of value hq (c; b), and some J € _Z; satisfies

Gd;(J’.)Z = Ed;(J,-)C> L= BdJC .
Consider any J € _#; for which £ := By jc is dual feasible. By construction,
Gas(ryt = Eayse-

If £(.) > 0, the identity row for coordinate z cannot belong to this system, since its equation
would be £y = 0. Since G,y is invertible, its z-column is nonzero, and so some row
R;; () in this system has R, ) = 1. Its equation and the nonnegativity of £ give

]

0<£:)< Y Rapmbe
z'eZ

=c(r) < el

and so every dual-feasible By jc satisfies | By rc|/co < ||€]|oo-
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Fix an enumeration ¢ = {Ji,...,Jn,}, and define

( b) bTBd7L]J.C if GdBd,]jC > Edc,
v\ C, =
00 otherwise.

Each v; is Borel, and their minimum is finite on the stated domain. Set

7%(e,b) := minargminv;(c,b),
JE[N4]

ZQ(C; b) BdJ*(c b)
The sets
=0y ={v <o} oy <ud 0 ({y <w)
k<j k>j

are Borel, and so £} is jointly Borel. Its feasibility, optimality, and norm bound follow from
the construction. [ |

Lemma A.8. Suppose P satisfies Condition D, S satisfies Condition C, and Qg (P) # (. Fix
a nonempty Dy C D and P-integrable functions g, : Y — Cq4, d € Dy. Define

ZEGL (:ule—O )

)
K;:= </ Z(7y) du,/géwdu) x(y) € Fibrey (p )
Yy Yy
w(T\ﬁ)( )=0

Each K is nonempty, compact, and convex. Moreover,

7w € II(P),
(ud,td) eKy, ug= T(T) Vd € Dy

(e (e ) )

and this common set is nonempty, compact, and convex.

{(ﬂ-v ('u’d’ td)dEDo)

Qe Qs(P)} ; (A7)

Proof. Letrq:=3, pﬁz and Py = min,e z Pz(z) > 0. Every function in the defi-
nition of K satisfies

[2(y) oo < lz(¥)lli < 1TRax(y) < ra(y),

and

/y(l +lga()lloo) raly) du(y) < [Z2]+ pl_ Eplga(Y)lloo < oc.

min

Let ng := |73|. Apply Corollary A.3 to the active coordinates, with

1 0
ol bly) = ,
Rd;m;)] Py (y)]

G .=
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w(y)::[ L ]
9a;7)(Y)

and envelope 74. Its image is K4, which contains (0,0). Apply Corollary A.3 By Theo-
rem 3.1, IT(P) is compact and convex, and so the set on the left of (A.7) is compact and
convex.

For Q € Qgs(P), define

Ta(r)(y) = qg () I{T €T} Vde Dy

By Lemma 3.1, these functions satisfy the defining constraints of K, and, since g,(y) € Cq,

</ Ta,(T) du,/ ggwddu> = <7f?7;)7/ giqs du)-
y y y

This proves inclusion from right to left in (A.7) and nonemptiness.

Conversely, take a point on the left of (A.7) and choose its defining functions x4. Choose
Q° € Qg(P) with 79" = 7, and let py be the probability density from Lemma A.1. For
d € Dy, define

T4 () (y) itTeTy,
qd|r (y) = .
m()po(y) otherwise.

For d ¢ Dy, take q; = quO. Then
/qdduzm Riqy<p;  VdeD,
Yy

/gqud/l:td Vd € Dy.
y

The construction in the proof of Theorem 3.1, applied to this collection, supplies @ € Qg(P)
with 7€ = 7 and qu = g, for every d € D, proving the reverse inclusion. |

Lemma A.9. Suppose P satisfies Condition D, S satisfies Condition C, and Qg(P) # ().
Fix a nonempty Dy C D, P-integrable functions g;:Y — Cq for d € Dy, b € R7, and a
nonempty compact convex set Iy C II(P). Then

e { > /y 94v)" a3 (v) dp(y) +bT7rQ}

ﬂ'QGHo deDO

= inf { > /yhd (94(y) —va; Py (v)) dp(y) + b, <b+ > Ud) }

C
(vd)dEDg GHdeDO d deDo dEDo

In particular, the maximum on the left is attained.
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Proof. Let K be the compact convex set in Lemma A.8, for the function g4, and define

X =TI x H Ky,
deDy

L:= {(m,(wg,tq)dep,) | wa =75 Vd € Do} .

Here L is a linear subspace of R7 x [l Do (]RE x R). By Lemma A.8, X N L is nonempty

and compact, and the maximum in the statement equals

bT ty e
(w,(wdl,th)Lj()eXﬂL{ T Z d}

deDy

Moreover,

LJ_ = { (Z Uy, (_vd;(ﬁ)’o)dED(J)

deDy

’UdECdVdEDQ}.

Since hy, is zero on L+ and infinite elsewhere, Lemma 3.4, applied to X and L, gives

b'm+ ) t
(Wv(wd%?f)GXﬂL{ 4 Z d}

de Dy
= inf hmo, | b+ vg | + max (t —v! w) .
v4€Cq, d€EDy { ( dEZD:O ) deDo (w,t)eKq d;(7a)

By the definition of K; and Lemma A.2,

t— o), =[h —va;py () du(y)
s (= wlmw) = [ palouto) - vasnf ) ant)

and the result follows immediately, with attainment following from X N L being compact.
|

Lemma A.10. Suppose P satisfies Condition D, S satisfies Condition C, and Qg (P) # ().
Fix d* € D, nonempty A C Ty, and P-integrable v : Y — R. Define

N¥ = /yﬂ(y)CquQ*(y)du(y), DY = ¢}y m?,

Kp:={(N?,D?)|Qec 0s(P)},
U(y;P):= sup {NQ — ’)/DQ} vy eR.
QeQs(P)

Then Kp is nonempty, compact, and convex, and

T(vy; P) = N — Vv € R.
(v; P) (Nfﬁ%’%,){ ya} y
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For every v € R, the set

Uy 4+t P) = U(y; P)

1 S

in: " min .Zp(7),
07 :P)—U(y; P

i (v +1; i (v P) _ ~ max.7p(7).

If ax(P) := minge gy (p) D® > 0, both bounds on 2 = N% /D% are attained, and
T(9(P); P) =0,
Ip(0(P)) = {D?|Q € Qs(P), 9 =0(P)}.
If this set is {pL (P)}, then
0% (v: P)|_g(py = —pL(P).
Proof. Apply Lemma A.8 with Dy = {d*} and g,;. = kc4. The continuous linear map
(m, (7w(7.), 1) = (t€ir)
maps the compact convex set in (A.7) onto K p. For every -, the set

Kp(vy) := argmax {N —~va}
(N ,a)EKp
is nonempty and compact, and so is its projection .#p(y) onto the second coordinate.
The function (7, N, a) — N —~a has continuous derivative —a with respect to . Danskin’s

theorem therefore applies to its maximum over the nonempty compact set K'p and gives

L4 t;P) —U(y; P
li (+4P) (: P) = max (—a)=—minIp(vy),
ti0 t (N,a)eKp(v)
i YA EP) Y P) . (- wP) —U(y; P)
t10 t ul0 U
= — max a=-—max.Ip(y).

(N,a)eKp(7)

If a.(P) > 0, the function (N, a) — N/a is continuous on K p, and so attains both extrema.
Moreover, for every (N,a) € Kp,

N_mpm_a<N—mP0§a

a

with equality exactly at the upper-endpoint maximizers. This proves the assertions at 6(P).
When their masses coincide, the two one-sided derivatives coincide as well. [ |
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Lemma A.11. Suppose P satisfies Condition D, S satisfies Condition C, and Qg (P) # (. Fix
d* € D, nonempty A C Ty, and a P-integrable .: Y — R. For yER, v € RT, and u € C,
define

0= [ e ((s0) = er —vipf ) disy) + by ),
P(7,0,) = /y ha (5(y) = v)ea — v B (1)) du(y)
+Z/hd ug;py (y)) du(y) + hr, ('U_Zud>
deD deD
These functions are jointly convex, and
U(y; P)= inf Gp(y,v)= inf Hp(y,v,u) Vv e R. (A.8)
vERT vegc

Under Condition CP, let mg be the number of rows of Ag and define

Dy := (’U,,A)ECXR?S (AgA—i—Zud) >0,
€D/ (T\Tp.)

coly: 1w A) == (5(y) — V)ea — AIA =Y ug,
deD

Ip(v,u, ) = /hd* (co(y; v, u, N); P (v)) du(y)

+Z/hd ug;py (y)) du(y) + Aas.

deD

The function #p is finite and jointly convex on R x Dy, and

U(y;P)= inf RT Yy € R. A9
(v; P) Wt Ip(v,u,A) v (A.9)

Suppose additionally that
ax(P):= min @ > 0.
(P) 0B, €a
Then

O(P) = inf{'yeR‘ElveRT:Gp(%v)SO}
= inf {y €R|3 (v,u) eR” xC: Hp(y,v,u) <0},
and, under Condition CP,
O(P)= inf{yeR|I(u,\) €Dp: _Ip(v,u,A) <0}.

In each program, v = 0(P) is feasible if and only if the respective infimum in (A.8) or (A.9)
is attained at zero.
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If k < k < for finite k, R, each program may instead restrict y to O = [k, K|, using the
convention that its value is kK when its feasible set is empty.

Proof. Apply Lemma A.9 with Dy = {d*}, g4 = (k — v)ca, b= 0, and Il = II(P).
This gives

U(vy; P)= inf Gp(v,v).

'UECd*

If Gp(v,v) < oo, then v(\75.) = 0. Replacing these coordinates by zero leaves the fibre
support unchanged and cannot increase hyy(p)(v), since IT(P) C R;o- Thus the infimum is
unchanged when v ranges over R7 .

By Theorem 3.3,

GP(77 U) = inf HP(’V? v, u)>
ueC
which proves (A.8). Under Condition CP, strong duality gives

hr, (w)= min A'ag vw e R7.
>0
Ald=w

Substitute this representation into H p and eliminate v using

v=AIX+ Z Ug.
deD
The target fibre support is finite exactly when (wu, X) € Dy. This proves (A.9). Joint convexity
follows from convexity of support functions and the affine dependence of their arguments on
the optimization variables. Finiteness of _#p on its stated domain follows from Lemma A.2.
Now suppose a.(P) > 0. By Lemma A.10, there is Q* € Qg(P) with 9" = §(P), and
W(G(P); P)=0.For vy < 0(P),

U(y; P) > cyw? (6(P) —7)
> a*(P) (é(P) 7’7) > 0.

For v > 0(P),

U (y; P) = T Q@ (9 —
(5 P)=  max chm (6% =)

< a.(P) (B(P) —~) <0.

Hence none of the three programs is feasible below 6(P), and each is feasible at every v >
6(P), by (A.8) and (A.9). At v = (P), feasibility is exactly attainment of the respective
infimum at zero.

Finally, when & takes values in O, 8(P) € ©y. If §(P) < , the preceding argument sup-
plies feasible values arbitrarily close to §( P) within ©q. If §(P) = &, the restricted feasible
set either contains this endpoint or is empty, and our convention gives the same value. |
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Lemma A.12. Maintain the assumptions and notation of Lemma A.11, with Condition CP,

and suppose
E<kK(y) <k Vye),

for finite k, k. There exists By < oo, depending only on the fixed model matrices, K — k, and

¢, such that, for every such P and every y € [k — 1,k + 1], the set

(2, Ao < By,
Jp(7,u,A) =¥(y; P)

is nonempty. One member of Oy(P,~) can be chosen with ug- = 0.

OQ(P,’}/) = {(U,A) € D@

If a.(P) > 0, the program in Lemma A.11 involving ¥ p attains 0( P) with outer variables
satisfying this bound.

Proof. Fix P and v € [ — 1, + 1]. Let ¢ := (u, A) € RP?, where py := |D||T| + ms.
Enumerate D = {d;,...,d s} and set dy := d*.

We first identify finitely many linear inequalities that determine a cone of the fan in
Lemma A.4 for every coefficient appearing in _Zp. Define the fixed vectors a; and linear

maps B; by
ap:=cy, Byx = —A%)\—Zud,
deD
a;:=0, B,z := uy, Vi e [J],
and let
ci(y;z) = ai(k(y) —7) + Bix.
Then

J
S = 3 [ (eiy)inf () duly) + Xas,
i=0 7Y

For « € Dy, every c;(y; ) has nonpositive coordinates outside 7., and so its fibre support
depends only on its 7, coordinates.
For each i € {0,...,J} and " € .43, choose a finite representation

I'={aeR% |F;ra>0},
where F'; 1 € R™MirxTi; et
J = A{@TI,r)|ie{0,....,J}, T e A, re[mir]}.

For j = (i,I',r) € J, define
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The corresponding inequality for ¢;,(7; ) (y;z) € ' is
viz+b;(k(y) —7) > 0.

Set

M = max{l, (F — K+ 1)max|b; |}
Jjeg

Then |bj(k(y) — )| < M forevery j € J and y € ).
Fix any x( € Dy, and let K (o) be the intersection of Dy with the following constraint
foreach j € J:

vizx=wvizo if [v]zo| <M,
;w>M ifv}aco>M,
'vaar: <-M if 'v]T.:Bo < —M.
This polyhedron contains xg. Its constraint matrices range over a fixed finite collection, and

every right-hand side has absolute value at most M.
If viag + bj(k(y) — ) >0, then, for every x € K (o),

vz +bi(k(y) —7) > 0.

Indeed, the expression is unchanged in the first case, is at least M — |b;(x(y) —y)| > 0 in the
second, and cannot be nonnegative at x in the third.

For each i and y, choose I' € .43, containing c;,(7; )(y; To). The preceding inequalities
imply

¢y (y;x) €T Va € K(xp).
By Lemma A 4, the fibre support is linear on I". Hence, for «, 2’ € K(x() and ¢ € [0, 1],

ha, (ci(y;te + (1 — t)x');py ()
=thq, (ci(y;2);pg (1) + (L= ) ha, (ci(y;2"); Pl (1)) -

Integrating and adding ATag shows that _#p(v,-) is affine on K (). It is finite there by
Lemma A.2, and bounded below by ¥(; P) € R, by Lemma A.11.

We can therefore minimize an affine function over K (). To bound an optimizer inde-
pendently of x, convert each possible constraint system for K (x() into standard form by
writing & = ™ — ", adding nonnegative slack variables, and deleting redundant equations.
Let &7 be the resulting finite collection of full-row-rank constraint matrices. Every resulting
right-hand side b satisfies ||b||oc < M. Define

Chas := max ({1} U {||B_1||OOHOO

B is an invertible square column
submatrix of some A € &/ ’

By :=2MCy,s.



&9
An optimal basic feasible solution w* of the standard-form program satisfies
-1
’w’((B) = B b, w?B(‘) = 0,
[2*[loo < 2[|w*||ec < 2M Chas = B,
where B indexes its basic columns and =* = (z)* — (z~)*. In particular,

fp(’%x*> < fP(’)/,:I}()).

The matrices defining & depend only on the fixed model matrices and the fans in
Lemma A .4; the right-hand-side bound M additionally depends only on k¥ — x and c4. Thus
By has the asserted dependence.

Since xg was arbitrary, the infimum over Dy equals the infimum over

{x €Dyl ||z|0 < Bo},

which is nonempty and compact. For &, x’ € Dy, Lemma A.2 gives
‘/P(fva) - /P(%wl)‘

<

J
S Bl oo /y I8 Wl dpy) + sl | Iz — oo
=0

The coefficient is finite, and so _#p(7,-) is continuous. Its minimum on the compact set is
attained, proving Og(P,v) # ().

Finally, take a bounded optimizer and replace ug4- by 0. Its target coefficient changes from
co(y) to co(y) + ug+, and

ha (co(y) + wa-; P (y)) < ha- (co(); 4 (y)) + ha- (wassph (y)) -

Thus the replacement cannot increase ¢p. It preserves Dy, since ug- is zero outside Ty,
and cannot increase the outer norm. The modified tuple is therefore also in Og(P, 7).

When a,(P) > 0, Lemma A.10 gives ¥(A(P); P) =0, and the result at v = (P) proves
endpoint attainment. ]

Corollary A .4. Maintain the assumptions and notation of Lemma A.12. Fixy € [k — 1, R+ 1]
and (u,X) € Op(P,7), and let co(y) := co(y; 7, u, N). There exist measurable £y,£q : Y —
Rgo, d € D, satisfying

Rj.£o(y) = co(y), [10(9)lloo < lleo(¥) oo,

()
()

Rj4a(y) > ua, 1a(y)lloo < [lwalloc,
()
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For every such choice, define

)\Tas

m<y7d7 Z) = ]l{d = d*}fo;(z) (y) + Ed;(z) (y) + |Z| .

There exists C,, < 0o, independent of P, ~y, and these choices, such that
Mmoo < Crm,

> Ep[m(W)|Z=z]=T(y; P).

zEZ

The same bound holds for every m € M. If a(P) > 0, then My, # (.

Proof. The measurable multipliers and their pointwise properties follow from Lemma 3.2.
Set

Co:= (R~ -+ 1)llealloc + BslA§lloo—soo + DBy,

Byllas|l

Cp=Co+ B

Since [|(w, A)]|oo < By,

[I€o(¥)lloc < Co,

[ Al llas|lx

Im(y,d, 2)| < [€o(y)lloo + l€a(y)llec + Z]

<Cp.
Integrating the pointwise optimality equalities gives

> Eplm(W)|Z=2]= /ynﬁ () o(y) du(y)

z€EZ
+ Z / Tﬁd (y) + )\Tas

deD
_/P YU, A) (77P)

If a.(P) > 0, take v = O(P). By Lemmas A.10 and A.12, the required outer tuple exists

and the last display equals zero. The resulting m satisfies every condition in the definition of
Mp. |

Appendix B: Estimation Results and Proofs

Throughout, we will use shorthands of the form q := (g,)4ep. For any P satisfying Con-
dition D, define

T§ = {(W,q)

Jaadn=m€Rx; qs€ L' (1sRL) v ;
Raqy (y) =py(y) Vd,y . ’
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and for any P also satisfying Assumption 5.1, define

Ag(P) = {(m) e L

/y(/’f —0(P))clqy. du= 0} )

For (,q) € 7§, (', q') € F§', define ||(m,q) — (7', @) | 71 := |w =7 |1 + 2 [ lga—
) ||1 dyu. Define the vector g and the matrices E4 and EY by

(93)(ry = Q- U{T €Ta} VT €T,
(B gy =1{r=7"} V(r,7) e Tax T ,
() .y = L{r =} ¥ (r,7) € (T\T) x T,

T T
so that g = (E)" Ejaq+ (EY) Egas=aj + (E]) Ejdy -

B.1. Proofs of Estimation and Efficiency Results in Section 5

B.1.1. Proof of Lemma 5.1.

Proof. Apply Lemma A.12 with v € ©. For every (u, A) € Dy, the pointwise optimality
equalities in Lemma 3.2 give

> Ep [mf(vu, W) | Z=2] = _Zp(y,u,N).
z€Z
Substituting this equality into the bounded minimum supplied by Lemma A.12 gives (5.1).
[

B.1.2. Proof of Theorem 5.1.

Proof.. Since Z is finite and Pz(z) > 0 for every z € Z, min,cz sz(z) >0 w.p.a.1 and
so, we condition on this event in the remainder of the proof.

Apply Corollary B.1 to the conditional-mean parameter in (4.1), noting that its hypotheses
hold since « is bounded, and by Assumption 5.1, and so there exist constants d, a, C' > 0 such
that, for every P’ € Us(P),

min cIm’Q > a,
QEQs(P’)

|6(P") — 6(P)| < CA(P', P).

In particular, the conditioning probability remains bounded away from zero throughout this
neighbourhood, and the error in the upper bound is controlled by the error in the conditional
sub-densities. By Assumption 5.2, P, satisfies Condition D, Qg(P,) # 0, and A(P,, P) R
0. Therefore P, € Us(P) with probability tending to one, and so the displayed inequality and
(5.2) give

0, — 0(P) = 6(P,) — 0(P) = op(1). ]
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B.1.3. Proof of Theorem 5.2.

Proof. First, by Assumption 5.1 and Corollary B.1, there exist §,a > 0 and L < co such
that, for every law R satisfying Condition D, Qg(R) # ), and A(R, P) < 4,

min cL‘er >a,
QeQs(R)

|0(R) — 0(P)| <LA(R,P),

and note that Corollary A.4 supplies M < oo such that ||m|lo < M for every m € 9}, and
every such R.
Next, for each fold, take

ap g = i,
Moo (W) 1= mb " (5,(;’“), alh), ;\(_k);W) . (B.1)
Now, my, j, € 9)?’;57(1_ ., and the primal solution defining 7 (~*) attains @ (I:’T(fk)). Define
Ani =A(BPTH P,
b =B(P) = 0(P) + —— 3" Eplma (W) | Z =),

_ Mk (W) = Ep[mn (W) | Z]
¢n,k(W) = PZ(Z)an,k 5

where P7(z) := P(Z = z) and the expectations involving functions estimated on the training
folds are understood as taken conditional on the training folds, i.e. holding training-estimated
quantities fixed.

By Assumption 5.2 and positivity of all Pz(z), max; A, = op(1), and every P
satisfies the conditions imposed on R above w.p.a.1. Since > Esc-u [mn (W) | Z = 2] =

0, w.p.a.1,

éMAn,Im

S Eplmai(W) |2 =

M
b <|L+— A, =op(1
max by .| < < + )mgx nk =0p(1)
and note that we now have a,, ; > a and ||m,, 1|« < M for every k, w.p.a.1. Therefore, we
can apply Lemma B.8 with 7),, , = é(ﬁ(fk)) and ¥ = 0(P), to get
H(CF) _ g nt®) ~1/2
Hn _Q(P):ZTbn’k—i_OP(n ) )

k=1

Smaxk\bmﬂ :Op(l). [ |

and the result follows immediately, since ‘25:1 #bn’ k

B.1.4. Proof of Theorem 5.3.
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Proof. Use ay, k., Ay i, by i, @, L from the proof of Theorem 5.2, and define
Zy(P) == {79 :Q € Qs(P), 09 =0(P)}.

By Lemma A.10, this is a nonempty compact interval. Applying the lower bound in
Lemma B.7 with R = pé—k) and a population conditioning probability nearest to a,, j gives,
w.p.a.l,

L
bn,kz > — EAn,k diSt(an,kaIG(P))a

where dist(z, I) := inf, ¢ |z — r|. By Lemma B.6 and the assumed preliminary rate,
L
max Hbnp}—| <— max A, g dist(an i, Zog(P))
a

<

L
Cp mI?XAi/,f = O0p(n~1?).
a/ )

Finally, the expansion and score bound in Lemma B.8, applied as in the consistency proof,
give

- _ K (k)
0\ —o(P)=> " nTbn,k +0p(n~1?).
k=1

Since these weights are nonnegative and sum to one, the preceding bound implies
Va{{e") —0(P)}- = 0p(1). _
B.1.5. Proof of Theorem 5.4.

Proof. Let by, j, and a > 0 be as in the proof of Theorem 5.2, and note that the proof of
Theorem 5.3 establishes

max [{by 1} = Op(n~"/?).

For the moments mfﬂ; € 9% supplied by Assumption 5.4, define

> k
et i= D Rz (P, Pym{ip).
d,z

By Lemma B.7, w.p.a.1,

€n.k < {en,k}—i-

bn,k < >~
an,k a

I

and we have maxy{e, 1 }+ = Op(n~'/2) by assumption. Together with the lower bound
just obtained, this implies maxy, |b, x| = Op(n~'/2), and applying Lemma B.8 immediately
gives the result. L

B.1.6. Proof of Theorem 5.5.
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Proof . Use the fold quantities in (B.1), and use Ay, 1, by, i, &n k@, L, Cp, from the proof
of Theorem 5.2. By Assumption 5.5, every Q € Qg(P) with §9 = §(P) has conditioning
probability pz(P), as defined there, and so, by Assumption 5.7, we have

max A glan . =y (P)| =op(n”"/%).

For the moments m

gg}; € M supplied by Assumption 5.7, define

5 k
en = Z Ry q.(P,P; m&}a) ,
d,z
and note that the assumption gives maxy{e, ; } + = op(n~1/?) here. By Lemma B.7, w.p.a.1,

L en.k
_EAn,k’an,k —pL(P)I <bp 1 < {n(’l}+ ,

and so, maxy, |b, x| = op(n~1/?).
It remains to verify convergence of the centred scores. Fix m, € 9} and set pyin 1=
min, Pz(z) > 0. By Lemmas B.9 and B.10,

P
Qn k —>pjf4(P)7
P
Imnk = Ep[mn k(W) | Z] = m. + Ep[m.(W) | Z]|| 2(p) — 0.

The denominators a,, ;. are bounded below by the constant a > 0 from Corollary B.1, w.p.a.1.
Using |[my || < Cpy, gives

1
[énk — OPllL2p) < p— [mn ke = Ep[mn k(W) | Z] —m. +Ep[m.(W) | Z]|| 12 p)

min

20,

— = ay, — py (P)] = 0p(1).
apminpjrq(P) "

Set &,k := ¢k — @p, Where ¢p is defined in (5.9), and note that these functions satisfy the

training measurability condition in Lemma B.8 by construction, and
Eplnp(W)] =0, max||&kllz2p) = op(1).

The last assertion of Lemma B.8, applied to &, 1, gives

1 & 1 &
— Sk (Wi) =—= > op(W;) +op(1).
ﬁzz k \/ﬁ; P P

k=11i€ly

Combining this with (B.9) and maxy, |b,, x| = op(n~1/2), we have

Va(@er —a(p)) =;ﬁ S 6p(W) +op(1) |
=1

and the result now follows immediately from the central limit theorem, since ¢ p is bounded
and has mean zero. ]
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B.1.7. Proof of Lemma 5.2.

Proof. Applying Lemma B.11 to the given path (P;), C Pg establishes that the required
expansions hold in 3 D FPg and that the claimed derivatives are continuous and linear on
L3 (P), and therefore on Bg, which immediately implies the result, by definition of path
derivative. |

B.1.8. Proof of Lemma 5.3.

Proof. Denote the tangent set of Bg by Téj and note that mls) .= gpan’ () (TSP ) by
definition.
First, forany a: Z - R with Ep [a (Z)] =0,
t— TI(SL (yv d,Z) = (1 +ta (Z)) To (ya d7 Z) = (]‘ +ta (Z)) Py (Z)pfijz (y)
defines a path (Pf), in Pg via dﬁa
is sufficiently small and r{ integrates to 1 over W since 7 (y,d,z2) = Pz (z) pg‘z(y) is a

= rf since (i) 1 + ta(z) > 0 for all z € Z when t

density on W and a (Z) has mean zero, and (ii):

P, (2) = Z/rmd,z) dyi(y) = (1 +ta(2)) Pz (2) >0,
dep”’Y
Py () = W =py. () ,

which implies the conditional (Y, D) distribution is unchanged along this path and, for suf-

ficiently small ¢, P, (2) > Pz (%) /2. Therefore <Pt“.‘Z> C By for sufficiently small ¢. We
bl bl t

now have the following expansion around ¢ =0,

t 2 t 2
H\/TT?—\/%—Za\/% = ZPZ(z) < 1+ta(z)—l—2a(z)>
L2(v) z2€EZ
< ¥t <Z PZ(z)a(z)4> =0t =o(t?) .
zEZ

and so (Pf), is QMD with score a, therefore a € T C Ps.
Next, we have that the linear map s — p (s) satisfies, for any u € LZ (P),

1P () lp = llu =Ep [u(W) [ Z]|L2(py < llullL2(py »
where the first equality follows from the isometry established in the main text. This implies
BE C {seLi(P)|p7s) e 6L} |
since if s € ‘)3]53 , then there exists a sequence QMD paths in *Bg with scores s, such that
1P (sn) =P (s) P =P (sn =) |l p <llsn = sllL2p) = 0,

which implies p (s) € CKSP since %SP is closed in Hp and each s, € %SP , by definition.
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Finally, let s € Cgéj . Then, there exists s, € span (T g ) such that

s, = Psllzzpy = 1P (s0) =P (s) [P = 0,

and since s, € P&, and 2+ Ep s, (W) | Z=2],2 = Ep[s(W)|Z = 2] € TL CPBE by
the earlier argument, we have h, € ‘B g , and the result now follows immediately by noting
that L is the closed linear span of T4 . n

B.1.9. Proof of Theorem 5.6.

Proof. By the definitions in Lemmas B.12 and B.13, the asserted right-hand side is %p.
For every two-sided QMD path through P in 35 with score s, Lemma B.17 gives p*’(s) €
Zp. By Lemma B.13, %p is a closed linear subspace of Hp, and so the definition of %SP

gives
& C Up.
Conversely, let b € %p. Choose ¢, € L' (;;R7) and 7 € ker(Ag, jr) such that

Raq, = b,
/ dodp=7 v,
y

Qd|r(y) =0 vd,y, T ¢ Sd(y)

Take (7', ") from Lemma B.12, and note that its positivity sets are exactly Sy(y), and the

rows of Agm < ag binding at 7' are exactly Jéj.

Apply Lemma B.14 with (7%, ¢°) = (7f,q") and J = J&, to get q&"), 7tn € ker(Ag yr),

and C,, < oo such that
/ " dp =4,  Vdn,
y

G52 W) < Cudlyn(y) Y, 7,y.m,

and with b, := (qugn))dgp, we have ||b, — b||p — 0 For each n, Lemma B.15 therefore
supplies ¢, > 0 and a two-sided QMD path (Pn7t)|t‘<5” C PBg through P, with score s,
satisfying

pf’” :pfﬂRdiJEln) vd, [t| < e,
Ep[s, | Z] =0,
pP(Sn) =b,.

Thus b,, € chP for every n. Since this space is closed in || - ||p, b € %SP , proving the reverse
inclusion. u

B.1.10. Proof of Lemma 5.4.
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Proof. For every stipulated QMD path, Corollary B.2 gives the asserted right derivative.
The maximum over conditioning probabilities equals

op(P7(s) oo o
———  if§p(pF(s)) >0,
", (P) (0" (s))
op(®"(s) oo
—= 2 if §p(pf(s)) <.
) (5" (5))
By Lemma B.21, the quadratic problem (5.14) has a unique solution, and pathwise differen-
tiability is equivalent to (5.13). |

B.1.11. Proof of Theorem 5.7.

Proof. Letw :=p"* anda_ := p’y(P) >0, and define

Wy (» (y) .

—HEL i ph (y) >0,
Op(y.d,z) == { 9-Pg.(y)

0 otherwise.

Every b € CKSP satisfies ) _, fy bg,(»)du = 0 for every z: this holds for each generating
conditional-density derivative by Lemma 5.2, and extends to the closed span because

zd: /y ba,(-) dp

1Bl p-

1
S \/Pz(z)

Applying this to w gives
N 1
Eplon(V) 1 2=21= =3 [ widu=0,
T d

Jw]|?
1¢D172p) = 22 =

Moreover, p¥’(¢%) = w/a_, and so Lemma 5.3 gives ¢% € PE.
For every path score s, Lemma B.21 gives

The last equality uses the conditional mean-zero property proved above. Thus ¢} is the
tangent-space representative of the derivative, and hence the EIF. Its squared norm gives the
stated efficiency bound. The same argument applies with known assignment probabilities,
since ¢} is conditionally centred. |

B.1.12. Proof of Corollary 5.1.
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Proof. Let a, := pg (P) =p’,(P) =pi(P). By Lemma B.21, pathwise differentiability

is equivalent to
sp(b)= (p"*,b),  VbeES.

This implies linearity. Conversely, if dp is linear, its continuity and the Riesz representation
theorem give dp(b) = (a,b)p for some a € ‘KSP . Completing the square gives the unique
quadratic maximizer p©** = a, proving the equivalence of the first two statements.

If §p is linear, then, for every m € 9} and b € &r ,

5P(b) < Z/ymbd;(z) dp,

d,z

—6p(b) =0p(—=b) <= > | mbg)dp.
d,z y

Thus

5p(b) = Z/ymbd;(z) dpy  YmeMs, bedd.
d,z

This gives the third statement. Conversely, if all these linear functionals agree, their infimum
dp equals any one of them and is linear.

Under the equivalent conditions, substituting the last display into (5.14) gives the asserted
quadratic objective for every m € 9. The EIF and variance formulas follow from Theo-
rem 5.7 with a_ = a,. [ |

B.1.13. Proof of Lemma 5.5.

Proof. Take Q' from Assumption 5.8, and let 7! := 79" and q; = q?. Since 7t €
relint R,

{j € [ms] ‘ Agyjm! = as;g)} — Es.

Indeed, a valid linear inequality binds at a relative-interior point of a convex set if and only
if it binds throughout that set. Since 7! € II(P) C R, it follows that J§ = Eg.

By Theorem 5.6, every b € ‘fsp therefore has a representation by = R4g,; with common
integral 7v € ker(Ag g). In particular,

ba(y) € col(Ry),
/mwzm/%w:mm
y y

which proves one inclusion.

Conversely, let b € Hp satisfy

ba(y) € col(Ra)  Vd,y,
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/mm:m# vd
Yy
for some 7 € ker(Ag ). Define
Sjl(y) = {T € T‘ qj”_,_(y) > O} )
Since bg;(.)(y) = 0 whenever pg‘z(y) = 0, Assumption 5.8(iii) gives
ba(y) € col (Ra(y: Q1) = col (R, 514, -

Use the fixed linear maps L, g constructed in the proof of Lemma B.13, and set

d4a(y) = Ly g3, ba(y).

These functions are measurable and satisfy

Raqy = ba,
Q9 () =0 Vd, 7,y with g}, _(y)=0.

There are finitely many maps Lgg. Writing Cp := maxgg | Lgs|/1<1, the bound in
Lemma B.13 gives

3 / 1601 dyt < Co b1
d Yy
) 1/2
< _— .
<Cg (222 PZ(z)> 1b]lp < o0

It remains to correct the integrals without changing the response images. Define

€q ::ﬁ'—/qu,u.
y

Rded = Rdﬁ' — / bddu =0.
Yy

Then

For each d € D, define
winrerdy )
T d
/y min gy, dy

The denominator is positive by Assumption 5.8(ii), and fy padp=1.
Every T € T belongs to J; for some d, and for such a d,

T T
“m—/%JN
y

min q

dp > 0.
TeT

d|r’
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We can therefore define

ed;(‘r)ﬂd(@/) if €7,

kag(r)(y) = qf”T(y) ,
€d;(r) g otherwise.
™

)

Each density used in this definition integrates to one, and the inactive columns of R, are

zero, and SO

/ kydp — ey, / Vel dia = [lealls < o,
% %

Rakq(y) = pa(y)Rieq = 0.

Also, kg, (y) = 0 whenever qjih_(y) = 0: on active coordinates this follows from the mini-
mum defining p4, and on inactive coordinates it follows from the displayed formula for k.
Set ¢, := g9+ kq. Then

qud = bdv
/ qqdp =7 cker(Ag p) = ker(As,Jg),
y
qar(y) =0 Vd, 7,y with qjuf(y) =0

By Lemma B.12, S;(y) C Sa(y), and so ggj,(y) = 0 whenever T ¢ S;(y). Therefore, Theo-
rem 5.6 gives b € CKSP and completes the proof. |

B.1.14. Proof of Theorem 5.8.

Proof. By Theorem 5.5,
A(CF) _ p 1 < ,
\/ﬁ(en —0(P)) = 7% ;_1 op(Wi) +op(1), (B.2)

where, for any m € 9%,
m(W) —Ep[m(W) | Z]
P£(Z)py(P)

In particular, ¢p is bounded and Ep[¢pp(WV) | Z] = 0.
For every b € %SP s D fy bg;(-) dp = 0 for each z, as established in the proof of Theo-

op(W) =

rem 5.7. By Assumption 5.6, every m1,my € 9} therefore satisfies
S [ m = mabuoydin= 3 [ Eelma(V)1 2 =]~ Eplma(WV) | 2 = 2]) by
d,z d,z

=0.

By Corollary 5.1, § is pathwise differentiable.
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For any QMD path score s, put hs :=s — Ep[s(W) | Z]. Using Lemma 5.2 and Corol-
lary 5.1, and writing a, := pL(P), gives

= al*%/ym(y,d,z)pdpz(y)hs(y,d,Z)du(y)

= %Z / (m(y,d,z) —Ep[m(W)| Z = 2)) py.(y)s(y, d, z) du(y)
* d,z Y

— Eplgp(W)s(W)].

The second equality uses Ep[hs(W) | Z] =0 and Ep[m(W) —Epm(W) | Z] | Z] =0.
To show regularity, fix a two-sided QMD path (F;)s|<. € Pg through P with score s, and
fix h € R. Writing 7, := dP,/dv, local asymptotic normality gives, under P,

g WZ st +or1:

see Van Der Vaart (1998, Chapter 7). Independent randomization used for the folds or fitting
has the same law under the local alternatives and leaves this likelihood ratio unchanged.
The joint central limit theorem gives

1 Zn: op(Wi) | an Ep[¢3] Ep(¢ps] '

\/ﬁ par S(Wz) Ep[gbpS] ]Ep[82]
Contiguity transfers the remainder in (B.2) to P}, 7, and Le Cam’s third lemma gives, under
these local alternatives,

\/1% > 6p(Wi) ~ N (hEp[ops), Eplo3]) ;
=1

see Van Der Vaart and Wellner (1996, Section 3.10). Pathwise differentiability also gives
v <§(Ph i) — é(P)) s hlp(s) = hEp|eps].
Subtracting this deterministic shift gives
Vi (057 =8Py ym) ) = N0 Ep[éh),

as needed.
The EIF is the orthogonal projection of ¢p onto &]3153 . Therefore

H¢PH%2(P) = Hﬁ?”%z(}?) +[lép — ¢*PHQL2(P),

and efficiency is equivalent to ¢p € ‘Bg . Since ¢p is conditionally centred, Lemma 5.3

makes this equivalent to

(bhorta9) ), <%
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Under Assumption 5.8, Lemma 5.5 identifies this membership with the two requirements
(Phor(.d.2)) € col(Ra) ¥y,
Rorr = (Ep[I{D =d}¢p(W)|Z=2]),c.; Vd

for some 7 € ker(Ag ). By Corollary B.3, they hold under (5.17), with the stated simplifi-
cation under support restrictions alone.

Finally, conditioning gb%; on Z gives

Ep [(m(W) _Ep[m(W) | Z = 2))? ‘ 7= z}

Eplop(W)) = —— 3

pa(P)? IZ Pz (z)
1 Varp(m(W) | Z = z)
(P ; Py (2) '
When the estimator is efficient, ¢ p = ¢} in L?(P), and this is the efficiency bound. |

B.2. Auxiliary Estimation Lemmas

Lemma B.1. Suppose S satisfies Condition CP. For each d € D, let Cyq:Y — RT*T pe
measurable and diagonal, with diagonal entries in {0,1} and zero entries on T \ Ty. Fix
E e R™*T and e € R", allowing r = 0. For P’ satisfying Condition D, define

, / Eﬂ-/:e
f.p — /7 / c F ’ .
ere {(” D5 | Cawap =0 vaeD. yey}

There is Cy < oo, depending only on (Rg)qep, As, and E, such that whenever this set is
nonempty, every P satisfying Condition D and (m,q) € .7-"5 admit (7', q') € .FéilqE’e with

(", q") — (7, q)|| 1 < Co

A(P/,P)JrZ/ Hqu(‘illldMJrHEW—eHl]- (B.3)
dep”Y

In particular, Cy does not depend on the laws, e, or the measurable locations at which the

entries of C g equal one.

Proof. Fix (m, q) and a target witness (7, q) € F& o g o- We encode the new active den-
sity as t4 + uq, with £; + v4 = 7. This makes its change equal to ug — vg.
Let T be the identity on R7, and define

24 := {diag(c) | c € {0, nT, e =0} .

For C € 9, define

R, Ry; 0
I 0 I

H;c:= ;
0 Iij\7;,9 0

c C o0
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Py (y)

i) = | @) | dae=lye|Cun)=0).

07
The binary matrix H 4 c has no zero columns: the identity blocks cover its first and third

column blocks, and Ry and I 7; .y cover its second. For every y € Ajc,

0
Hyc |q:%(y) | = ba(y)-
qaq(y)
Therefore 1 4, by is integrable and takes values in cone Hy . Apply Lemma A.3 to this

function and matrix, and intersect the resulting partition with A4 ¢, discarding empty cells.
Denote this partition of Ay ¢ by B c, and let

Bdtz U Bd,C-
CcYq

In particular, |Byc| < N, -
Consider the finite system

' >0, Agn’ < ag, En' =e,

tqB,uqB,v48 >0,

teB
Hd,C Ud,p | = / bydp YVdeD, Ce Y, B GB(Lc,
B
V4,B
> (tap +uap) g =7y ~ VdeD. (B.4)

BeB,

This system is feasible: take 7’ = 7 and

(ti,B,Ud,B,Vd,B) = <0,/Bqd“du,/Bq§du>.

Let w collect the variables in (B.4), and define the source vector

w? = (71-, (/ qﬁd,u,0,0) > .
B deD, BEBy
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At wY, all inequalities and active-mass equations in (B.4) hold. The remaining equality resid-

uals are
/(pf—pfl)du
B
0
, Em—e.
0
/ngdu
L B .
Their total ! norm is at most
0= AP P+ Y [ [Cagillidu+ |[Bx el
dep’Y

Hoffman’s error bound applies to the nonempty finite system (B.4), and supplies a feasible

w with
lw —w°|y < Cpn.

The coefficient matrices of that system vary only with the finitely many possible cell counts
(IBa,c|)d,c» each bounded by Nz, . Taking the maximum of their Hoffman constants gives
one C'y depending only on (Rg)4ep, Asg, and E. Since the source u and v coordinates are

Z€ero,
' =i+ > > 1T (ugp +vap) < Can. (B.5)
dEDBEBd

By Lemma A.3, the nonnegative cell vectors in (B.4) can be realized by nonnegative inte-

grable functions 4, ug4, v, satisfying

ta(y)
Hic |uq(y) | =baly) VyebB,
va(y)
tq teB
/ uq | dp= |uqp
B
vq V4B

forevery d € D, C € %, and B € By c. The block equations give
ti+vi=qy,
Ry(ta+uq) =py ,

(ua)(m\75) = 0,
Ci(tqa+wuq)=0.
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Nonnegativity and t; + v4 = g also force the inactive coordinates of ¢4 and v to be zero.
Set q(’f :=t4 + ugy. The last equations in (B.4) give its required active masses, and

/HQQ“—QSHMM—/Hucz—vd\lldu
Yy Yy

< > 17(ugp +vap)-
BeB,

Let pg be the probability density from Lemma A.1. For T ¢ 7, define

/

ﬂ-("') ( )

— 4ar\¥y if 7w >0,
Ay (y) = T(r) | i

w’(T)po(y) otherwise.

In either case,
/ qZI|T dp = 7T,(T)’
y

/ ’qfﬂf — 4z
Y

These coordinates do not enter R 4g/;,. The resulting tuple belongs to .7-"50 E.e» and

dp= ’71'27_) — 77(.,.)’ .

I(m',a") = (m,@)ll71 < L+ DD —wll+ D Y 1T (uap +vap)
deD BeBy

< (1+[D[)Caun,

by (B.5). Take Cp = (1 + |D|)Ch. |

Lemma B.2. Suppose S satisfies Condition CP. There is C < oo, depending only on (Rg) 4ep
and Asg, such that, for any P, P’ satisfying Condition D with Qgs(P) # () and Qg(P’) # (),
every (m,q) € FL admits (w',q') € FL' satisfying
I(',q") = (m,q)|| 71 < CA(P', P). (B.6)
ForbpeR, be R7T, and bounded measurable g,y — RT, define

T(m,q):= bo+bTﬂ+Z/95qddu,
dep’Y

Lp:= max{”b”ma max sup Hgd(y)‘oo} :
deD yey

The same (w',q’) satisfies

T(x',q) — T(m,q)| < CLrA(P', P).
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Further,

inf T(n',q)— inf T(m q)|<CLrA(P,P),
(v.q)eFs’ (m.q)eFg

sup T(n',q')— sup T(mw,q)|<CLrA(P,P).
(m.q)eFE (m.a)eFg

Proof. Apply Lemma B.1 with C; =0, E € R%7  and e € R?. Its target set is F& ,
which is nonempty by the construction in the proof of Theorem 3.1. Both additional residuals
in (B.3) vanish, giving (B.6).

For the resulting pair,

T, q) — T(m,q)| < [blloo ]l — 71
+ 3 sup lga(w)lloe / I, — qall1 du
dep¥<Y y

< Lr|(w',q") — (w,q)||71 < CLrA(P', P).
In particular,

inf T(n',¢)< inf T(m,q)+ CLrA(P,P),
(.q)eFs’ (m.@)eFg

sup T(mw,q)< sup T(n',q)+ CLrA(P,P).
(m,.q)eFE (v'.q)eFL

Interchanging P and P’ gives the two asserted absolute-value bounds. |

Corollary B.1. Suppose S satisfies Condition CP. Fix by,bp € RT and bounded measur-
able functions gy 4,9p.qa: Y — R7, d € D. Define

N(m,q) := by + Z/ IN a9a g,
dep’Y

D(w,q):=bpm + Z/ gbdqd du,
dep’Y

D.(R):= inf D(m,q).
(R) einf (7, q)

For laws with D.(R) > 0, define

. N(m,q) N(m,q)
0_(R):= inf ) 0. (R):= sup .
®) (m.q)erd D(m, q) +B) (m.q)erk D(,q)

Fix P satisfying Condition D with Qgs(P) # () and D.(P) > 0, and define

R satisfies Condition D,
QS(R)#QL A(R7P)<5 ‘

Us(P) = {R
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There exist §,a > 0 and finite Cp, Cy such that, for every R, S € Us(P),
D.(R)>a,
|D«(R) — D.«(S)| < CpA(R,S),

max |0s(R) — 04(S)| < CoA(R, S).
se{—,+}

In the conditional-mean case
N(7,q) = / KCyqg- dp, D(w,q) = chy,
y

with d* € D, () # A C Tg., and bounded measurable r : Y — R, both endpoints are attained
at every R € Us(P).

Proof. With C from Lemma B.2, set

L,:= Cmax{||br|oo, max sup Hgnd(y)Hoo} Vre{N,D}.
deD yey

By Lemma B.2,
|D.(R) — D.(S)| < LpA(R,S).
Take
D,
a:= (P), §i=—"
2 1+ Lp
For R € Us(P),

D*(R) > D*(P) - LDA(R> P)
> D,(P)— Lpd > a.

Every feasible tuple satisfies ||7||; = fy llgll1 dpe = 1 for every d, and so

IN(m, @)| < [|bn oo + ZSUP lgn.a(¥) |l =: B.
deDYEY

For R, S € Us(P) and (m,q) € FL, choose (7', q') € F5 using Lemma B.2, and let
N :=N(m,q), D :=D(m,q), N :=N(n',q), D' :=D(n',q).
Then
[N’ = N| < LyA(R, S),
|D' — D| < LpA(R,S), D,D'>a,
and

N N N-N ND-D)
= +

D D D’ DD’
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N’_N<<LN+BLD
- a

v 0 )

Taking infima or suprema over (7, q) gives
0(S) <0_(R)+ CoA(R,S),
0+(R) < 0.(5) + CoA(R,S),

where Cy := Ly/a + BLp/a®. Interchanging R and S gives the asserted absolute-value
bounds, with Cp = Lp.
In the conditional-mean case, Lemma 3.1 and the construction in the proof of Theorem 3.1

give
{(N(m,q),D(,q)) | (,q) € F§'} = Kr,

where K is the set in Lemma A.10. That lemma makes K compact, and (N, D) +— N/D
is continuous on K i because D > a. Both extrema are therefore attained. |

Lemma B.3. Suppose 6 is the conditional-mean parameter (4.1), with ) # A C Tg., and
Condition T3 holds. Suppose P satisfies Condition D, S satisfies Condition CP, and Assump-
tion 5.1 holds.

There exist bounded measurable £4:Y — Rgo, vectors vg € RT, and X > 0 such that

> wva=ALX,

deD

ra(y) = Rgla(y) — 1{d = d"}(x(y) — O(P))ea +va > 0,

and every (m,q) € ]-"é) satisfies
/ (6(P) — k)chay. du= AT(ag — Asm) + / 73qqdp > 0. (B.7)
y Ty

The functions can be chosen using the matrices B j and finite sets 7, in Lemma A.7, so
that

Ta(r) () € {aars6) + Birs|J € Za},

where, with I the identity on RT,
agrg:=1{d=d"} ((R}Bdﬂ] — I)cA)(T) )
Birg = — (RgBay —I) [1{d=d"}0ca + vd]) ,, -

In particular, ag + j = 0 whenever d # d*.
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Proof. By Lemma A.12, choose an optimal (u, A) at v = 6(P) with uz- = 0. Set

vge = AL+ Z Uy, Vg = —Ug Vd # d*.
dtd*

Choose the bounded basic dual solutions from Lemma A.7 at coefficients
1{d=d*}(k(y) — 9_(P))CA —vy.

Their feasibility gives r4; > 0, and their objective equalities give
Z/ 05pl dy+ATag = 0.
For every feasible pair, therefore,

3 /y r;qddﬂ:Z / ok dyi / (5~ B(P))chag du+ S wlm
d

d
= —ATag — / (k —0(P))chqy dp+ AT Ag.
y

Rearranging proves (B.7); every term on its right is nonnegative.
Finally, the result now follows by noting that, wherever the selected basis is J, we have

ra(y) = (RgBa.s —I) [1{d = d"}(x(y) — O(P))ca —va] - u

Lemma B.4. Maintain the assumptions and fixed choices of Lemma B.3, and let

)= > i)

zEZ

There exists Cp < 0o such that, for every t > 0 and (,q) € FL, there is (74, q,) € Ag(P)
satisfying

(@) — (@)l 70 < Cp [(1 ; 1) /y (B(P) — r)ch gy dp
—i—ZZ/rd Y1{0 < 4. (y) < t}dp(y)
deDTET;

Proof. Fix a feasible pair and set
= / (O(P) — k)chqy. du > 0.
Yy

For T ¢ 73, the corresponding response column is R -) = 0 and the target coefficient is
zero, and SO 7 g.(7)(Y) = vg,(7) > 0. Define

Ip:={reT|3deD:7¢Tg, vy >0}.
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For each T € I, choose one such d(7). By (B.7),

S <ed o

Tl 7€l Yd(r)i(r) .
Let C4(y) be diagonal, with
Cor.r)(y) = L{T € T, T4 (y) > O}

For active coordinates, qdj+ < Tds and so

a €
Z/y’cdqdﬂldﬂét+ZZ/yrd]1{0<Td;(1—)St}du-
d

d T€T;

Here the contribution from {74 (,) >t} is bounded using ¢4 < 74;(r)qqj+/t and (B.7).
With I the identity on R7, set

I, _ | 9g
T , e:= T .
A'Ag A'ag

The preceding mass bound and (B.7) imply

1
|Ew —e|; < <1+ > ) €.
i(7)

v
TGI@ d(T)

E =

Every term in (B.7) is nonnegative. Its left-hand side is therefore zero exactly when
qug =0 Vd7 Ex=e.

Thus .7-"5;0’ E.e = Aa(P), which is nonempty by Corollary B.1. Apply Lemma B.1 with P’ =
P and the displayed C, E, e. Its term A(P’, P) is zero, and substitution of the two bounds
above proves the claim. [ |

Lemma B.5. Maintain the assumptions and basic dual choices of Lemma B.3, and suppose
Assumption 5.3 holds. Let rg = . pflg‘z. There exist tp > 0 and Cp < oo such that

X [ a0 <) SO <Cot EO1).  BI

deD 1Ty

Proof . Use the finite coefficients o+ j, 34 - 7 from Lemma B.3. For every d, T,
{y } 0< Tdy(r) (y) < t} C U {y ’ 0< ad,T,JK'(y) + Bd,‘T,J < t} .
Je 2
Let F; be the finite atomic support and f,; the bounded density of the absolutely continuous
part of the conditional law of (Y") given D = d*, as supplied by Assumption 5.3.

There are finitely many positive values among

{BirsldeD, T€Ty, JE _Zq, agr.g =0},
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{ad r g7+ Bar v g | T €Ty J € Fa-y € F}.

Choose tp > 0 smaller than all those positive values. Then, for 0 < ¢ < ¢p, no positive con-
stant term and no positive value at an atom can belong to (0,¢]. For « # 0, the interval
{r eR|0< ax+ <t} haslength ¢/|al, and so

/]1{0<ax+5§t}fn(a:)dx§ Mt.
R

||
Set Pmin := min, Pz(z) > 0. For every Borel B C R,
1

/y ra- (9)1{n(y) € BYdu(y) < —— 3" Py(2) /y PE. () 1{(y) € B} du(y)

= MP(/@(Y) € B|D=d).

Pmin

Pmin

All slopes with d # d* are zero. Combining the finite union above with these bounds proves
(B.8), for example with

Cp e £l D L

. Ol :
Pmin €T JE Jar ’ d ,T,J|
ad*y.,.“]#o

Lemma B.6. Maintain the assumptions of Lemma B.5. There exist ep,0p > 0 and Cp < 00
such that the following statements hold.
For every (m,q) € FE with

0< / (B(P) — r)chgq du < cp,
Yy

there is (74, q,) € Ag(P) with

1/2

I(m.0) = (.5 < Co | [ 00P) =
Further, for every R € Uy, (P) and (7',q’) € Ag(R),

dist (i, [p,(P), 74 (P)]) < Cp/A(R, P).
Proof. For a feasible pair, let

€:= / (O(P) — k)clqy. du.
Y

Let C4 be the constant from Lemma B.4, and let Cs,tp be those from Lemma B.5. If 0 <
e <min{1,t%}, apply these results with ¢ = \/e to obtain an attaining pair satisfying

|(.q) — (mrq.) 71 < Ci [ P 05\/2}
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< Cy(2+ Cs)V/e.

If e = 0, the original pair is in Ag(P).
Now fix (7/,q') € Ag(R). By Lemma B.2, choose (m, q) € F& with

l(m,q) — (7',d")| 71 < CA(R, P).
Since the primed pair attains 6(R),
e=[0(P) —0(R)|cyn' +0(P)cly(m — =)
- / reh(qg — qg.) dp.
y
By Corollary B.1, and since chr’ <1, there is C’ < oo such that
0<e<C'A(R,P)

throughout a sufficiently small neighbourhood of P. Choose dp < 1 small enough that this
upper bound is less than ep.
The first claim now supplies (74, q,) € Ag(P) with

el (' — )| < el <CA(R, P)+ Cp\/C"A(R,P)) .

By Lemma A.10, the conditioning probabilities of pairs in Ap(P) form exactly
[p*,(P), P (P)]. Taking the distance to this interval and enlarging Cp proves the second
claim. n

Let I1,..., Ik be independent folds, as defined in Section 5, with fixed K and n (k) /n i
ci € (0,1). Let F,, , be the sigma-algebra generated by the observations outside I,

Lemma B.7. Consider the conditional-mean parameter (4.1), with bounded r and ) # A C
Ta-. Suppose S satisfies Condition CP, and both P and R satisfy Condition D and Assump-
tion 5.1. For each S € { P, R}, let

(rs,qg) € Ag(S), mgs € My, as:=chTs.
Then
(O(R) — 0(P))(ar —ar) _ G(R) — 6(P) + N Eplmp(W) | Z=2]
AR aR z€EZ
1 P R
< n > /y[pdp(y) — paWmr(y, d, z) —mp(y,d, 2)] dp(y).

deD,ze2

Proof. Let qp = (g, 1)dep- For S, T € { P, R}, take (us, As, £o,s, (£4,5)dep) satisfying
the defining conditions for mg. Those conditions and (77, q7) € Ag(T) give

ZET[mS(W) | Z =2]= /yfg,spgli dp + Z/y@,spdT dp+ Afag
z d
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Also, Y Egimg(W) | Z=2]=0, so
S [ 0h0) = 2 )t 2) = (.. )] )
d,z y
=Y Ep[mp(W)|Z=2]+) Egmp(W)|Z=2]

> Y Ep[mr(W)|Z =2+ (0(R) - 0(P))ar
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Dividing the last inequality by ar > 0 gives the upper bound. The first display with (S,T") =

(R, P) gives the lower bound.

Lemma B.8. For every k, let 0, i, and a,, . be F,, j-measurable, and let m,, , : 2 x W — R

be jointly F,, j, @ PByy-measurable. Suppose that, for fixed a > 0 and M < oo,

<M

min Qp ke = A,
ke[K] ke[K]

with probability tending to one. For a fixed 9 € R, define

K (k)

k=1 ZGZ ze]k
Zi=z

bk 3:77nk*19+7ZEP (M k(W) | Z = 2],
Qn, K e Z

_ mn,k(W) - EP[mn,k(W) | Z]

PZ(Z)an,k .

Then
K

—19 Znn bnk+ ZZ@mk +OP< )7

k 17,€Ik
K
1 —1/2
~2 D Onk(Wi) = 0p(n™"2).

Further, suppose &, i, - @ x W — R is jointly F,, j; @ Byy-measurable, Ep &, i(
and maxy, [|§, k|| L2 (p) = op(1). Then

k llelk

(B.9)

(B.10)

W) =0,

B.11)
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Proof. The stipulated bounds and n® /n®) > Py(2)/2 for every k, z hold w.p.a.1, and
so we assume them throughout.
Set

fin k= Ep[mn k(W) | Z = 2],
1
An,k,z = m Z H{Zz = Z} [mn,k(Wz) - ;U'n,k,z] .
i€y,
Conditional on F,, , these summands are independent and have mean zero. On training out-

comes satisfying |7, |loc < M,

4N
nk)

E[A7 k2 | Fugl <
Therefore A,, .. = Op(n~1/2). Also, ngk)/n(k) — Pz(2) =Op(n~'/?), and so

1
RO Z mmk(Wi) — Mnk,z
n

z  4ely,
Zi:Z
o An,k,z
ngk)/n(k)
 Ange Py(2) —nl /n®

= n,k,z
Pz(2) Py(2)n /n®)

Ankz -1
=—"+4+0p(n ).

Summing over z, dividing by a,, , > a, and weighting by nk) /n gives (B.9). The conditional

variance bound also gives (B.10), since K is fixed.
For the last claim, set

Vn,k = \/1'71 Z fn,k(Wz)

i€l
Conditional independence and conditional mean zero give

)

For every € > 0, conditional Chebyshev therefore gives
) nk) )
Pr(|Vo x| >€) <E [mm {1, neznfn,kHH(P)}] — 0.

Summing over the fixed number of folds proves (B.11). |

Lemma B.9. Consider the conditional-mean parameter in (4.1), with bounded k. Suppose P
satisfies Condition D, S satisfies Condition CP, and Assumptions 5.1 and 5.5 hold.
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For every € > 0, there exists 6 > 0 such that, for every P’ € Us(P), with Us(P) as defined
in Corollary B.1, all feasible conditioning probabilities are positive, and every (7', q') € Fg /

satisfying

Jy £(y)ehd). (y) duly)

T o/
CpT

=0(P")
also satisfies

chn' —pL(P) <e.

In particular, if measurable random laws P}, and measurable pairs (w),, ql,) satisfy these
compatibility and attainment requirements with probability tending to one, and A(P),, P) —

0, then

Proof. The positivity assertion follows from Corollary B.1. Suppose the uniform assertion
fails. Then there exist ¢ > 0, laws P, € U, /,,(P), and attaining pairs (7}, q;,) € .7:5 " such
that

’CLTI';Z —pL(P)‘ >e  Vn.
By Lemma B.2, choose (7., q,,) € F& with

(70 @) = (o dl)|| 5, < CAPLP) 0.

Define
Qp = CLTFn, a;l = C;I-AW,,,,L,
N, = /y k() hga (y) dinly), N = /y k() (y) di(y),

where g, ,, and q,, ,, are the treatment-d components of g,, and g/, respectively. Boundedness

of x gives
) N = N < (1 [l el [ ) — (), 01
Since N/, = 0(P!)a’,, 0 < al, < 1,and 8(P!) — 6(P) by Corollary B.1,
Ny — B(P)an] < [No— NG|+ [8(P) — 8P|, + (P e, — an] 0.

The construction in Theorem 3.1 and Lemma A.10 give (N,,,a,) € Kp, where Kp is
compact. Choose increasing indices ny such that

(anank) - (N,a) S KP-
Then N = 6(P)a, and so Assumption 5.5 gives a = pQ(P). Since a;,, — an, — 0, this con-

tradicts |a;, —pl(P)| >e.
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Finally, the uniform assertion gives, for each e > 0 and its corresponding ¢ > 0,

P (‘cgw; —pQ(P)) > e> <P(A(P),P)>8) +o(1) = 0.

Lemma B.10. Suppose 0 is the conditional-mean parameter (4.1), with ) # A C Ty-, and
Condition T3 holds. Suppose also that P satisfies Condition D, S satisfies Condition CP, and
Assumptions 5.1 and 5.6 hold. Fix m, € M.

For every € > 0, there exists 6 > 0 such that every R € Us(P) and m € 9%, satisfy

Im —Eplm(W) | 2] - m. +Eplma(W) | Z][l o py < €.

In particular, for jointly measurable random selections m,, € M5, with A(P),, P) Lif 0,

P
[0 = Ep[ma(W) | Z] = mu +Ep[mi (W) | Z]|| 12(py — O

Proof. Suppose the uniform assertion fails. Then there exist € > 0, laws R,, € U, ;,(P),
and m,, € M7, for which the displayed norm is at least €.

Let 7, := 0(R,,) and v := (P). Choose witnesses (U, An, £€n 0, (€n.d)acp) for my. By
compactness of the bounded outer domain, there exist 1 < n; <mng < --- and (u,\) € Dy
such that

[wn,, — ulloo + | An, — Allo = 0.

Also, Corollary B.1 gives v, — 7.
Enumerate D = {d1,...,d } and also denote dj := d*. For i € [J], use £, ; := £,, 4,, and
define

cn,o(y) = (H(y) - ’Yn)cA - AgAn - Zun,du Cn,i(y) = Und;,
d
co(y) = (k(y) —7)ea — AGA =D ug, ci(y) = ua,.
d

In particular,

sup || €n,,0(¥) — co(¥)]loo < [1me — Ylleallso + [[AS(An, — Ao
Yy
+ [t — Ualloo — 0,
d

maxsup ||¢p, i (¥) — €i(y)]/oc = 0.
i€lJ] y

By Corollary A4, ||my,||cc < Cry, and so

Y Ep[ma(W)|Z =2

RTI,
= § / mn(pdﬁz _pd|z) dp
d,z y
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< CpnA(Ry, P)—0.
Inner dual feasibility gives

E(’Yn; )<fP p)/n:una <ZEPmn ‘Z—Z]

Since conditioning probabilities belong to [0, 1],

‘@(’Ynypﬂ < |’Yn _7’ — 0.

Therefore _7p (v, Un, An) — 0.
The integrated-support inequality in Lemma A.2 gives, here,

AP O i An,) = FP( M)
J
= 2/32‘@5@)”1“0%@@) —ci(Y)]|oo dpe(y)

+ [las]|1[|An, — Alloo = 0.

Thus _Zp(v,u,A) =0.
Fori € {0,...,J}, set

gn,i(y) =P, (1) ni(y) — ha,(cni(y); Py, (y) > 0.

Expanding the two objectives gives

Z/gnldu ZEP (mny(W) | Z =2 — _Zp(Vn,Un, An) = 0.

Choose 1 < k1 < ko < --- such that

By monotone convergence,

[ = S

3110

and s0 g, i(y) — 0 for every 4, outside one y-null set.
Define

Rj £ > ci(y),
Li(y) == {LERZ | (€0 < llei(®) oo,
Py, (y)T€=ha,(ci(y); Py, (v))
These sets are nonempty by Lemma 3.2, and are compact and convex. Fix y outside the null

set. Every convergent subsequence Enkj i(y) — € has £ € L;(y): the feasibility and norm

inequalities pass to the limit, and Inu, .i(y) — 0 gives the objective equality. The vectors are



118

uniformly bounded, and so

dists (ﬁnkj z(y),&(y)) — 0.

The constraints defining £;(y) are measurable in y and continuous in £. By Theorems
14.36-14.37 in Rockafellar and Wets (1998), the unique Euclidean projections

£,(y) == argmin [ — £, i(y)|3
Lel;(y)

are measurable. Define
J ATag
mj(y,d, z) == {d =d"}; .,y (y) + Z Hd=di}t],; (y)+ Tz
i=1

Its inner objective equalities and _#p(v,u,A) =0 give m; € M. Pointwise convergence of
the projection distances, convergence of AnkJ , and the common bounded envelope give

I, =22y = 0

by dominated convergence.
By Assumption 5.6, m§ —Ep[m$(W) | Z] = m.—Ep[m.(W) | Z] in L*(P). Conditional

centring is an L?(P) contraction, and so

[, — Eplmn,, (W) | 2) = m. + Eplm.(W)| Z]]

L2(P)
< |lmn,, —mgllr2p) = 0,

contradicting the choice of m,,. This proves the uniform assertion, which immediately gives
the random-sequence assertion because Pr(A(P),, P) > ) — 0. [

Lemma B.11. Let v be the product measure on Y x D x Z produced by p on Y and the
counting measure on D x Z. Let (P,;), be a two-sided QMD path through P in P with
score s € L3 (P). Let 5, :=Ep[s(W)|Z = 2], hs (y,d,2) = s (y,d, z) — 5., and pdﬁtz (y) =
r¢ (y,d, z) | Pi.z (%) for sufficiently small |t|. Then, as t — 0,

|re — 70 —tros|lpiw) = o ([t]) »

Y |Puz(2) = Pz (2) = tPz (2) 5 = o(It])
z€Z

Py —
Z ||pd|z _péj‘z - tpg‘zhs (',d,Z) ||L1(u) - O(‘t’) ’
deD

and
2

pc‘zz —0.

S P (2) W — Sheld2)
d,z

L2(p)
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Finally, the following maps, defined for u € L* (P), are linear and continuous over L3 (P):
fo (u) :=rou
P’ () = (plphu(1d.2)
2

Py (u):= (Pz(2)Eplu(W)|Z=2]), ,

= (B ),

d,z

where ip has the finite product space [[;cp ez L*(1) endowed with the norm |v| =

|(va,z)azll = Qgep 2sez Pz (2) |]vd7z\|%2(u))1/2 as its codomain.
Proof. Let r := rqy. Define
t
eri= Vi = V= 8V,

so that ”':% — 0 and

t
I~ Vs < Dsllcagey + el o = Ot

with [|y/7el[22() —foIILz =1L
Let At:et(\f—l— V), By = (t/2)s\/r(\/Tt — /) and Ry =r, — r — tsr, and note that
Ry = (it = V) (/i V)~ tsr
=et(\/ﬁ+\/?>+ésﬁ(ﬁﬂf—%/?)zAwBt.
By Cauchy-Schwarz,

1At L) < llellpzo)lIVre + Vi) < 2lledll L2y = o(|t]),

t
1Blxr < Dlsllaey Vi~ vVFilzsco
f

2
Z” ||L2(P EHSHLQ(P)HetHLZ(V) =0(t*),

and so,
IRellr ) < [ Aell oy + 1 Bell iy = o(It])

as required.

Now, for each z, integrating 7, — r = tsr + R; over y € ) and summing over d € D gives

Pz () = Py (s —tz/ (9, d, 2)r(y,d, 2) du(y +Z/Rty,dzdu>

deD deD

=Py (2 SZ+Z/Rt y,d, z) dp(y)

deD
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=O(lt]) ,

and so, P,z (z) > Pz (z) /2 for sufficiently small ¢, since

Z/Rty,dzdu

deD

<Y [ IR 2 ) < 1Rl =)

deD

which immediately gives the second claim since

S 1Paz(s) — Pa(z) — tPo(2)s: = 3

z€Z zEZ

< Rellzr )

> | a2 duty)

deD

Next, fix (d, z), and define the shorthands p ::pgz, Dy = pgrz, Sd-(y) :==s(y,d, z), p:=
P(Sd,> — 5-) and prin = mincz Pz(2) > 0, so that

Pt;Z(Z)(pt —p—tp)=r(-,d, z) — Pt;Z(Z)p - tPt;Z(Z)ﬁ

:tPZ(Z)Sd,zp"i'Rt('vd’Z) - (tPZ 3z+Z/ Rt yad < d/.L ))p_tpt,Z(Z)p

deD
— Ri(d, ) pZ/Rty,dz)dum—tp(PtZ() Pa(2)),
deD

Note that ||p|| () = P(D=d | Z = 2) <1 and
hsllZepy = Eps® — Ep{Ep[s| Z]*} < [|sl|72(p) -

1
P g L — /) /!
Sk hs o d s gy = PZ(Z,)/yms(y,d,z)rr(y,d,z)du(y)

djED d:ED
Z'eZ Z'eZ (B12)

(P) = (P)

min

1
< 18]l 2(p) < o0,
Pmin

50, [|p[| () < oo and we have

lps —p — Pl 11 ()

<5 {uRt(-,d,z)Hp g Rl 2 ) 1Pl + 11 1Pas(2) — Pae) upnw}
o o 2 =0
< 5, 3y fellth + o1t + O(E)} = o),

and, for each z € Z, summing over d € D gives the third claim.
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For 2 € Z let a;, = P.z(2)""/? and a, = Pz(2)~ /2. For f(x) =212, f/(Pz(2)) =
—1Pz(2)~%/% and SUDge[p, (2)/2,:3P5(2)/2) | 1" (¥)] < 0co. We now have the expansion,

t
2=ty — Gy + iazsz

=—3P, 3/2Z/Rty,dzd,u y) + Gz

deD

(677

)

with Taylor remainder |¢; .| < %Supr[PZ(Z)/273PZ(z)/2] |f"(z)||Pr.z(2) — Pz(2)|? and so,
ar. = o([t]), ar» — a, = O(|t]), and a; . < (Pz(2)/2)~ /2.
Next, for each (d, z), substituting |/p; = a¢./7¢(+, d, ) into the QMD expansion gives

t
Py
V/Pa = \/Pa. — hs(di2)\ gy
t
+ §(at,2 - CLZ)S(',d,Z) V r(-,d,z) + at,z\/m,

where these three terms have the following L? (1) bounds:

= at,z€t(',d72)

lacex(,d2) 12 < (P2(2)/2) 7 edll ) = o)),
| 56au: = a)sCd 20/ d 2| < Blar = acllsliecey = OG),
o v/7 (o 2) o =l | VP(D =, Z = 2) = o).

Applying triangle inequality, dividing by |t|, squaring, and taking the finite sum over (d, z)

gives the fourth claim.
Finally, linearity of the four maps follows immediately from linearity of expectation and
S0, it suffices to show that they are bounded (hence continuous), which we get as follows,

IFo(@)llzre) / fu(aw) fro(w) dv(w) = Ep [full < lull 2z

1Pz(w)li=>_ Pz(2)[Bplu| Z2=2]| <Y Pz (2)Bp(lul| Z=2] < |ullLop) »
z2E€EZ z€Z

Z szzhu(',dvz)HLl(p)S —[lullz2(p) -
deD,zeZ Pmin

lap (@)l = 3llhallz2(p) < 3llull 2 ey

where the last two lines follow from applying (B.12) with s = u. |

Lemma B.12. Suppose P satisfies Condition D, S satisfies Condition CP, and Qg(P) # (.
Define

Saly) := {7’ eT

sup  x(y) > 0}
zeZ ] (y)
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Then {y: T € Sy(y)} is measurable for every d, T, and every (m,q) € FE satisfies

a(y) € Z5 (y), Qar(y) =0 V7 ¢ Sa(y).

Moreover, there exists (n',q") € FL such that
7l € relint TT(P),
qqu(y) >0 <= T€S4y),

{d € ms]| Asgm! = a5 } =I5

Proof. Choose 7! € relint IT( P), which is possible by Theorem 3.1 and lemma 3.3, and
define

70 . {TE’T max Tr(.,_):()}7
well(P)
A, ru= h N ' Pd :
CCTl = duclly dJru /y( d(ad,japd (y)))JeJd w(y)
u(ZO):O

A valid linear inequality binds at a relative-interior point of a convex set if and only if it binds
throughout that set. Therefore, by the finite inequality representation in Lemma 3.3, le is the
minimal face of II; containing 7', and 7t € relint C;. The same observation applied to
Agm < ag gives the asserted equality of binding row sets.

Every response inequality Rqu < fy pf dyu is valid on TI; and binds at 7' by Lemma 3.1.
It therefore binds throughout C:E. If an integrable selection z(y) € Fibrey(p} (y)) has inte-
gral in CT, then

/y (pf — Rdw) du =0,

/y [hd (ad,j;Pf(y)) - aé,jw(y)] du(y) =0 Vj e Jf,

/ m(zo) d,u =0.
y

All these integrands are nonnegative, and so their coordinates vanish almost everywhere.
These are exactly the equations defining ﬁf (y). The reverse implication follows by inte-
grating those equations, and so, by the definition of Minkowski integral,

cl= /yd@f(y) du(y).

Since IT(P) C C’;, this also proves the assertion about every feasible pair.
It remains to construct a selection that is positive on every permitted coordinate. Let I
be the identity matrix on R7 . The active-coordinate projection of .%, f (y) is the nonempty
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compact polytope

Xa(y) := {az € Rgo H,x = bd(y)} ,
Ra.(.7) Py (y)
Hq:= |Agura | ba(y) == (hd(ad,j;Pf(y)))jejf
I(ZO,'E) 040

Its right-hand side is measurable by Lemma A.2. Choose independent rows Iz spanning the
row space of H 4, and enumerate the column sets J C Ty with |J| = [I4] and H 4., y) non-
singular. For each such J, define the basic formula

a5 (Y) = Hy(p, pba)(): zq.5,(1\7)(y) == 0.

Let J4(y) consist of those J for which x4 ;(y) > 0 and H sz, ;(y) = ba(y), and set

1
CC+ = X .
d,act(y) T4 Je%;(y) d,J(y)

There is at least one feasible basic solution. Each basic formula is a fixed linear map of b;(y),
and its feasibility is determined by finitely many measurable equalities and inequalities, and
so this average is measurable.

Every vertex of X;(y) occurs among these formulas. Since X;(y) is their convex hull,

m;iact;(T) (y) >0 <<= 715, V1T eTy,

P
2 e ()11 < 175 (1)

The response and support rows are zero on 7~ \ 7y, by the definition of R4 and the construc-
tion in Lemma 3.3. Therefore, using po from Lemma A.1, complete this vector by

w;(f)(y) = Po(y)]l{TifZO} VT ¢ Ty

Then z is integrable, belongs to .Z} (y), and is positive exactly on Sy(y). This also proves
the asserted measurability of Sy.
Letu] := fy x; du. Since u} € C; and 7! € relint C;, choose ¢4 € (0, 1) such that

7TJr — edu+

i eCl.

u, =
d 1—¢q

The Minkowski-integral equality above supplies z; (y) € .Z1 (y) with fy x, dp=wu, . Set-
ting
qT = ed:v;; +(1—eq)zx, ,

the result follows immediately by noting that

/qfldu—TrT, Rag)=pi, b, (1)>0 < 7€Siy) W
y
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Lemma B.13. Suppose P satisfies Condition D, S satisfies Condition CP, and Qg(P) # (.
With Sy as defined in Lemma B. 12, define

Ep = {u € H LY (uw;RT)

deD

ud;(.r)(y) =0Vd,y, T ¢ Sd(y)} ’

u € &p,

Y

Up = gZ/pJ NHp.

Then %p, is a closed linear subspace of [ [ jcp L' (1; R?), equipped with

blls = S /y 1ba(y) 11 diu(y).

deD

and Up is a closed linear subspace of (Hp, || - ||p).

Proof. For S C T, let By s :={y : Sq(y) = S}, which is measurable by Lemma B.12.
Choose a fixed linear map Ly s : RZ — R7 such that

(Lasb)(\s)=0  VbeR?,
RyLgsb=b  VbecolRy. g).
For example, choose row indices I and column indices J C S such that |I| = |J| =
rank Ry, (. 5y and Ry, (7, 7) is nonsingular, and set
—R-1 —
(La,sb)(s) == Ry, by (Lg,sb) () = 0.

For rank zero, take Ly s = 0.
For any b € [, L*(1; R?), define

uf(b)(y):= Y _ 1p, . (y)Lasba(y)- (B.13)
SCT

There are finitely many matrices Lg g, and so, with C, := maxg g || Lq 5|11,
S [ Ie) — we)h e < Colp el
d

Define the finite-dimensional subspaces

Ky = Z {kERT‘k(T\S):O, deIO},

SCT
[A(Bd,s)>0

V.= {(#—kd)dep}frekerAs’Jg, kqy Ee%/dVd}
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The space %5 is exactly the set of integrals of integrable functions k4(y) satisfying

k(8.0 () =0, Raka(y) = 0.

One inclusion follows by integrating over By g. For the other, every vector k in the summand
associated with By g is realized by

po(y) 1B, s (y)

— k
de’SPOd:U’

using po from Lemma A.1.
Set

= </y ) du) deD

The preceding characterization of % gives

bd = Rdug(b) Vd,

be %, =
Bl {TbeV.

Indeed, any witnessing u differs from u°(b) by functions whose integrals belong to 7.
Conversely, if Tb = (7 — kq)q € V, add the kernel functions just constructed to u(b) to
obtain common integral 7.

The maps b — Tb and b+— (b; — Rqu’(b)), are continuous in || - || by the displayed
bound, and V is a finite-dimensional linear subspace. Their inverse images in the last display
are therefore closed, proving that %p is closed.

Finally, Cauchy—Schwarz gives

1/2
1
1b]|r < (Z P(z)> bl p Vb e Hp,
ZEZ Z

and so %p = %py NHp is closed in || - || p. [ |

Fix dy € D. For J C [ms] and w € [ jep L' (s R7'), define

(/ (uqg — ug,) du)
Aj(u) = Y deD\{do} | | (B.14)

Asj [ ug,du
Y

Thus A ;(u) = 0 if and only if the integrals of u, equal a common vector in ker Ag ;.

Lemma B.14. Suppose P satisfies Condition D, S satisfies Condition CP, and (7°,q") €
FL. Let J C[mg) and g, € L*(1;RT) satisfy

dair(y) =0 Vd, 7,y with q§.(y) =0,

/ qgdp=meckerAg ; vd.
y
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Suppose b := (Ryq,)acp € Hp. Then there exist ('12") € L'(;RT), 7, € ker Ag ;, and
C,, < oo such that

/ " dp=7,  Vdn,
Yy
’qd|7-( )‘ S qu3|1—(y) Vd77-7yan
Z/ 135" — dqlls dp— 0,
aqa vy
o], o

Proof. Define

. nq((j]‘f(y)
fan(y) := min ({1} - { G (@)

TE T7 qd|7’(y) 7& 0}) :

Then 0 <tq, <1, t4, 11, and \td’nqdh.\ < nqgl_,_. Dominated convergence gives

> [ = taladlh du o,
q Y

d
1 (tan — Dba)al® = ZPZ / (1~ tan-2 g 0.
{p},.>0} pd|

The respective dominators are Y, ||g4||1 and the integrable coordinates defining ||b||%.
Let

B = {’u € HLI(M;]RT)

d

3C < 00t [ugry(y)] < Cqgr(y) Vdmy} :

Choose uM, ... u(" € %0 such that A;(uM),..., A;(u")) form a basis of A ;(%°). Let
- [ As(u®) ... AJ(um)} ,
= (GTG) ' GT A ((tanga)a)-

The columns of G are independent. Moreover, A ;((¢,4)q4) = 0, and the first displayed con-
vergence gives o, — 0. If » = 0, omit the coefficient vector and use empty sums below.
Set

" = tandy =Y ot yu’
j=1
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Then A J((qg"))d) = 0, which gives the required common integral 7r,, € ker Ag ;. Choose
C;j < oo with [ufl] || < Cjq) . The relative bound holds with

Cp:=n+ Z \an;(j)\Cj.
j=1
Also, \(Rdug))(zﬂ < ijﬁz, and so

I(Rgud)q)? < C?ZPz(z)/péDszZC?-

d,z Y
Therefore,
> ldg” = aallvdp + |(Ragy”)a
y P
d
<3 [ (0 tan) i+ (i~ D)l
4 7Y
r .
+ e <Z/ |1 dp + Cj> —0,
j=1 d 7Y
which proves both convergence assertions. ]

Lemma B.15. Suppose P satisfies Condition D, S satisfies Condition CP, and (7°,q") €
.7:5. Define
Ji={j€lms]|As)m" =as)}-

Suppose, for some C' < oo,

|Qd\‘r(y)‘ < ngh—(y) \V/dv T,Y,

/ qddM:‘frEkerAsJ vd.

Yy

Then there exist € > 0 and laws (Py) <. satisfying Condition D, with

Py=P, Qs(P;) # 0, P,z = Py,

P _

py=py +tReq,  Vd, |t| <e.

This path is QMD at zero with score
(Raqq(v))(2)
h(y,d,z) := pﬁz(y)

0 otherwise,

if Yy, (y) >0,

and Ep[h | Z] = 0. If P € ‘Pg, € can be chosen so that P, € Pg for every |t| < e.
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Proof. Choose ¢y > 0 such that

1
EOC S 57

ag,(j) — As;(j) 7"
5

Such a choice exists because there are finitely many rows and each numerator in the second

Vi J.

€o|As, ()| <

line is positive. For |t| < g, set
qfi:: q3+tqd7 =70+ tx.
Then

1
0 0
qfl‘T 2 (1 - |t|C)Qd|‘r 2 §qd|7'7

/ qidp ==’
Yy

ASJTl't:asJ,
ag.( — Ag.; 7

In particular, 7! € R .
Define

Tt(y7d7 Z) = PZ(Z)(qufl(y))(z)

This function is nonnegative, and

S [ o d.2) duty) = Pa(e) 3 (Ram'c) = Pa(a)1 ! = Po(z).
—Jy

d

It therefore defines a probability law P; with P;.z = Pz. The common-parent construction
in Theorem 3.1, applied to (n’, (q}})4), gives Og(P;) # 0 and the asserted conditional sub-
densities.

Nonnegativity of R, gives

(Radg) () < Cply..

and so |h| < C and 1y = 79(1 + th). Since 17w! =1 for all these ¢, 177w = 0, and
Eplh|Z=2= Z/ (Raqy) (- dp =17 =0.
a4 7Y

For an absolute constant C' < 0o,

—

‘\/1+u—1—g)§CTu2 V|u!§§.
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Therefore,
2
t
Hﬁt = Vo= Ghymo|| < CH'Ep[h'] < CTCM! = oft?),
L2(v)
which proves QMD.
Finally,

AP, P) =Y /y IRudglly dp — 0.
d

If P € Bg, Corollary B.1 therefore keeps the minimum conditioning probability positive
after reducing €g. The assignment probabilities remain unchanged, and so this also applies to
the model with known assignment probabilities. ]

Lemma B.16. Suppose P satisfies Condition D, S satisfies Condition CP, and Qg(P) # (.
There exist bounded measurable f]; 1Y — RZ, vectors ’U:ri e R, and A e Rg‘g such that,
defining

al(y) == Rifl(y) + v},
we have
#® =0 Vdy,TeSiy),
ap(W) =1 Vdy,T¢Say),
A>1 0 vjedd,

A=0  vj¢Jd,

;/y(fZ)TpfduﬂL (Af)Tag = 0.

Proof . For each d, apply Lemma A.3 to Ry, (. ;) and pf , and denote its partition by B.
Let

By € By Vd, /L(ﬂ Bd> >0},

deD

B:= {ﬂBd

deD

bap = /pfzD dp.
B

The omitted cells form a null set. Because Lemma A.3 applies to every measurable subset of
each of its cells, its realization conclusion holds on every B € B.
Consider the finite system

zqp >0, Ryzgp = bd,B vd, B,
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Zazd,B:w vd, Agm + s = ag, s> 0. (B.15)
BeB
It is nonempty by compatibility. Its feasible set is compact: ™ € Rz, 0 <@g () < () <
1,and s =ag — Agm.
Every feasible array in (B.15) can be realized by nonnegative functions g, p, zero outside
B, satisfying

/ 44 pdp =48,
B

Ruq.p(y)=pi(y) VyeB,

448+ (y) >0 <<= ®apqH>0 VyeB,T.

For active coordinates this is Lemma A.3. For inactive coordinates, use
. po(y)1p(y)
) a(T) fB pO d/’L
where pg is supplied by Lemma A.1. Then q,; := 5 q, p has common integral 7, and

(ﬂ-a (qd)d) € -Fé)
Take (7', q") from Lemma B.12, and set

Qd,B;(T) (y) =

:chB = / qjl du, st:=ag — Agn',
' B
Sd,B = {T € T‘ CBLB;(T) > 0}.

.I.
fx; p.(r)

0, the preceding realization of the array 2 gives a feasible pair positive in this coordinate

=0, then qu‘T = 0 almost everywhere on B, and so T ¢ S;(y) there. If acILB;(T) >

throughout B. The universal support assertion in Lemma B.12 then gives T € S;(y) almost

everywhere on B. Therefore,

Sa(y)=Ssp  VBEB,yeB.

Define
Cd.B = (I{r ¢ Sd,B})reT’ €= (]1{‘7 € Jg})jG[WS] ’
Maximize
z CE,Bmd,B +e's
d,B

subject to (B.15). Every feasible array has ¢, p,(r) = 0 for 7 ¢ Sq B, by its realization and
Lemma B.12, and S(j) = 0 forj € Jg, by the definition of Jéj.

The dual minimizes

> flpbas+ N as
d,B
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over f, g € RZ, vy € RT, and A € R™s satisfying
Rifop+va>cap  Vd, B,

A>e, qud:A;A.
d

Here the first inequalities correspond to x4 p > 0, the second to s > 0, and the equality to
the unrestricted vector 7r.

Strong duality supplies an optimal ( f;ra B ’UL, )\T) with value zero. Substitution of the fea-
sible (7', zf, st) gives

T
0= Z (R}f;B + ’U:ri) xil,B + ()\T)TST.
d,B

Since l‘L Bi(r) > 0 for T € Sy B, the corresponding dual coefficient must be zero. Also, SL‘) >

0forjé¢ JéD by Lemma B.12, and so )‘Erj) = 0 for those rows.

Finally, define

i) = 1sw)fh 5,

BeB

and note that it is measurable and bounded since B is finite, as required. |

Lemma B.17. Suppose P satisfies Condition D, S satisfies Condition CP, and Qg(P) # (.
Let (P;)4)<¢ be a two-sided OMD path through P with score s € L&(P), such that P; satisfies
Condition D and Qs(P;) # () for every |t| < €. Then

ﬁp(s) (S %p,

where Up is defined in Lemma B.13. In particular, this conclusion holds for every two-sided
OMD path through P in *Bg.

Proof. Let b:=p(s). By Lemma B.11, b € Hp and

t
d

Take (7', g") from Lemma B.12, and f;, ’UIl, Al aL from Lemma B.16. Define

— 0.
Ll

F(t) = 3 [ ()"l dut (W)Tas.
q vy
For each t, choose any (7!, q*) € .7-"5 ‘. The response equations and common integrals give

F= 3 /y (a})Tqhdu + (X)) (as — Ag!)
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> Z/ Y W duly) + Y (as) — Asy o) 2 0.
d 7Y r¢say) jeJE

Also, F'(0) = 0 by Lemma B.16. Boundedness of fil and the L' derivative above yield
P =3 [ (50 bad+ o).
d

Since F'(t) > F'(0) = 0 for both signs of ¢, the coefficient of ¢ is zero, and so F'(t) = o(|t|).
For t # 0, define

€t.d;(T) (y) = in\‘r(y)]l{T ¢ Sd(?j)},

Qfl —€td— qCTl
B

Then u; € &p, and the preceding inequality gives

3 / levall di < F(2),
d y

|As syt ==t < F.

(pff —pf> b
¢
d
:

Set J := Jg and use the map Ay from (B.14). The common integrals of g, and g ; give

1
/ (wiq — g d,) dp = — : / (eta — etd,) dp,
y v

’U/t7d =

Let Cr :=maxg||Rg|l1<1. Then

CRrF(t)

— 0.
|t]

| (Rqws,q)a — bl . < +

Lt

1
As,J/ Uy g, dpp = — [AS,J(T"t —7l) — AS,J/ €t.d, d,u] :
v t v

Therefore, with Cy := |D| + 1+ ||Ag sll11,

CyuF(t
sl < 4 o
The image A;(&p) is finite-dimensional. Choose a basis aq,...,a, of this image and
preimages w) ... w() € &p with A;(wl)) = a;. Define the linear map

T T
B chaj = chw(j).
j=1 J=1
Then A ;B is the identity on A ;(&p), and, for some Cp < oo,

3 /y I(Ba)alidu < Cullal  Va e As(&p).
d
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If the image is {0}, take B = 0.
Set

'ﬂt = Ut — BAJ(Ut)
Then u; € &p and A;(u;) =0, and so (Rqu; 4)q € %p,1. Moreover,
[(Rauea)a — bl < [[(Rauea)a — bl + CrCB||As(u) |1 — 0.

Closedness in Lemma B.13 gives b € %p ;. Since b € Hp, it follows that b € %p, as required.
[ |

Lemma B.18. Suppose 0 is the conditional-mean parameter (4.1), with ) # A C Ty-, and
Condition T3 holds. Suppose S satisfies Condition CP. Fix vy € [k — 1,k + 1], and use Dy, ¢y
from Lemma A.11 and By from Lemma A.12.

Let Yy(7y) be the class of measurable functions
)\Tas

m(y, d, Z) = ]l{d = d*}’eO;(z) (y) + Ed;(z) (y) + |Z|

admitting witnesses (u, ) € Dy and measurable £y, £y : ) — Rgo such that

[(w, A)||oo < By,
R £o(y) > coly;y,u, ), 120(1) oo < [0 (37> w5 N[00
RiCq(y) > ug, 1€a(¥)]loo < [|Udl|loe  VdeD.

Every member satisfies |m| oo < Cp, with Cy, from Corollary A.4. For every finite list
fis--o fr € LY (v), the set

{ (/ fi(w)m(w) du(w)) m e 7/9(7)}
w JElr]
is nonempty and compact.
For every R satisfying Condition D with Qg(R) # (),
WU(y;R)= min Egm(W) | Z =z|. B.16
(iR)= iy S Eafn (V) 2= ®.16)

If, in addition, R satisfies Assumption 5.1, then

R= {m € %(0(R))

> Eg[m(W)| Z =] :o} :

Proof. The bounds defining the class give ||m||o < Cy, by the calculation in Corol-
lary A.4. The class is nonempty: take (v, A) = 0 and choose the bounded inner duals supplied
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by Lemma 3.2. For any feasible pair at R, direct integration of the dual inequalities gives

S Ealm(W)| 7= [ = )ehan du+ Xas - As)
Y

> /y(ﬁ—’y)Cqu* dys.

Taking the supremum over .7-"5 gives the lower bound in (B.16). Equality is attained by
Lemma A.12 and Corollary A.4. Aty = §(R) the minimum is zero, and the remaining asser-
tion follows from the definition of 9%

To prove compactness, take any sequence m,, € ¥(7) and choose witnesses. Enumerate
D ={dy,...,ds}, and also define dy = d*. Compactness of the bounded outer domain gives
ny < ng < --- and a feasible limit (u, A) such that

[(@nys Any,) — (6, A)[loo — 0.
Writing ¢, ; and ¢; for the corresponding coefficients, their formulas give

Orgzaxj Sup lCny,i(y) — €i(y)|loo

< (14 1D]+ 14§ lso—o0) [1 (2t Any) = (1, A) [l oo — 0.

Take the positive probability density po from Lemma A.1. The vectors po,,, ; have a com-
mon integrable envelope C'pg. Apply Lemma A.6 jointly to their finitely many coordinates.
It supplies k1 < ko < --- and bounded measurable £; such that

[ 50 (b0 i) — £ du) 50 ¥p e L)

Indeed, the test function in Lemma A.6 is f/po, and its required weighted integral is

C [, 1fldp < oo
For every nonnegative f € L'(11), we now have

/f Rd d,u—hm/ Rd Enk i~ Cny, l) dp >0,
/ Jfedu> 0,

y
/y F(les(@)lsol - £:(y)) dpa(y) > 0

Since this holds for every such test function f (and p is o-finite), these inequalities must hold
pointwise for a.e. y € ), and so m € #y(~), as required. [ |

Lemma B.19. Maintain the parameter and model assumptions of Lemma B.18. For all com-
patible R, S satisfying Condition D and all v € [k — 1,k + 1],

U (v;R) — ¥(1;5)| < CrlA(R, S). (B.17)
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Fix P € Bg and a two-sided QMD path (P;) <. € Pg through P with score s. Then

U(O(P); P) =top (T (s)) +o(t)  (t10). (B.18)

Proof. For fixed -y, choose a minimizer mp at R in (B.16). It is also feasible in the mini-

mization at S, and so

Ty 8) TR < Y /y maly,d.2) (w5, — pl.) du

< CwA(R,S).

Interchanging R, S proves (B.17).
Let § := 0(P) and p := p*'(s). By Lemma B.11,

P, P .
> lpa, = vl = thagzll Ly = o(It]).

Hence

sup ZEpt W)|Z=z - ZEP W) | Z =z —tZ/mpd|zdu

m€7/9

P .
< sz defz _p§|2’ - tpd|z||L1(u) = o(|t]).

By Lemma B.18, the set

K := ZEP W) | Z =z, /mpd dup | |me #(0)

is nonempty and compact. Its minimum first coordinate is zero. Among points with first
coordinate zero, the minimum second coordinate is 0 p(p), because their moments are exactly
Mp.

Danskin’s theorem, applied to v(t) := min g 3)c i (@ + tb), therefore gives

v(t) =top(p) + o(t) (t40).

Taking minima in the uniform remainder bound above gives ¥(0; P;) = v(t) +o(|t|), proving
(B.18). |

Lemma B.20. Maintain the parameter and model assumptions of Lemma B.18. Fix P € Bg
and a two-sided QMD path (P,);y<. C Bg through P with score s. Let p := p*(s). For
everybeR,

T(0(P) + th; P,) =t 5p(p)+ae[mr(rjljz;%z(m](—ba) to(t)  (tlo).
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Proof. Let 0 :=0(P) and Ip := [p,(P), Py (P)]. By Lemma A.10, choose a feasible pair
at Py attaining W (6 + tb; P;), and denote its numerator and conditioning probability by N;
and a;. Evaluating the same pair at threshold @ gives
@(9_4— tb; Pt) =N; — éat — tbay
< V(0; P) — tbay. (B.19)
By Lemma B.11, A(P;, P) = O(t). Use Lemma B.2 to match the chosen pair to a pair in
F& within O(t) in
ness of k gives

| - || 7.1, and denote the latter’s numerator and mass by NY, a?. Bounded-

ING = Ne| + [ay — ae| = O(2).

By Lemma A.10,

TU(v: P) = N — ~al, €R,
(v; P) (Ng;g(ﬂ{ ya} ¥

and since 0 < a <1 forevery (N,a) € Kp,,

V(0 +th: P) —0(6: P)| < tha| < t|b).
|T(0 + tb; P,) — T (6; t)‘_(N’ILS?;(Pt’ al < t[b]

Combining this inequality with ¥(; P) = 0 and Lemma B.19 gives
[W(8 + tb; P,)| < t[b] + CrnA(P;, P) = O(1)

and so, NY — 0a? = O(t).
By Lemma A.10, compactness of Kp, together with NY — #a? — 0 and a; — a? — 0,
implies that every accumulation point of a; belongs to Ip, which gives

limsup(—ba;) < max(—ba).
t10 a€lp

Now, dividing (B.19) by ¢ and applying Lemma B.19 gives

U (6 + tb; P,
lim sup YO+t R < dp(p) + max(—ba).
0 t a€lp

For the reverse bound, fix ag € Ip and an endpoint-attaining pair (7w°, q°) at P with con-
ditioning probability ag. Fix a € (0, 1). For each sufficiently small u > 0, choose (74, q,,) €
.7-"5“ attaining W(0; P,), and let @, := ¢ Ty,.

The pair

(7Tt,o“ Qt,a) = (1 - a)(ﬂ-ov qO) + a(%t/cxaat/a)

is feasible for the law R; , with assignment probabilities P, and conditional sub-densities

R o P, /o
p; =1 —Oé)Pc]lD‘*'O‘pd .
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Indeed, its marginal integrals agree, its type vector is in the convex set R, and its response
equations are those displayed above; Lemma 3.1 gives compatibility.

Let e; := p* — pP’ — tp, with |le]| := >a. Jyleta:| du. By Lemma B.11, |les1 =
o(|t|). For fixed «,

A(Ria, ) = [|aer)o — etllr
< alleyallr + lletlly = oft).
Evaluate the residual at the mixed feasible pair and use (B.17) to get
V(0 +tb; Py) > aV(0; P, o) — th [(1 — a)ao + oy |
— CnA(Ri o, Pr).
Since ag,dy/q € [0, 1], division by ¢ and Lemma B.19 give

lim inf 200 3 1)

> 6p(p) — bag — |bla.
ni ; > dp(p) — bag — |bla

Let o | 0, then maximize over ag € Ip. This matches the upper bound and proves the result.
|

Corollary B.2. Under the assumptions and notation of Lemma B.20,

hm w — max LP (p) .
10 t a€lpt (P)pa(P)] @

Proof. Leta_ :=p* (P) >0, ay :=p}(P), and

F(b):=0p(p)+ max (—ba),

a€la_,ay]

b, := max M.
a€la_,ay] @

Direct substitution gives F'(b,) = 0. For by > by,
F(bQ) S F(bl) — a,(bg — bl)

Thus, for every n > 0, F'(by —n) > 0 and F'(b. +n) < 0. By Lemma B.20, for all sufficiently
small ¢ > 0,

W(O(P)+t(bs —n); P) >0,
W(O(P) +t(bs +n); P) < 0.

The residual-sign characterization in Lemma A.10 therefore gives

_0(P) —a(p)
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Lemma B.21. Suppose 6 is the conditional-mean parameter (4.1), with ) # A C Tg., and

Condition T3 holds. Suppose S satisfies Condition CP and P € *Bg.
The functional dp is finite, Lipschitz, concave, and positively homogeneous on %SP . The

problem

max {20p(b) — [|bl|7 }
besd

has a unique solution w := p**.

Leta_ :=p’, (P) and a :=D*(P). Then 0 is pathwise differentiable at P if and only if
<w7b>P lf<’UJ,b>p >0,

op(b) =
Y w,b)p  if (w,b)p <0

a_

vbe el
When this condition holds, the derivative at score s is

1 )
p(s) = (w, D" () -

Proof. Let H := ‘KSP . For m € 9% and b € Hp, weighted Cauchy-Schwarz gives
1/2

3 /y m(y.d. s ) )| < | ¥ 5 /y mlyd, 2208 (W) du(y) | [blp
d,z d,z

) 1/2
< Cy (Z PZ(Z)) b1l

The bound is uniform over m. Taking infima in the definition of dp therefore gives

1/2
56(8) ~ 58] < Cn (Z le()> b= ¥lp.

Finiteness follows by taking b’ = 0. Concavity and positive homogeneity follow by taking
the infimum of the same continuous linear functionals: for « € [0,1] and ¢ > 0,
dp(ab+ (1 —a)b') > adp(b) + (1 — a)dp(b'),
op(tb) =tip(b).

For every m € 9Mp, let

ap =1y (( Py(z) )Zez> deD,

C:=vconv {a,|meMp},
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where Iy is orthogonal projection in Hp and the closure is in H. The preceding bound
shows that C' is nonempty, closed, convex, and bounded. For every b € H,

<a‘m7b>P: %Lm(y7dvz)bd,(z)(y> d:“’(@/)y

op(b) = inf (a,b)p.
p(b) = inf (a,b)p
Let w := I1¢0. The Hilbert projection theorem gives (a — w,w)p > 0 for every a € C,
and so
dp(w) = [|lwl[7, op(b) < (w,b)p.
It follows that
26p(b) — [1b]3 < 2(w, b)p — ||b3
= ||lwl? — 1|6 - w]?.
Equality holds at b = w, proving existence and uniqueness of the asserted maximizer.

Suppose now that @ is pathwise differentiable, with derivative represented by g € L%(P).
The map
bp,z)(Y)

g(W) o)

b— Ep

is continuous and linear on H, with the quotient defined as zero where its denominator is

zero, because

bD;(Z) (Y)

= [|b]|p-
pg‘z(y)

L2(P)

By the Riesz representation theorem, there is a € H representing this map.

Fix b € H. By Theorem 5.6 and lemmas B.12 and B.14, there are b, € H with ||b, —
b||p — 0 that satisfy the relative bounds in Lemma B.15. That result supplies two-sided
QMD paths with fixed assignment probabilities and scores

bn,d;(z) (y)
sn(y,d, z) == pﬁz(l/)

0 otherwise.

if plr (y) > 0,

Their endpoint derivatives equal Ep[gs,] = (a,b,,) p. By Corollary B.2,

P\On) =
a+<a,bn>p if <a,bn>p <0.

Continuity extends this identity to every b € H. Since a4 > a_, it implies

26p(b) — [blIH < a? [lal|p — [Ib— a-all5,
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with equality at b = a_a. Uniqueness of the maximizer gives w = a_a, which yields the
stated condition.

Conversely, suppose that condition holds. By Corollary B.2, the right derivative along
every QMD path with score s is

= (w0, (9),

For the reversed path the score is —s, and so its right derivative is the negative of this expres-
sion. The two-sided derivative therefore exists. By Lemma B.11,

1 - P [wllp
—(w, < 2 .
o (w,p"(s)) p| < . lIsllz2(p)
The derivative is continuous and linear, proving pathwise differentiability. |

Corollary B.3. Suppose S satisfies Condition CP, R # 0, and P satisfies Condition D. Use
the globally binding row set Eg defined in Section 5. If (5.17) holds, then every g € L*(P)
with Ep[g(W) | Z] = 0 satisfies

<p§@(y)g(y,d72))z

and there exists 7 € ker(As ) such that

€ col(Ry) vd,y,
€z

Ryt = (Ep[l{D=d}g(W)|Z=2)).c; Vi

Under restrictions only on the support of T', (5.17) is equivalent to

Ry,
rank | =1+|Z2|(|D] —-1).
Rdw\
Proof. Set
A:=Agp,
Ry,
R=| : |,
Rd\m

Vo= {(Ud)del) € (R®)P

z;vdzo}.

Since ker A = span(R, — R) and 17w =1 on R, every 7 € ker A satisfies 177 = 0.
Also, 3~ R4 =1z1L. Therefore R(ker A) C Vj. By rank-nullity,

dim R(ker A) = dimker A — dim(ker A Nker R)
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= rank [A] —rank A
R

— |Z|(|D] - 1) = dim V5.

Thus R(ker A) = Vj.
For any d and v € R?, choose e # d. The block vector with blocks v at d, —v at e, and
zero elsewhere belongs to V. Hence col(Ry) = RZ, which proves the pointwise assertion.
Set

bi:= (Ep[l{D=d}g(W)|Z=2]),c5.

Conditional centring gives ) by = 0, and so (bg)q € Vo = R(ker A). This supplies the
required 7r.

Under support restrictions alone, R, is the simplex on the retained types, and so
row(A) = span{1"}. For every z, summing the zth rows of Ry over d gives 17. Thus this
row already belongs to row (R), and the final claim follows from

rank [2] —rank A = rank R — 1.

Appendix C: Inference Results and Proofs
C.1. Uniformly Valid Inference on Specification and Parameter-Inclusion Tests

Let 6 = B—Z be represented as in (}). Let ©g, Og (P) and Og (P) be defined as in Ap-
pendix A.3. In this section, we develop inference procedures that implement the inclusion
test proposed in Theorem A.1 and the specification test proposed in Theorem 3.3, and con-
trol size uniformly over null distributions in a very broad class of data distributions P, while
remaining consistent against any fixed alternative in this class. We will only impose the fol-
lowing minimal requirement on P, which only requires that its assignment probabilities are
uniformly bounded away from zero.

Assumption C.1. The class P consists of data distributions satisfying Condition D, such that

inf minP(Z=2)>0.
PeP zeZ
Note that when assignment probabilities are known exactly, as in a randomized controlled
trial, P includes all data distributions P with those assignment probabilities.
In the remainder of this section, assume that we only have access to a finite sample
j.i.d.
{(¥5, D, Zi) Yoy = {Witin, "~ P

of independently and identically distributed draws from an unknown distribution P € P.
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C.1.1. The Test. We will start from the generalized inclusion test provided in Theorem A.1,
which suggests using an infimal convolution statistic based on the criterion Fp (v,t;7), de-
fined in (A.4). As written there, however, Fp (v,t;7y) is expressed in terms of the support
function of II, which depends on P. We will instead work with the following criterion that
replaces I with R, and is obtained by substituting the expression given in Theorem 3.3 in
place of hyy, simplifying, and reparametrizing.

Recall that C := [],cp Cg, with Cg:= {u € RT | u(\7;) =0}, and the shorthand v :=
(va) gep is used to split v into its Cy components. For any b € R7, denote by b4 the vector
generated from b by setting its d-Never-Taker coordinates to 0. Define the criterion

Lp(v0,1): Z/hd (1 (50 () ea — v () @)y — vz, () ()

deD

+ hR,r <Z U4 +t(c7r - ’7a7r) + C'y (ﬂ) , (C.1)

deD

where ¢, is the never-taker adjustment term defined in Appendix A.3. Now, under the con-
ditions of Theorem A.1, we still have

Og(P) = S inf L v.1)>0
s (P) v € O o p(y;v,t) >
l(v,t)]]2<1

Further, we also have, by Theorem 3.3,

Qs (P)#£ 0 — mf Lp(v,0)>0,
||v||z<1

where I note that L p does not depend on v when ¢t = 0 and so omit it above. Therefore, the

specification test can be viewed as a specialization of the same criterion.

C.1.2. The Test Statistic and Critical Value. In moment form, we can write

Lp(yiv,t):=Y Ep [mm) (0,5 W) ‘Z—z} , (C.2)
ZEZ

where

mi g (v;v,4:Y,D,2) Zmd( K )Cd—V%d(y)ad)rd—vd;Y,D,Z>

deD
(Z vg+t(cr —var)+¢, (t)) :
deD
Partition the sample into training and evaluation folds I, Ir C [n] and define n(k |I k|

and n) : =|{ielx|Zi=
by Pn and denote by P,a (potentially regularized) estimator of Pn such that P, induces a

pu-dominated distribution of Y'; in the remainder, we will generally suppress their dependence
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on n. Let P() denote the version of P estimated on fold k, and extend the remaining notation
accordingly. In the remainder, I assume that the folds are selected independently of the data,
that |I,| > 0 for each k € {T, E}, and > — ¢ for some ¢ € (0, 1) with M o2y,

Now, let 1,9y be the version of m? L(6) obtained by replacing m?’ 4 With mhg, where, for
each d € D, my is the training fold estimated moment function,

. - (T) . P
mg=m, =my;

which we will assume is obtained via Algorithm 3.1.%® Next, letting w := (v, t), define the
evaluation fold quantities

me(viw)i=—— > tage(nw;Wi),  Lp(pw)=) m.(yw),
nz i€lg:Zi=2 2€Z
R n® - = 1 R
Ui (i) = =y (e (w0 Wa) =iz (iw)) L 6% (5w) =~ 3 i (50)7
Z; i€l

and, for i.i.d. multipliers {¢;} ~ N(0, 1) drawn independently of the data, let

iclp

G* (77 wz viw

Define ¥ := {w € C x R|||w||z < 1} and, for any 7,, := cn™” with ¢ > 0and 0 < 8 < 3,
define the two “screening” sets,

V= fw € V|6 (viw) > 7 (14 ) [w]l2} |
Dt = fw e ¥ |6 (v;w) > 27 (1+ 7)) Jwll2} |

where the factor (1 + |v|) is included to accommodate unbounded O, but can be omitted
when ©g is compact.

For a € (0,1), define the critical value &, 5 (1 — «) as the (conditional on both folds) 1 — o
quantile of*”
—G (1 w)

~

sup

38 This fact is important for the empirical process complexity control result used in the proof of Theorem C.1,
but other constructions could be accommodated, provided a suitable empirical process complexity control argu-
ment is applicable.

3Set kn,y (1 — o) = 0o whenever ’V;f%l =0.
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Consider the inclusion test ¢,, (7) defined by

(

_ (B)], .
1if sup nA n (i w)

log (n(E))
n(E)

>kny(1—a),

1if inf {i}n(’y;w)—i- (1+|’Y|)||w”2}<07
weY

0 otherwise.

Define the ¢,"°° as the specification test defined analogously using L, (v,0) in place of
Ln (7;v,t) and imposing v = t = 0 throughout the construction just specified, including in
the rejection criteria, critical value, and the definitions of ¥, “/;ncal and V;}e“.‘m

We now have the following result, which establishes the uniform validity and fixed-
alternative consistency of these two procedures.

Theorem C.1. Suppose S satisfies Condition C and P satisfies Assumption C.1. Then, the
following statements hold, for any given o € (0,1), ¢ >0, and 8 € (0,1/2).

(1) (Specification Test.)
a) limsup sup P (&P=1)<a and,
n—oo  PeP:
Os(P)#0

b) whenever P € P satisfies A (P(T),P) £> 0 and Qg (P) =10,
P(gP*=1)—1.

(ii) (Parameter-Inclusion Test.) Suppose, in addition, that 0 satisfies Condition T3 and either
Condition T1, or Condition T2 together with Assumption A.1 for each P € P.*' Then,
a) limsup sup P(¢n(y)=1)<a and,
n—o0 PeP

v€6s(P)
b) whenever P € P satisfies A (P(T), P) 2.0 and v EBOp\ és(P),

P(on(n)=1) = 1.

Appendix D: Equivalence of Structural and Potential Outcomes IV Models
The potential outcomes framework with a randomly assigned instrument, is summarized
by the following condition on P.

Condition PO (Potential Outcomes IV Model). There exists random variables
((Yy:deD),(D,:z€ 2)) that satisfy the following properties:

401¢ ngE) =0 for any z € Z, then define both tests as failing to reject.

“INote that this non-zero denominator condition, only needed for effects ratios, allows for the separation of
the denominator from O to depend on P, it need not be uniform over P.
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(1) Almost surely,

D= 1{Z=2}D. and Y=Y 1{D=d}Yy. (D.1)
z2€EZ deD
(ii) For each d € D, Yy has a density with respect to 1.
(i) (Yg:deD),(D,:z€2)) L Z
In fact, this model is equivalent to the model of Condition M, in the sense formalized in

the following result.

Proposition D.1. Suppose P satisfies Condition D. Then, the following statements hold:

(1) Condition PO holds if and only if Condition M holds.

(ii) Given any random variables V' and ey, and maps g, and gy such that (V ey, gp,8y)
witnesses Condition M, ((gy (d,V,ey):d€D),(gp (2, V):z € 2)) witnesses Condi-
tion PO.

(iii) Given any ((Yy:d€D),(D,: z € Z)) that witnesses Condition PO, there exists ran-
dom variables V and ey, and maps g, and gy such that

Law ((gy (d,V,ey):d€D),(gp(z,V):z€ Z))=Law ((Yq:d€D),(D,:z € 2)) ,

and (V ,ey,gp, 8y ) witnesses Condition M.

Proof. Part (ii) follows from (2.4), (2.5), and the independence and p-domination re-
quirements imposed by Condition M. For (iii), set V' := D = (D), . As in the proof of
Theorem 2.1, take mutually independent random vectors

e(v)~ Law ((Y;:d€D) |V =v), vesupp(V),

jointly independent of (V', Z). Define ey := (e (v)) (v and

gp (2,v) = vy,
A /
8y (d,v,e ) = (e(v))(d).
By Condition PO and construction,
(e(V),V,2)< (Yy:deD),D,Z).

The maps are measurable and Z, V', ey are mutually independent. Now, the structural equa-
tions generate ((Y;:d € D),D,Z), and hence generates P and satisfies the required u-
domination, proving (iii). Part (i) follows immediately from (ii)—(iii). |
Appendix E: Computational Appendix

< coming soon>
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