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1. Introduction

In many settings of interest to economists, individuals self-select into one among many
available alternative treatments or programs using idiosyncratic information that is related to
their potential outcomes, but not observed by the economist. In some cases, outcomes may
only be observed for individuals that select into certain treatments (e.g., wages are only ob-
served for the employed). Evaluating the effects of treatments in such settings is a common
problem in economics. One widely used solution is to rely on instrumental variables (IV)
methods, which exploit natural, policy-induced, or experimental variation that is “as-good-
as” randomly assigned and can affect individuals’ realized treatment but not their potential
outcomes. What this variation reveals about treatment effects, however, depends on how in-
dividuals respond to the instrument. When there are many alternatives, for example, changes
in the instrument may induce different individuals to switch between different treatments,
and when individuals respond heterogeneously to treatment, the resulting changes in realized
outcomes depends both on which switches occur and on who makes them. Therefore, using
IV to evaluate the effects of treatments requires the economist to impose a model, referred to
here as a treatment selection model, for how changes in the instrument can influence selection
into treatment. In this paper, I present a new general framework for the partial identification
of a broad and flexible class of target parameters, including counterfactual choice probabili-
ties, mean treatment effects, and ratios of treatment effects, in such models, and for sharply
testing the compatibility of such models with the observed data.

I present new results for settings where causal relationships can be described by:

Treatment Selection Equation: D = gD(Z,X,V ) , (1.1)

Outcome Equation: Y = gY (D,X,V ,εY ) , (1.2)

where gD and gY are (generally unknown) structural functions, V and εY are (potentially
infinite dimensional) independent unobservables, X is a vector of baseline covariates, Y
is a (potentially continuous) outcome, D is a categorical treatment, and Z is a categorical
instrument randomly assigned (potentially conditional on X). I show that, under these basic
requirements, this model is formally equivalent to the usual potential outcomes IV model. By
treatment selection model (TSM), I mean models that impose restrictions on the treatment
selection equation, like shape restrictions on gD or restrictions on the distribution of V .

Identification in this setting is hindered by the presence of the unobservable confounder
V , which can generate selection bias. As in Heckman and Pinto (2018), this paper’s ap-
proach to the selection bias problem uses the instrument Z to partition the support of V into
cells that induce the same vector of counterfactual treatment assignments, or response-type.1

1In order to accommodate a richer class of parameters, the notion of response-types used in this paper is a
suitably “enriched” version of the usual notion of response-type (or “principal stratum”), as considered in Balke
and Pearl (1994), Imbens and Angrist (1994), Heckman and Pinto (2018), Frangakis and Rubin (2002), Gu and
Russell (2022), Lee and Salanié (2023), and many other papers; the response-types considered in this paper
does not, however, involve outcomes directly, unlike the “generalized principal strata” considered by Bai, Huang,
Moon, Santos, Shaikh, and Vytlacil (2026).
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I show that assumptions on gD and/or V have identifying power only through restrictions on
the relative frequencies of different response-types (including, in particular, which response-
types are eliminated by the model); although some results are developed in full generality,
the strongest results apply to models that restrict these frequencies (“response-type proba-
bilities”) to lie in a convex set, which includes all models that simply eliminate some types.
Heckman and Pinto (2018) showed that the problem of identifying response-type conditional
counterfactuals can be represented as a finite mixture model where the mixture components
are the conditional distributions generated by response-types. I establish the sharpness of
this representation for treatment selection models and attack this mixture problem directly,
leveraging a geometric characterization of such mixture models to develop new results on the
partial identification of components of overlapping mixtures, including a characterization of
bounds on mean features of such components in terms of convex moment inequalities. This
approach also allows the sharp testable implications of such models to be cast in terms of a
particularly simple class of such moment inequalities.

The proposed approach sharply incorporates the full identifying power of randomly as-
signed instruments, and can tractably accommodate continuous outcomes without discretiza-
tion. The unified approach of this paper allows researchers to flexibly choose the target
parameter and selection model most relevant for their policy question and setting, without
requiring new derivations, even when such a model/parameter has not been previously con-
sidered in the methodological literature. Since D and Z are only required to be finitely-
supported, the results in this paper apply to settings with multiple dimensions of treatment
(e.g., mediation analysis) and/or unobserved heterogeneity. In particular, the framework of
this paper applies to settings with “multiple” instruments or treatments just as easily as it does
to settings with “multivalued” instruments or treatments: such distinctions are incorporated
via restrictions on the selection equation. Moreover, by allowing Z (or some components of
it) to be included as components of D, the results also apply to models where conventional
IV exclusion restrictions may be violated (fully or partially, as specified by the TSM) . For
several important cases of models and parameters, I also show that the sharp bounds admit
analytic expressions, which can help provide intuition for the source and structure of identi-
fying power in such models. I emphasize, however, that such expressions are not needed to
implement the approach proposed in this paper, which remains highly tractable even when
such expressions are not available.

The identification results in this paper are sharp in the sense that they exhaust all of the
information in the model and in the available data. Importantly, these results are sharp under
the empirically and theoretically common assumption of random assignment (“full” inde-
pendence) of the instrument, as opposed to the weaker assumption of mean independence
considered in some of the related literature on partial identification in IV models (as in, e.g.,
Manski (1990); Mogstad, Santos, and Torgovitsky (2018)). This distinction can be impor-
tant, since the stronger full independence assumption can lead to tighter bounds on target
parameters, as discussed below. Moreover, as noted by Mogstad and Torgovitsky (2018), it is
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not common to encounter practical applications where there are reasons to believe that mean
independence holds but full independence fails to hold.

To the best of my knowledge, this paper is the first to obtain these sharp identification
results at this level of generality; in particular, I believe this paper is the first to derive sharp
bounds, under general support restrictions and for general principal strata conditional mean
treatment effects, in potential outcome models with non-binary instruments and continuous
outcomes. For several special cases, other analytic and computational approaches have been
proposed in the literature (Cheng and Small, 2006; Kolesár, Olea, and Roth, 2026). These
cases only cover a very small subset of the models that fall into the general class of treatment
selection models considered here, however, and rely on special features of their particular
settings that are not generally available for the broad class considered here.

Much of the literature on IV models with multiple treatments and/or instruments have fo-
cused on point identification under relatively restrictive assumptions on treatment selection:
Angrist and Imbens (1995) assume “monotonicity” of the instrument and extend Imbens and
Angrist (1994)’s results to a setting with multiple levels of (ordered) treatments, Heckman,
Urzua, and Vytlacil (2008) considers multiple treatments within the Marginal Treatment Ef-
fect (MTE) framework of Heckman and Vytlacil (1999, 2001, 2007a,b) but rely on con-
tinuous monotonic instruments, Heckman and Pinto (2018) consider point identification in
the same setting as this paper and propose the “Unordered Monotonicity” condition which
allows several mean counterfactuals and treatment effects to be point-identified, Mountjoy
(2022) provides point identification for some parameters of interest using continuous instru-
ments and the less restrictive “Unordered Partial Monotonicity” assumption, which builds
on the “Partial Monotonicity” assumption introduced by Mogstad, Torgovitsky, and Walters
(2021). Lee and Salanié (2018) consider a broad class of treatment selection models based on
combinations of threshold crossing rules and develop point identification results that rely on
continuous instruments. When only finitely supported instruments are available, the partial
identification framework of this paper can sharply incorporate any of these assumptions on
treatment selection.2

The convex moment characterization of the model specification test and parameter inclu-
sion tests provided here enable statistical inference using existing moment inequality meth-
ods that do not require discretization of continuous outcomes, such as Chernozhukov, Lee,
and Rosen (2013, “CLR”) and Andrews and Shi (2013), under the regularity conditions re-
quired by these methods. I also propose a simple adaptation of the procedure of CLR that, in
this setting, asymptotically controls size uniformly over any class of data distributions with
instrument assignment probabilities uniformly bounded away from zero, and is consistent

2In order to directly and sharply apply the identification results in this paper for a given TSM, the researcher
needs to know the a priori restrictions placed by the TSM on the relative frequencies of response-types. In
the leading case where the TSM simply eliminates some response-types (e.g., Ordered/Unordered/Vector/Partial
Monotonicity, and the models considered in Lee and Salanié (2018) when the thresholds are known or identified.),
this information simply consists of knowing what types are ruled out by the model. More generally, although this
information is always “known” from the model, it may be non-trivial to derive for complicated selection models
(e.g., parametric models).
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against every fixed alternative. In particular, when the instrument assignment probabilities
are known, the class contains all data distributions P with those assignment probabilities.

In a highly complementary paper, Bai et al. (2026, BHMSSV) propose a general com-
putational approach for inference in settings with multivalued treatments, instruments, and
outcomes. Their approach, which does not focus on treatment selection models specifically,
can be used for inference in our setting when the outcome is finite and the treatment se-
lection model simply eliminates some response-types. BHMSSV sets up their identification
problem as one “large” linear program and use the inference approach recently proposed by
Fang, Santos, Shaikh, and Torgovitsky (2023). In contrast, the approach here leverages the
unique structure afforded by treatment selection models to instead work with a continuum of
“small” linear programs for each treatment level. The papers are complementary in the finite
outcome TSM setting, because the results in this paper can be used to implement the approach
of BHMSSV with a much smaller coefficient matrix, when the model of interest is a TSM,
while still obtaining a statistically identical procedure.3 This can substantially reduce the
computational burden of BHMSSV’s approach when the model of interest is a TSM, while
avoiding the sample-splitting required by the moment-based inference approach proposed in
this paper. For continuous outcomes, however, where their approach relies on discretizing the
outcome into finitely many bins and leveraging a high-dimensional result that allows them
to increase the number of bins with the sample size (subject to a rate requirement) while
still controlling size, their approach can be computationally demanding (even after the reduc-
tion enabled by the results in this paper) and potentially very conservative. In simulations, I
find that the sample-splitting and moment inequality based approach described above outper-
forms the discretization-based approach of BHMSSV on both informativeness and runtime,
as shown in Figure 1. The cause of tighter confidence intervals is entirely structural (i.e. due
to binning), and cannot be improved by using a more powerful inference procedure: in fig. 1,
the mean 95% CI obtained by the approach proposed here, with a sample size of 12,000, is
narrower than the population level discretized identified set, with the outcome discretized to
50 bins, over 90% of the time.

Almost all of the related sharp partial identification results in IV settings with multiple
treatments assume that the instrument satisfies an exogeneity condition (random assignment
being the strongest such assumption) but do not consider further restrictions on selection
into treatment. For example, Manski (2003) assumes that the instrument and outcomes sat-
isfy a marginal statistical independence condition, and provides a sharp characterization of
potential outcome distributions for settings with many treatments and a finitely supported
instrument. Similarly, Beresteanu, Molchanov, and Molinari (2012) assume random assign-
ment of the instrument, and use random set theory to develop sharp identification results
for settings with multiple treatments and multivalued (potentially continuous) instruments,
extending the results of Manski (2003), Balke and Pearl (1997), and Kitagawa (2021); the

3This reduction may not be numerically identical because the solutions return by linear programming solvers
can be sensitive to the exact way in which the problem is specified when there are multiple optimal solutions.
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FIG 1. The DGP used in this comparison and the runtime/width numbers reported for BHMSSV are from Fig. 1
in BHMSSV (2026). The runtime and width for the split-sample CLR procedure of this paper are based on 1000
replications run on a 2021 M1 Macbook Pro.

notion of response-types is not present in their analysis, however, and they do not consider
monotonicity or any other assumptions on treatment selection.4 An exception is Cheng and
Small (2006), who consider a setting with binary outcomes, three treatments and three in-
strument values, and provide sharp bounds on response-type conditional treatment effects for
particular forms of one-sided noncompliance.

This paper is also related to the literature on specification testing in IV models, for which
a more general graph-theoretic approach was recently proposed by Kaido and Ponomarev
(2025). The moment characterization obtained in this paper is specific to TSMs, and is dif-
ferent from the one obtained by Kaido and Ponomarev (2025); in particular, the conditional
moments obtained here are of moment functions of the treatment and the outcome and con-
ditions on the instrument, not conditional expectations with respect to the outcome, like in
Kaido and Ponomarev (2025) (and many other papers like Kitagawa (2015); Mourifié and
Wan (2017); Bai, Huang, and Tabord-Meehan (2025)). The resulting statistics are similar,
both in spirit and mathematical provenance, to the inclusion tests derived in Beresteanu,

4Although this paper’s approach to identification does not involve random sets, the Minkowski integral oper-
ation from convex geometry (a generalization of the Minkowski sum), central to the approach proposed here, is
related to the notion of Aumann expectation from random set theory, used in Beresteanu et al. (2012) and many
other papers.



7

Molchanov, and Molinari (2011) for incomplete models with convex moment predictions.
The moment functions derived here depend on the data because they are “profiled” in the
sense that they are solutions to an optimization problem that depends on the data. The feasi-
ble set for these problems does not depend on the data, however, and so, it is straightforward
to obtain a “deprofiled” characterization that only involves moments with known functions,
which may be of interest for applying certain off-the-shelf inference methods, and avoiding
the sample-splitting of the inference approach discussed above.

This paper extends the results of Kitagawa (2015) and Mourifié and Wan (2017) on sharp
testable implications of LATE assumptions to treatment selection models beyond monotonic-
ity and to the general multivalued treatment and instrument setting, and also provides an
alternative characterization of their tests. As special cases, this paper also provides a sharp
test for random assignment, for which a test was proposed by Kédagni and Mourifié (2020),
and also for Unordered Montonicity, for which a test was proposed by Sun (2023). Neither of
these papers show sharpness under full instrument independence, however, unlike this paper.5

The framework of this paper can also be used to perform sensitivity analysis in the spirit of
Noack (2021), but I do not pursue this formally in this draft. This paper is also related to the
literature on the identification of joint distribution of potential outcomes, as investigated by
Heckman and Smith (1995, 1998), Heckman, Smith, and Clements (1997), and more recently
by Mourifié, Henry, and Méango (2020), Jun and Lee (2023) and Kaji and Cao (2023); the
approach of this paper is fully nonparametric and in a relatively more general setting. Finally,
this paper is related to the literature on nonparametric identification of mixture components,
as in Horowitz and Manski (1995, 1998, 2000), Cross and Manski (2002), and Henry, Kita-
mura, and Salanié (2014), and to the literature on nonparametric sample selection, as in Lee
(2009). For several special cases, the analytic results derived in this paper share features with
the analytic results of Horowitz and Manski (1995), Cross and Manski (2002), Lee (2009),
Kitagawa (2021), Kaji and Cao (2023), and Marx (2024).

Notation. I use “:=” to indicate that an equality holds by definition. For any set K , |K|
denotes its cardinality. For any number n ∈ N, [n] := {1, . . . , n}. For any two sets A and B,
AB denotes the set of all functions from B to A; when B is finite, we will usually denote
x (b) by x(b), for any given x ∈AB and b ∈B. For any n ∈N, An :=A[n]. Throughout, any
vector of the form (x1, . . . , xK) will be understood to be the column vector [x1 . . . xK ]

⊺.
For any pair of matrices (or vectors) A,B with the same number of columns, (A,B) is the
matrix M obtained by stacking A and B vertically; i.e. M(i,·) =A(i,·) for 1≤ i≤ | rows (A) |
and M(i,·) = B(i−| rows(A)|,·) for | rows (A) | ≤ i ≤ | rows (A) |+ | rows (B) |. For any vector
v, {v}+ denotes the nonnegative part of v, i.e.

(
{v}+

)
(i)

:= max
{
v(i),0

}
; similarly, {v}−

denotes the non-positive part of v, i.e.
(
[{v}−

)
(i)

:= min
{
v(i),0

}
. For any event A, denote

by 1{A} the indicator function takes value 1 if A is true, and 0 otherwise. For any ran-
dom variable X , Law(X) denotes its distribution, and supp (X) denotes its support, defined

5In fact, the results in this paper suggest that the conjectured sharpness (under random assignment/“full inde-
pendence” of Z) of the approach in Kédagni and Mourifié (2020) does not hold.
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here as the smallest closed set that contains X with probability 1. All optimization variables
without an explicitly specified domain should be understood to have their domain be the set
of real-valued vectors of conformable dimension. For a measure µ on a measurable space
Y , and any subspace X of a finite-dimensional Euclidean space, L1 (µ;X ) is the space of
µ-integrable functions Y → X , and L2 (µ;X ) is the space of such functions that are also
square-integrable; when the second argument is omitted, X is understood to be R.

2. Analytic Framework

We will work with a complete and sufficiently rich probability space, (Ω,Σ,P), on which
all random variables in this paper are defined; following the usual convention, I identify the
sample space Ω with the population of individuals. For each individual ω ∈ Ω, we observe
(Y (ω),D(ω),Z(ω),X(ω)), where Y is their (potentially continuous and/or vector-valued)
outcome(s), D represents the treatment(s) they received, Z represents their assigned instru-
ment value(s), and X denotes a vector of their baseline covariates.

Denote by P the distribution of the observed data (Y,D,Z,X). In Sections 2 to 4, since
our focus is on identification, I will generally treat P as known; estimation and inference
based on finite samples is addressed in Section 5 and Appendix C, respectively. I condition
onX throughout the remainder, and therefore suppress it in the notation. I assume thatD and
Z are categorical variables, and only assume that Y satisfies some mild regularity conditions.
Formally, I assume throughout that P satisfies the following condition.

Condition D (Setting). The random variables D (“treatment”) and Z (“instrument”) take
on values in finite non-empty sets D and Z respectively, with |D| ≥ 2 and

P (Z = z)> 0, ∀z ∈Z .

The random variable Y (“outcome”) takes on values in a closed Borel set Y ⊆Rk, equipped
with the Borel σ-algebra BY and a dominating σ-finite measure µ.

Note that this condition allows the distribution of Y to be discrete, continuous, or mixed.
Following Heckman and Pinto (2018), I formalize the basic instrumental variables (IV)

setting using the following condition on P , which we will use to formally define the notion
of treatment selection models used in this paper.

Condition M (Structural IV Model). P admits a representation of the following form:

Treatment Selection Equation: D = gD (Z,V ) , (2.1)

Outcome Equation: Y = gY (D,V ,εY ) , (2.2)

Independence Condition: Z,V , and εY are mutually independent. (2.3)

for random variables V and εY taking values in measurable spaces V and EY , respectively,
and measurable functions gD : Z × V →D and gY : D × V × EY → Y such that, for all
d ∈D, gY (d,V ,εY ) has a µ-dominated distribution.
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This model makes explicit the (potentially infinite-dimensional) latent variables V and εY

and the structural functions gD and gY , but is equivalent to the usual IV potential outcomes
model.6 The independence condition is equivalent to Z being randomly assigned.

Under Condition M, we can define potential choices and outcomes as follows. For each
d ∈D, z ∈Z , and ω ∈Ω, define

Dz (ω) := gD(z,V (ω)) and Yd (ω) := gY (d,V (ω) ,εY (ω)) . (2.4)

Now, under Condition M, the observed choices and outcomes are generated by (2.1)-(2.2),
which implies the usual formulation via (2.4),

D =
∑
z∈Z

Dz1{Z = z} and Y =
∑
d∈D

Yd1{D = d} . (2.5)

In this paper, we will focus on Treatment Selection Models (TSMs), defined as follows.

Definition 2.1 (Treatment Selection Model). A treatment selection model (TSM) is a restric-
tion on the treatment selection mechanism

D = gD (Z,V )

in Condition M. Precisely, on a specified support V , a TSM S is specified as a nonempty
collection of admissible pairs (FV ,gD), where FV is the distribution of the latent variable
V and gD is the treatment selection rule.

A TSM S may restrict the distribution of the latent confounder V , the shape of the struc-
tural function gD , or both. Note that V generally has no representation-invariant meaning
under Condition M alone, but can become economically interpretable once a TSM S is im-
posed. In the remainder, I assume that the analyst has specified a treatment selection model
(TSM) S. Along with S, I also assume that the analyst has specified a latent subpopulation
V⋆ ⊆V of interest, the interpretation of which depends on S.

A leading class of V⋆ is principal-strata, sets of the form V⋆ = {(Dz : z ∈Z) ∈A⋆},
which stratify the population based on the set of counterfactual choices they would make
when faced with different values of Z . Generally, however, the subpopulation of interest
need not be determined by principal stratum. For example, a TSM may introduce latent costs
or preferences that can distinguish between individuals with identical treatment choices over
the observed instrument support.

2.1. Response-Types. Define the random vector D indicating the principal-stratum that an
individual belongs to,

D =D (V ) := (gD (z,V ) : z ∈Z) = (Dz : z ∈Z) ,

6I provide a formal statement and proof of this claim in Appendix D.
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and then define the random vector T

T = T (V ) := (D,1{V ∈ V⋆}) ,

which denotes an individual’s response-type. If membership in V∗ is determined by D, then
we may simply take T =D. Otherwise T can be viewed as an “enriched” stratification that
further distinguishes individuals in the target population within each principal-stratum.

2.2. Parameters of Interest. We will focus on target parameters that can be expressed in
one of the following forms, for some measurable V∗ ⊆V .

(i) Response-type probabilities: P (V ∈V∗). For example, P (T = τ ) = P
(
V ∈ T−1 (τ )

)
.

(ii) (Un)conditional mean outcomes: for known αd ∈R and integrable κd : Y →R,

E

[∑
d∈D

αdκd (Yd)

∣∣∣∣∣V ∈V∗
]
.

For example, E [Yd − Yd′ |T = τ ] or E [Yd − Yd′ ].
(iii) Ratios of (un)conditional mean outcomes: for known αd, βd ∈ R (with βd ̸= 0 for at

least one d ∈D) and integrable κd : Y →R,

E
[∑

d∈D αdκd (Yd)
∣∣V ∈V∗]

E
[∑

d∈D βdκd (Yd)
∣∣V ∈V∗

] .
For example, E[Y(0,1)−Y(0,0) |T=τ ]

E[Y(1,1)−Y(0,0) |T=τ ] or E[Y(0,1)−Y(0,0)]
E[Y(1,1)−Y(0,0)]

.

2.3. Parent Distributions. Note that our parameters of interest are now features of the
(unknown) joint distribution, denoted Q, of

((Yd : d ∈D) ,T ,Z) ,

and we shall refer to such distributions as parent distributions. Therefore, we can use Q as
our primitive object moving forward. LetM denote the set of possible parent distributions;
precisely, defineM as the set of probability laws of ((Yd : d ∈D) ,T ,Z) over the specified
supports, with QYd

≪ µ for all d ∈ D and Z ⊥ ((Yd : d ∈D) ,T ). For each Q ∈M, denote
by PQ the distribution of (Y,D,Z) induced by Q via (2.5). Now, the identified set for Q
under Condition M is given by

Q=Q (P ) :=
{
Q ∈M

∣∣PQ = P
}
.

We will say that a parent distributionQ satisfies S if and only if there exists a structural repre-
sentation satisfying Condition M, with (FV ,gD) ∈ S, that induces Q as the joint distribution
of
(
(Yd)d∈D ,T ,Z

)
. The identified set for Q under S, denoted QS =QS (P ), is defined as

the set of parent distributions that (i) generate the observed data and (ii) satisfy S. Precisely,

QS := {Q ∈Q|Q satisfies S} .
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2.4. Identifying Power of Treatment Selection Models. Denote the set of response-types
possible under S, by

T := supp(T ) = {T (v) | v ∈V} .

For each response-type τ ∈ T , denote by τ (z) the treatment taken by those of response-type
τ when Z = z. Also define, for each treatment d, the subset Td ⊆ T of types that are not
“d-Never-Takers”, i.e. Td := {τ ∈ T | ∃z ∈Z : τ (z) = d}.

T is determined by the assumptions imposed on gD and V by the TSM S. If S places no
restrictions on treatment selection, then T =DZ ×{0,1}. More generally, S can restrict the
distribution of T in other ways, beyond just restricting its support. The distribution of T is
captured by the (unknown) vector of response-type probabilities (i.e. the relative frequencies
of response-types), which we denote by π,

π :=
(
P (T = τ ) : τ ∈ T

)
.

For Q ∈M, denote by πQ the π induced by Q, i.e. πQ := (Q (T = τ ) : τ ∈ T ). The iden-
tified set for π under S, denoted Π, is defined as

Π :=
{
πQ
∣∣Q ∈QS

}
.

The next result shows that treatment selection models have identifying power for features
of parent distributions only through restrictions on the distribution of response-types. Denote
by Rπ =Rπ (S) the a priori restrictions imposed on π by S, defined as

Rπ :=

{(
PFV

[(
(gD (z,V ))z∈Z ,1{V ∈V⋆}

)
= τ

]
: τ ∈ T

) ∣∣∣∣ (FV ,gD) ∈ S

}
=
{
πQ

∣∣ Q ∈M and Q satisfies S
}
.

Note that Rπ is feature of S and does not depend on the observed data distribution P , since
the definition does not impose Q ∈Q. Moreover,Rπ is always a finite-dimensional bounded
set. We now have the following result.

Theorem 2.1. Suppose P satisfies Condition D. Then, for any treatment selection model S,

QS = {Q ∈Q | πQ ∈Rπ (S)} .

Proof . See Appendix A.1.1. ■

In particular, we now have that Π =
{
πQ
∣∣Q ∈Q} ∩Rπ , where the first set depends on

P , but not S, and the second set depends on S, but not P .

2.5. Requirements on S. The reduction in Theorem 2.1 applies to arbitrary TSMs, but
operationalizing this result generally requires additional structure on Rπ . I now introduce
convexity and polyhedrality conditions, which are satisfied by many familiar restrictions on
treatment selection.
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I first introduce the notion of support functions of convex sets, which will be used exten-
sively in the remainder.

Definition 2.2. For any non-empty closed convex set C ⊆Rn, let hC :Rn→R∪ {∞} be its
support function, defined as the convex function such that, for every c ∈Rn,

hC (c) := sup
x∈C

c
⊺
x .

By convention, the support function of ∅ is taken to be constant at −∞.

We will see later that when Rπ is closed (therefore compact) and convex, the identified
set for π under S is a compact convex set, leading to the following condition.

Condition C. Rπ(S) is nonempty, closed, and convex, with support function hS :=hRπ(S).

When S only satisfies Condition C, I will generally assume that the analyst knows hS,
the support function of Rπ . Many results will be most useful when S satisfies the following
stronger condition, which is satisfied by the selection models most frequently considered in
the literature, including the leading class of models that impose only support restrictions on
T (i.e. models that simply eliminate some response-types).

Condition CP. Rπ (S) is a nonempty closed convex polytope,7 with

Rπ (S) =
{
π ∈RT ∣∣ASπ ≤ aS

}
,

for known matrix AS and vector aS. In this case, hS (c) := hRπ
(c) = infλ≥0:A⊺

Sλ=cλ
⊺
aS.

Any selection model that simply eliminates response-types (including, e.g., Or-
dered/Unordered/Vector/Partial Monotonicity) automatically satisfies this condition. More
generally, Condition CP is satisfied by any selection model S such that the (a priori) re-
strictions on the type distribution imposed by S can be characterized by a set of linear
(in)equalities involving response-type probabilities.8 The main utility of Condition CP is
tractable computation of the support function of Π; we will see later that Π itself is a convex
polytope whenever S satisfies Condition CP.

3. Sharp Testable Implications of Treatment Selection Models

Notation. The following notation is used throughout the remainder. Fix an (arbitrary) or-
dering onD,Z , andDZ , and assume throughout that all relevant tuples indexed by any subset
of these sets follow this ordering. We will generally identify D with the set

{
d1, . . . , d|D|

}
.

7We will say that a set K ⊆ Rn is a convex polytope if and only if there exists, for some m ∈ N, a matrix
A ∈ Rm×n and vector a ∈ Rm such that K =

{
x ∈Rn ∣∣ Ax≤ a

}
. Note that this definition allows K to be

unbounded.
8In this case, Rπ is simply the intersection of the standard DZ -simplex with the polytope defined by the

non-negative solutions to such linear (in)equalities.
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For each treatment d ∈D, define the response-matrix Rd ∈ {0,1}|Z|×|T | \ {0} by

Rd [z,τ ] := 1{τ (z) = d} ,

so that each column corresponds to a type τ ∈ T and indicates the instrument values under
which individuals of that type take treatment d.

For d ∈D, z ∈Z , define the observed subdistribution Pd|z as follows, for Borel A⊆Y ,

Pd|z (A) := P (Y ∈A,D = d |Z = z) ,

and denote by Pd the tuple formed by stacking over z ∈Z ,

P P
d (A) :=

(
Pd|z (A) : z ∈Z

)
.

Similarly, for parent distribution Q ∈M and d ∈ D,τ ∈ T , define the subdistribution
Qd,τ as follows, for Borel A⊆Y ,

Qd,τ (A) :=Q (Yd ∈A,T = τ ) ,

and stack these over τ ∈ T to get

QQ
d := (Qd,τ (A) : τ ∈ T ) .

3.1. Identified Set for Parent Distributions.

Lemma 3.1 (Sharp Characterization ofQS). Suppose P satisfies Condition D and letQ ∈M
with QZ = PZ be given. Then, Q ∈QS if and only if, for Borel subsets A⊆Y ,

RdQ
Q
d (A) =P P

d (A) ∀d ∈D , (⋆)

πQ ∈Rπ .

Proof . See Appendix A.1.2. ■

Note that (⋆) only restricts the marginal distribution of (Yd,T ) under Q and, in particular,
does not involve the joint distribution of potential outcomes. Indeed, any restrictions im-
posed by S on the dependence structure of (Yd)d∈D must be enforced through the restriction
π ∈Rπ , which restricts the distribution of T and plays the role of a “mutual compatibility”
requirement. As formalized in the next subsection, we will therefore be able to evaluate the
compatibility of the observed data with S by first studying the possible values of treatment-
specific outcome distributions within each response-type, and then examining what (if any-
thing) remains possible once we additionally require that these treatment-specific outcome
distributions can each be coupled with a common T distribution that satisfies the second
requirement.

In the remainder, it will prove convenient to generally represent the relevant outcome dis-
tributions by their densities with respect to the common dominating measure µ. Throughout
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the remainder, denote by pPd|z the sub-density of Pd,z , i.e. pPd|z ≥ 0 and, for any A ∈BY ,

Pd|z (A) =

∫
A
pPd|z (y) dµ (y) .

We will usually suppress the dependence on P and just write pd|z . Note that pd|z is not
generally a density because

∫
Y pd|z (y) dµ (y) = P (D = d |Z = z), which can be strictly less

than 1. When P (D = d |Z = z) > 0, we have pd|z (y) = P (D = d |Z = z)fY |D=d,Z=z(y)

where fY |D=d,Z=z is the density of the conditional distribution of Y given {D = d,Z = z}.
Define pd : Y →RZ≥0 as the vector-valued function obtained by stacking pd|z over z ∈Z ,

pd (y) = pP
d (y) :=

(
pPd|z (y) : z ∈Z

)
.

For each parent distribution Q ∈M and τ ∈ T , define qd|τ = qQd|τ as the sub-density of
the sub-measure Qd,τ , defined as Qd,τ (A) := Q (Yd ∈A,T = τ ) for all A ∈BY . Define
qd : Y →RT

≥0 as the vector-valued function obtained by stacking qd|τ over τ ∈ T ,

qd (y) = qQd (y) :=
(
qQd|τ (y) : τ ∈ T

)
.

Note that
∫
Y q

Q
d (y) dµ (y) = πQ.

Throughout, all pointwise statements involving y ∈ Y should be interpreted as holding
µ-almost-everywhere. When I say “all” or “each” y ∈ Y , I mean “µ-almost-all”, and when I
say that a property holds for “some y ∈ Y”, or that “there exists y ∈ Y” with some property, I
mean that the set of y ∈ Y with the property has positive µ measure. Similarly, all results and
(in)equalities involving measurable functions over Y should be understood as holding only
up to a zero µ-measure subset of Y .

Now, we can rewrite (⋆) in terms of densities to get that Rdqd (y) = pd (y), for all treat-
ments d and outcome values y. However, once π ∈ Rπ is imposed, it suffices to impose
the relaxed requirement Rdqd (y) ≤ pd (y). To see this, first note that π ∈ Rπ implies that∑

τ∈T πτ = 1, and so, we must have∑
d∈D

(Rdπ)(z) =
∑
τ∈T

πτ = 1=
∑
d∈D

P (D = d |Z = z) =
∑
d∈D

∫
Y
pd|z (y) dµ(y) ,

which implies∑
d∈D

∫
Y
Rdqd (y)− pd (y) dµ(y) =

∑
d∈D

(
Rdπ−

∫
Y
pd (y) dµ(y)

)
= 0 ,

and so, Rdqd (y) − pd (y) ≤ 0 for all d ∈ D, y ∈ Y must hold with equality in order to be
compatible with π ∈Rπ . Therefore, we have now obtained the following characterization of
the identified set for Q under S,

QS(P ) =

{
Q ∈M

∣∣∣∣∣ QZ = PZ , π
Q ∈Rπ ,

Rdq
Q
d (y)≤ pP

d (y) ∀d ∈D, y ∈ Y .

}
. (3.1)
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This characterization is useful because Rdqd(y)≤ pd(y) always admits a nonnegative solu-
tion (i.e. qd(y) = 0), whereas the unrelaxed system Rdqd(y) = pd(y) only admits a solution
when pd (y) ∈ cone (Rd). In the next subsection, we exploit this property, along with Rd

being invariant across y, to reduce the continuum of treatment-specific restrictions imposed
by (3.1) to a finite-dimensional feasibility problem.

Remark 3.1 (Sample Selection). For any d ∈D, taking A= Y in (⋆), we get

Rdπ =
(
P (D = d | Z = z) : z ∈Z

)
, (3.2)

which is the propensity score equality. If Y is observed for all treatment states, as we gener-
ally assume in this paper, specifically requiring (3.2) is redundant given (⋆). In some settings,
however, (Y,D,Z) may only be observed conditional on D ∈D†, where D† ⊊D, with only
(D,Z) being observed when D ∈ D \ D† (i.e. there is sample selection). In such cases,
Lemma 3.1 continues to hold if, for each d ∈ D \D†, the requirement that (⋆) must hold for
each A⊆ Y is replaced with the (much simpler) requirement that (3.2) must hold. With this
modification in place, the approach of this paper extends to settings with sample selection.
For an example of such an application, see Kroft, Mourifié, and Vayalinkal (2025). ♦

3.2. Identified Set for Response-Type Probabilities. For d ∈ D and y ∈ Y , let
Fibred (pd (y)) denote the set of non-negative solutions to Rdqd (y)≤ pd (y),

Fibred (pd (y)) :=
{
x ∈RT

≥0
∣∣Rdx≤ pd (y)

}
,

which is a closed convex polytope. Defining Fibred (pd (y)) in terms of the relaxed
Rdqd (y)≤ pd (y) system, instead of Rdqd (y) = pd (y), ensures that it is always nonempty
(since pd ≥ 0 implies that x= 0 is a solution). , but is unbounded whenever the model does
not eliminate all “d-never-taker” types (i.e. individuals that don’t take treatment d when faced
with any z ∈Z).

The support function of Fibred (pd (y)), which we will also view as a function of pd (y),
will play a central role in our remaining analysis. In the remainder, denote this support func-
tion by the shorthand hd ( · ;pd (y)). Precisely, for every c ∈RT , define

hd (c;pd (y)) := hFibred(pd(y))
(c)

= sup
x≥0:Rdx≤pd(y)

c
⊺
x ,

and note that the right hand side above is a linear program.
Note that hd (c;pd (y)) =∞ iff there exists τ ∈ T such that τ−1 (d) = ∅ (i.e. τ is a “d-

Never-Taker”) and c(τ ) > 0. In other words, for each y ∈ Y , c 7→ hd (c;pd (y)) is a bounded
function over directions that only put positive weight on τ ∈ Td (i.e. the non-“d-Never-Taker”
types). For later use, note that, by duality of linear programs, we now have that for any
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c ∈RT with c(τ ) ≤ 0 ∀τ ∈ T \Td,

hd (c;pd (y)) = min
ℓ≥0:R⊺

d ℓ≥c
ℓ
⊺
pd (y) . (3.3)

Now, since every Q ∈ QS must satisfy Rdq
Q
d (y) ≤ pd (y) for all y ∈ Y and∫

Y qd (y) dµ(y) = π, we can define a set Πd of preliminary “candidates” for π, as follows,

Πd :=

{∫
Y
x(y) dµ (y)

∣∣∣∣∣ measurable x : Y →RT
≥0 s.t.

x (y) ∈ Fibred (pd (y)) ∀y ∈ Y .

}
.

Since this argument holds for every d ∈ D, we must have that π ∈
⋂

d∈DΠd. Note also that
this intersection is always nonempty, since each Πd contains the 0 vector. Once intersected
with Rπ , however, such frivolous candidates are removed and any additional restrictions
required by S are imposed, yielding the following result that shows this is sharp.

Theorem 3.1. Suppose P satisfies Condition D, and let the TSM S be arbitrary. Then,

Π =

(⋂
d∈D

Πd

)
∩Rπ . (3.4)

In particular, QS ̸= ∅ if and only if
(⋂

d∈DΠd

)
∩Rπ ̸= ∅.

Further, if S satisfies Condition C, Π is a compact convex set, and if S satisfies Condition
CP, Π is a compact convex polytope.

Proof . See Appendix A.1.5 ■

As suggested by our discussion in the previous subsection, this result formalizes the idea
that agreement of treatment-specific allocations on a common S-compatible π, is sufficient
to obtain a compatible parent distribution Q with πQ = π. The proof of this result further
makes it clear that, as might be expected, we can take this compatibleQ to also have potential
outcome distributions that agree with aforementioned treatment-specific allocations, and we
will exploit this fact in the next section to obtain bounds on mean outcomes and treatment
effects.

Although Equation (3.4) reduces compatibility to the non-emptiness of finitely many
finite-dimensional sets, these sets are still defined in terms of infinite dimensional objects
satisfying a continuum of restrictions. The key feature that enables us to operationalize this
characterization is that the pointwise linear restrictions Rdx≤ pd (y) all share the same co-
efficient matrix Rd across the continuum of y-values, with only the observed sub-density
vector pd varying with y.

To illustrate why this feature is so powerful, it is useful to first consider the following
equality version of Fibred,

Fibred (pd (y))
= :=

{
x ∈RT

≥0
∣∣Rdx= pd (y)

}
.
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We can view each Fibred (pd (y))
= as the feasible region of a linear program, with

Fibred (pd (y))
= ̸= ∅ if and only if pd (y) ∈ coneRd, where coneRd is the set, a convex

cone, generated by the nonnegative linear combinations of the columns of Rd. To make this
concrete, let c ∈ RT be a vector of weights on response-types, and consider the linear pro-
gram (LP)

max
{
c
⊺
x
∣∣x ∈ Fibred (pd (y))=}=max

{
c
⊺
x
∣∣Rdx= pd (y) , x≥ 0

}
. (3.5)

For simplicity, first assume that pd (y) ∈ coneRd ∀y ∈ Y so that the LP above is feasible.
In our setting, since Rd is “fixed”, while pd is “moving” (with y), a natural question to ask
is what happens to the LP as we move over y ∈ Y , causing pd to move over coneRd? As
it turns out, the answer is that coneRd admits a finite partition into “chambers” with the
following property: for any fixed vector of weights9 c, the optimal value is given by the same
linear function of pd (y) as long as pd (y) stays in the same chamber. This partition depends
only on Rd and works simultaneously for every such c, although the linear function depends
on c.

This linearity allows us to interchange integration and optimization within each chamber.
Precisely, if B ⊆Y is a region such that {pd (y) : y ∈B} is a subset of a single chamber, then∫

B
max
x≥0

Rdx=pd(y)

c
⊺
xdµ(y) = max

v≥0
Rdv=

∫
B
pd(y)dµ(y)

c
⊺
v.

We can use nonnegative slack variables to convert our inequality fibres Fibred (pd (y))

into equality fibres of the form just discussed. In particular, Πd can be decomposed into a
finite Minkowski sum, where each component of this sum is formed by “integrating” polyhe-
drons with the same “shape”, in the sense that linear programs defined over such polyhedrons
produce the same optimal “basis” for every objective function.10 The same structure under-
lies Algorithm 3.1, which extends solutions across outcome values as needed, without first
enumerating the collection of possible chambers.

Therefore, in order to operationalize this result, we will work with the support function of
Πd, which can be evaluated through integrals of the form we just discussed. In order to state
the most powerful version of that result, I first state the following result, which shows that
the dualization (3.3) allows integrals of hd (c;pd (y)) to be cast as moments.

Lemma 3.2. Suppose P satisfies Condition D. Then, for d ∈ D and integrable c : Y → RT

with c(T\Td) ≤ 0, there exists integrable ℓ⋆d
(
c (·) ;pP

d (·)
)
: Y →RZ≥0 with

ℓ⋆d (c (y) ;pd (y)) ∈ argmin
ℓ≥0:R⊺

d ℓ≥c(y),
∥ℓ∥∞≤∥c(y)∥∞

ℓ
⊺
pd (y) ,

9We need c to be such that the maximum is finite; i.e. no positive weight on d-never-takers.
10Formally, these polyhedrons are considered “normally equivalent”. See the proof of Lemma A.3 for a more

careful discussion of this idea.
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and ∫
Y
hd (c (y) ;pd (y))dµ (y) =

∫
Y
ℓ⋆d (c ;pd (y))

⊺
pP
d (y) dµ (y)

=
∑
z∈Z

EP

[
mP

d (c (Y ) ;W )
∣∣Z = z

]
.

where mP
d

(
· ;y, d′, z

)
:= ℓ⋆d,(z)

(
· ;pP

d (y)
)
1
{
d′ = d

}
.

Proof . See Appendix A.1.3. ■

In this section and the next, given c ∈ RT with c(T \Td) ≤ 0, choose an arbitrary measur-
able ℓ⋆d (c;pd (y)) as in Lemma 3.2, and let mP

d

(
c;y, d′, z

)
:= ℓ⋆d,(z)

(
c;pP

d (y)
)
1
{
d′ = d

}
.

Throughout, we will use the following shorthand, for any matrix A, with rows
{a1, . . . ,ak}, define the vectors hd (A ;pd (y)) and md (A ;W ) as

hd (A ;pd (y)) :=
(
hd (aj ;pd (y))

)k
j=1

and md (A ;W ) := (md (aj ;W ))kj=1 .

We now have the following result which states that the support function of Πd can be
obtained by integrating the pointwise support function hd (c;pd (y)), and therefore can be
expressed in terms of the moments we have just defined.

Lemma 3.3. Suppose P satisfies Condition D. Then, for d ∈D and c ∈RT with c(T \Td) ≤ 0,

hΠd
(c) =

∫
Y
hd (c ;pd (y))dµ (y) =

∑
z∈Z

E [md (c ;W ) |Z = z] ,

Further, there exists a matrix Ad ∈ Rkd×T , depending only on Rd (not on P ), with rows
{a1, . . . ,akd

} such that aj,(τ ) = 0 ∀τ ∈ T \Td, j ∈ {1, . . . , kd} and

Πd =

{
x≥ 0

∣∣∣∣Adx≤
∫
Y
hd (Ad;pd (y))dµ (y)

}

=

{
x≥ 0

∣∣∣∣∣Adx≤
∑
z∈Z

E [md (Ad ;W ) |Z = z]

}
,

Proof . See Appendix A.1.4. ■

With this lemma and Theorem 3.1 in hand, we immediately have the following result,
which characterizes the sharp testable implications of TSMs that satisfy Condition CP, in-
cluding the leading case where S consists solely of support restrictions on T .

Theorem 3.2 (Sharp Testable Implications under Condition CP). Suppose P satisfies Condi-
tion D, and S satisfies Condition CP. Then, Π is a convex polytope, with

Π =

{
x≥ 0

∣∣∣∣∣
[
AS

AΠ

]
x≤

[ aS∑
z∈Z

E [mΠ (W ) |Z = z]

]}
,
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where AΠ :=

 Ad1

...
Ad|D|

 and mΠ (W ) :=

 md1(Ad1
;W)

...
md|D|

(
Ad|D| ;W

)
.

Further, for any c ∈RT , Λ(c) :=
{
(λS,λΠ)≥ 0

∣∣A⊺
SλS +A

⊺
ΠλΠ ≥ c

}
̸= ∅ and

hΠ (c) = inf
(λS,λΠ )∈Λ(c)

{
λ
⊺
SaS +

∑
z∈Z

E
[
λ
⊺
ΠmΠ (W )

∣∣Z = z
]}

,

which is a linear program.11 In particular,

QS ̸= ∅ ⇐⇒ λ
⊺
SaS +

∑
z∈Z

E
[
λ
⊺
ΠmΠ (W )

∣∣Z = z
]
≥ 0 ∀ (λS,λΠ) ∈Λ(0) .

Proof . See Appendix A.1.6. ■

In order to operationalize Theorem 3.1 for TSMs that only satisfy the weaker condition
Condition C, we will need the following general characterization of the support function of
convex intersections. More importantly, this result is of practical relevance, since the matrix
Ad is not generally easy to compute, whereas integrals of hd can be easily computed via
Algorithm 3.1.

Lemma 3.4 (Infimal Convolution Representation of Support Functions of Intersections). Let
K1, . . . ,KN be nonempty closed convex subsets of Rk. First, if

⋂N
i=1Ki is compact and

nonempty, then, for all c ∈Rk,

h⋂N
i=1 Ki

(c) = inf
{ci}Ni=1

:
∑N

i=1 ci=c

{
N∑
i=1

hKi
(ci)

}
,

and, in particular, the right hand side equals 0 when c= 0.
Second, if either (i) at least one Ki is compact or (ii) every Ki is polyhedral, then

N⋂
i=1

Ki ̸= ∅ ⇐⇒
N∑
i=1

hKi
(ci)≥ 0 ∀c1, . . . ,cN ∈Rk :

N∑
i=1

ci = 0 .

Proof . The first claim follows from a suitable application of the Fenchel-Moreau theorem.
The second claim follows from strong separation of

∏N
i=1Ki and the diagonal in the first

case, and from Farkas’ lemma in the second case. See Appendix A.1.7. ■

Define Cd :=
{
c ∈RT ∣∣c(T \Td) = 0

}
, let C :=

∏
d∈D Cd, and, for u ∈ C, use the shorthand

u := (ud)d∈D to split it into its Cd components.

11Recalling that h∅ :=−∞, this expression for hΠ holds even when Π = ∅, but is finite if and only if Π ̸= ∅.
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Theorem 3.3 (Sharp Testable Implications under Condition C). Suppose P satisfies Condi-
tion D, and S satisfies Condition C. Then, for any direction c ∈RT ,

hΠ (c) = inf
u∈C

{∑
d∈D

∫
Y
hd (ud;pd (y))dµ(y) + hRπ

(
c−

∑
d∈D

ud

)}

= inf
u∈C

{∑
d∈D

∑
z∈Z

E [md (ud ;W ) |Z = z] + hRπ

(
c−

∑
d∈D

ud

)}
,

which is a convex program. In particular, S has the following sharp testable implications:

QS ̸= ∅ ⇐⇒
∑
d∈D

∑
z∈Z

E [md (ud ;W ) |Z = z] + hRπ

(
−
∑
d∈D

ud

)
≥ 0 ∀u ∈ C .

Proof . See Appendix A.1.8. ■

The second display above says that QS = ∅ if and only if there exists (ud)d∈D such that

∑
d∈D

∑
z∈Z

E [md (ud ;W ) |Z = z]<−hRπ

(
−
∑
d∈D

ud

)
= inf

π∈Rπ

(∑
d∈D

ud

)⊺

π ,

which is equivalent, by Lemma 3.4, to the existence of a v ∈RT such that

sup
π∈

⋂
d∈D Πd

v
⊺
π < inf

π∈Rπ

v
⊺
π

where we use that sup
π∈

⋂
d∈D

Πd

v
⊺
π= inf

(vd)d:
∑

dvd=v

∑
d∈D

∫
Y hd (vd;pd (y))dµ(y).

3.3. Computation of
∫
hd. In order to represent Rdqd ≤ pd as an equality system, we will

use the augmented matrix R := [Rd IZ ], where IZ is the conformable identity matrix and
represents (non-negative) slack variables.

For any suitable subset B of columns of R, denote by RB the submatrix of R consisting
of those columns, and denote by R¬B the submatrix consisting of only those columns not
in B. Since columns in Rd have a one-to-one correspondence with response-types, we can
view B as a subset of response-types/slacks. For any vector c ∈ RT we will also use, in
an abuse of notation, c to represent the version of c mapped into RT × RZ by setting the
additional coordinates (slacks) to zero and define cB as the subvector consisting of just those
components that correspond to response-types/slacks in B, and define c¬B as the subvector
consisting of components corresponding to response-types/slacks not in B.

Given the output of Algorithm 3.1, we can construct the value function as

halgd (c (·) ;pd (·)) : y 7→
∑
ỹ∈G

1{y ∈O(ỹ)}cB(ỹ) (y)
⊺
R−1B(ỹ)pd(y) ,
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Algorithm 3.1 (Computation of hd).

Input: Model and Data: matrix R := [Rd IZ ] and function pd : Y →RZ≥0.

Parameters: function c : Y →RT with c(T \Td) ≤ 0.

Oracle: LPd (c,b) returns a primal-dual optimal basis for max
(x,s)≥0:R(x,s)=b

c
⊺
x.

Output: Solved Points: G ⊆ Y ,

Optimal Basis Map: B : y 7→B (y) for y ∈ G,

Support Sets: O : y 7→O (y) for y ∈ G .

1: Set G := ∅ and O (G) := ∅

2: while O (G) ̸= Y do ▷ Find optimal solution for all y ∈ Y

3: Choose ỹ ∈ Y \O (G) arbitrarily

4: Set B(ỹ) := LPd (c (ỹ) ,pd (ỹ)) ▷ Query LP solver

5: Set O (ỹ) to the subset of Y \O (G) where B(ỹ) remains feasible and optimal:

O (ỹ) :=

y ∈ Y \O (G)

∣∣∣∣∣∣ R
−1
B(ỹ)pd (y)≥ 0 ,

cB(ỹ) (y)
⊺
R−1B(ỹ)R

−1
¬B(ỹ) − c¬B(ỹ) (y)

⊺ ≥ 0 .


6: Update G ←G ⊔ {ỹ}

7: Update O (G)←
⊔

y∈GO (y)

8: end while

9: return
(
G,{(B(y),O (y))}y∈G

)

the dual solution as

ℓalgd (c (·) ;pd (·)) : y 7→
∑
ỹ∈G

1{y ∈O(ỹ)}R−⊺B(ỹ)cB(ỹ) (y) .

For the primal solution, first define, for each B ∈ {B (y)}y∈G , the matrix JB such that, for
any x ∈ RZ , JBx = x̃ ∈ RT such that x̃(B∩T ) = x and x̃(T \B) = 0.12 Then, the primal
solution is given by

qalgd (c (·) ;pd (·)) : y 7→
∑
ỹ∈G

1{y ∈O(ỹ)}JB(ỹ)R
−1
B(ỹ)pd(y) .

The following result shows that these constructions exactly recover their corresponding tar-
gets, and that Algorithm 3.1 always terminates in finitely many steps.

12Precisely, let JB consist of the columns indexed by B of [I|T | 0|T |×|Z|], in the same order as in RB .
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Theorem 3.4. Suppose P satisfies Condition D and let S be any TSM. Given d ∈ D and P -
integrable c : Y → RT with c(T \Td) ≤ 0, we have that Algorithm 3.1 satisfies the following
properties, for any oracle solver LPd (c,b) that returns a primal-dual optimal basis for the
specified LP,

(i) Algorithm 3.1 terminates in finitely many steps,
(ii) After termination, the resulting

(
G,{(B(y),O (y))}y∈G

)
satisfies the following :

a) (Integrability) y 7→ halgd (c (y) ;pd (y)) is integrable.
b) (Optimality) For all y ∈ Y ,

hd (c (y) ;pd (y)) = halgd (c (y) ;pd (y))

= c(y)
⊺
qalgd (c (y) ;pd (y))

= ℓalgd (c (y) ;pd (y))
⊺
pd (y) .

c) (Feasibility) For all y ∈ Y ,

Rdq
alg
d (c (y) ;pd (y))≤ pd (y) ,

and

ℓalgd (c (y) ;pd (y))≥ 0 ,

R
⊺
dℓ

alg
d (c (y) ;pd (y))≥ c (y) ,

∥ℓalgd (c (y) ;pd (y))∥∞ ≤ ∥c (y)∥∞ .

Proof . See Appendix A.1.9 ■

4. Sharp Bounds on Counterfactual Means and Treatment Effects

For any P -integrable κ : Y →R and d ∈D, denote by ηd;(κ) the vector of response-type-
probability-weighted response-type conditional κ (Yd) means,

ηd,(κ) = ηQ
d,(κ) :=

(
E [κ (Yd)1{T = τ}] : τ ∈ T

)
=

(
P (T = τ )E [κ (Yd) | T = τ ] : τ ∈ T

)
.

To simplify the exposition in the main text, I focus on the special case where θ is a condi-
tional mean. Precisely, in the remainder of this section, I fix d ∈D and a nonempty subset of
response-types A⊆ T , let κ := κd and η := ηd;(κ), and assume θ has the form

θ =
c
⊺
Aη

c⊺Aπ
= E [κd (Yd) |T ∈A] , (4.1)

where cA ∈ RT indicates which response-types are in A, i.e. cA;(A) = 1 and cA;(T \A) = 0;
I also assume that A contains no d-Never-Takers and so, cA;(T \Td) = 0. I also assume that
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K := κ (Y) is compact, and define

κ := minK , κ := maxK and Θ0 := [κ,κ] .

All results in this section are stated and proved in full generality in Appendix A.3.
Since θQ is only well-defined when c

⊺
πQ > 0, I take the identified set to be the a priori

range whenever zero conditioning mass is compatible with the model and the data. Precisely,
I define the identified set for θ under S, denoted ΘS, as

ΘS =ΘS (P ) :=


∅ iff QS (P ) = ∅ ,

Θ0 if infQ∈QS(P ) c
⊺
π = 0 ,{

c
⊺
Aη

Q

c⊺Aπ
Q

∣∣∣∣ Q ∈QS (P )

}
otherwise .

4.1. “Direct” Approach. In order to proceed, we start by considering the joint identi-
fied set for (η,π),

{(
ηQ,πQ

) ∣∣Q ∈QS

}
. In the previous section, we obtained Πd, the

set of “candidates” for π, by integrating functions that lie in Fibred over Y . Noting that∫
Y κ (y)qd⋆ (y) dµ (y) = η , we can consider a set Υd⋆ of “candidates” for (η,π). Precisely,

for d ∈D, define

Υd :=

{(∫
Y
κd (y)x (y) dµ(y),

∫
Y
x (y) dµ(y)

)∣∣∣∣∣ measurable x : Y →RT
≥0 s.t.

x (y) ∈ Fibred (pd (y)) ∀y ∈ Y

}
.

By Theorem 3.1, we now have{(
ηQ,πQ

) ∣∣Q ∈QS

}
=Υd⋆ ∩

(
RT ×Π

)
, (4.2)

which, together with Lemma 3.4, immediately suggests that the sharp upper bound on the
numerator c

⊺
Aη = P (T ∈A)E [κ (Yd⋆) |T ∈A] in (4.1) can be obtained by evaluating the

support function of Υd⋆ ∩
(
RT ×Π

)
in the direction (c,0). Precisely, for any Q ∈ QS, we

must have the following upper bound and, by (4.2), it is sharp under S:

Q (T ∈A)EQ [κ (Yd⋆) |T ∈A]≤ inf
u,v∈RT

{hΥd⋆
(cA −u,−v) + hRT×Π (u,v)}

= inf
u,v∈RT

{hΥd⋆
(cA −u,−v) + hRT (u) + hΠ (v)}

= inf
v∈RT

{hΥd⋆
(cA,−v) + hΠ (v)} , (4.3)

where the second line follows from the general fact that hK1×K2
(a1,a2) = hK1

(a1) +

hK2
(a2) for nonempty convex K1,K2,13 and the third from hRT (u) =∞ for all u ̸= 0.

Importantly, like we saw with hΠd
in the previous section, the support function hΥd⋆

of
Υd⋆ also possesses a pointwise fibre integral representation. To see this, first note that, for

13For K1,K2 ̸= ∅, supx1∈K1,x2∈K2
c
⊺
1x1 + c

⊺
2x2 = supx1∈K1

c
⊺
1x1 + supx2∈K2

c
⊺
2x2.
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(η,π) ∈Υd⋆ and (cη,cπ) ∈RT ×RT , there exists measurable x ∈ Fibred⋆ (pd⋆) with

(cη,cπ)
⊺
(η,π) =

∫
Y
c
⊺
ηκ (y)x (y) + c

⊺
πx (y) dµ(y) =

∫
Y
(κ (y)cη + cπ)

⊺
x (y) dµ(y) ,

which suggests the following extension of Lemma 3.3.

Lemma 4.1. Suppose P satisfies Condition D. Then, for d ∈D and (cη,cπ) ∈RT ×RT with
cπ;(T \Td) ≤ 0 and κ (y)cη;(T \Td) ≤ 0 ∀y ∈ Y ,

hΥd
(cη,cπ) =

∫
Y
hd (κ (y)cη + cπ;pd (y))dµ (y)

=
∑
z∈Z

E [md (κ (Y )cη + cπ ;Y,D,Z) |Z = z] .

Proof . See Appendix A.2.1. ■

Applying Lemma 4.1 now provides a tractable moment representation of the sharp upper
bound (4.3) on the numerator in (4.1), which is a convex program.

Conditional means, like our target parameter c⊺
Aη

c⊺
Aπ

, are not affine functions of (η,π), how-
ever, and so, bounds on such parameters cannot be directly obtained in this way. One way to
proceed is to start from (4.3) and add the constraint c⊺Aπ = p by intersecting the hyperplane{
x
∣∣c⊺Ax= p

}
with Υd⋆ ∩

(
RT ×Π

)
, applying Lemma 3.4 as before, and simplifying to get

max
Q∈QS:c

⊺πQ=p
c
⊺
Aη = inf

λ∈R,v∈RT
{hΥd⋆

(cA,−v) + hΠ (v− λcA) + λp} ,

which then gives the following sharp upper bound on θ (whenever p > 0),

EQ [κ (Yd⋆) |T ∈A]≤ max
p∈[p,p]

inf
λ∈R,v∈RT

(
hΥd⋆

(cA,−v) + hΠ (v− λcA) + λp
)

p
,

where p := infπ∈Π c
⊺
Aπ and p := supπ∈Π c

⊺
Aπ. This is not a jointly convex program,14 but

this characterization of the bound is nevertheless useful, especially for obtaining analytic
bounds. For our main results, however, we focus on an alternate “root”-based characterization
that allows us to get generally computationally tractable representations for the sharp bounds
and inclusion test, as developed in the following subsection, and used extensively in Section 5
to develop estimators for these bounds.

4.2. Characterization Based on “Extreme Residuals”. We start by observing that c⊺Aη
Q

is zero whenever c⊺Aπ
Q = Q (T ∈A) is zero, since c

⊺
Aη

Q =
(
c
⊺
Aπ

Q
)
EQ [κ (Yd⋆) |T ∈A].

14Note, however, that the inner problem is convex, with value function concave in p, making the outer maxi-
mization a concave(-linear) fractional program, which can be cast as a convex program via the so-called Charnes-
Cooper transformation (see Schaible (1995) for a review, or Boyd and Vandenberghe (2004, Exercise 4.7)).
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Therefore, we have that

ΘS =
{
γ ∈Θ0

∣∣∃Q ∈QS : c
⊺
Aη

Q − γc⊺AπQ = 0
}
,

where we note that, for Q such that c⊺Aπ
Q = 0, all γ ∈ Θ0 satisfy c

⊺
Aη

Q − γc⊺AπQ = 0, as
required. Now, we have

γ ∈ΘS ⇐⇒ ∃Q ∈QS : c
⊺
Aη

Q − γc⊺AπQ = 0 (4.4a)

⇐⇒ inf
Q∈QS

{
c
⊺
Aη

Q − γc⊺AπQ
}
≤ 0≤ sup

Q∈QS

{
c
⊺
Aη

Q − γc⊺AπQ
}
, (4.4b)

and by (4.2), the last implication (4.4b) is equivalent, under Condition C, to

−hΥd⋆∩(RT×Π) (−cA, γcA)≤ 0≤ hΥd⋆∩(RT×Π) (cA,−γc) .

In the nonlinear optimization literature, the quantity c
⊺
ηQ−γc⊺πQ is sometimes referred to

as the “(nonlinear) residual” associated with the candidate γ (e.g., Kelley (2003)). I therefore
refer to the infimum and supremum in (4.4b) as the lower and upper extreme residuals, and
denote them by Ψ(γ;P ) and Ψ(γ;P ), respectively. Applying Lemma 3.4 now gives the
following residual-based characterization of the identified set for θ.

Lemma 4.2 (Residual-based Representation of ΘS). Suppose P satisfies Condition D and S

satisfies Condition C. Then,

ΘS (P ) =
{
γ ∈Θ0

∣∣Ψ(γ;P )≤ 0≤Ψ(γ;P )
}
.

Moreover, Ψ( · ;P ) : Θ0→R is convex and

Ψ(γ;P ) = max
(xη,xπ)∈Υd⋆ :

xπ∈Π

{
c
⊺
Axη − γc

⊺
Axπ

}
(4.5a)

= inf
v∈RT

{∫
Y
hd⋆ ((κ (y)− γ)cA − v;pd⋆ (y))dµ (y) + hΠ (v)

}
. (4.5b)

Similarly, Ψ( · ;P ) : Θ0→R is concave and

Ψ(γ;P ) = min
(xη,xπ)∈Υd⋆ :

xπ∈Π

{
c
⊺
Axη − γc

⊺
Axπ

}
(4.6a)

=− inf
v∈RT

{∫
Y
hd⋆ ((γ − κ (y))cA − v;pd⋆ (y))dµ (y) + hΠ (v)

}
. (4.6b)

Proof . See Appendix A.2.2. ■

In Lemma 4.2, (4.5a) and (4.6a) are “primal” representations of the extreme residual,
whereas (4.5b) and (4.6b) are (Lagrangian) “dual” representations which can also be ex-
pressed in terms of moments, by applying Lemmas 3.3 and 4.1. As we will see in the next
section, both representations will play a role in our proposed estimator for the sharp bounds
on θ. If P is compatible with S, i.e. QS (P ) ̸= ∅, then (4.5a) and (4.6a) can be written as a
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maximum and minimum, respectively, but this is not necessarily true for (4.5b) and (4.6b),
where, in general, the optimal values need not be attained by any optimizer.

4.2.1. Estimation Equation for Sharp Bounds. The characterization of ΘS given in
Lemma 4.2 immediately suggests using the dual representations (4.5b) and (4.6b) to ob-
tain a moment-inequality based test of candidate inclusion, and we will indeed formalize this
idea in a computationally convenient form at the end of this section. First, however, we have
the following result, based on (4.4a), that represents the sharp bounds on θ as the unique root
of the corresponding extreme residual, and also expresses each bound as the solution to a
convex program.

Theorem 4.1 (Sharp Bounds on Conditional Means). Suppose P satisfies Condition D and S

satisfies Condition C, withQS(P ) ̸= ∅. If minQ∈QS(P ) c
⊺
Aπ

Q > 0, then the following bounds
on θ are sharp under S,

sup{γ ∈Θ0 |−Ψ(γ;P )≤ 0} =:
¯
θ(P ) ≤ θ ≤ θ̄(P ) := inf

{
γ ∈Θ0

∣∣Ψ(γ;P )≤ 0
}
,

and Ψ( · ;P ) and Ψ( · ;P ) are strictly decreasing, with unique roots
¯
θ(P ) and θ̄(P ), respec-

tively.

Proof . See Appendix A.2.3. ■

This representation of θ̄ and
¯
θ as unique roots suggests a natural connection to the general

theory on Z-estimators defined as roots of random data-dependent maps,15 which will prove
useful in the next section.

Remark 4.1 (Computationally Convenient Representation of θ̄ and
¯
θ). Since Ψ( · ;P ) and

−Ψ( · ;P ) are convex, the bounds
¯
θ and θ̄ given in Theorem 4.1 are defined by con-

vex programs. Computing Ψ( · ;P ), e.g., requires (convex) optimization and so, it may
seem that computing the bounds requires solving nested optimization problems. This is
not the case, however, since the apparent nesting can be eliminated by jointly optimiz-
ing over the inner- and outer-problems in a unified convex program. Precisely, whenever
minQ∈QS(P ) c

⊺
Aπ

Q > 0, the sharp upper bound θ̄ (e.g.; lower bound is analogous) can be
computed using the following “lifted” convex program, under the convention that an empty
feasible set implies θ̄ = κ̄,16

inf
γ∈[κ,κ],
v∈RT

γ such that
∫
Y
hd⋆ ((κ (y)− γ)cA − v;pd⋆ (y))dµ (y) + hΠ (v)≤ 0 ,

15See, e.g., Van Der Vaart and Wellner (1996, Chapter 3.3) or Kosorok (2008, Chapter 13).
16Under Condition C, this lifted program has an empty feasible set if and only if θ̄ = κ̄ and the infimum

defining Ψ(κ̄;P ) is not attained; under Condition CP and minQ∈QS(P ) c
⊺
πQ > 0, the infimum is attained.

For formal statements and proofs of the claims in this remark, see Appendix A.2.5.
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which has the following moment-inequality representation,

inf
γ∈[κ,κ],v∈RT ,

u∈C

γ s.t.
∑
z∈Z

EP

[
mP

d⋆ ((κ (Y )− γ)cA − v ;Y,D,Z)
∣∣Z = z

]

+
∑
d∈D

∑
z∈Z

EP

[
mP

d (ud ;W )
∣∣Z = z

]
+ hRπ

(
v−

∑
d∈D

ud

)
≤ 0 .

Under Condition CP, this simplifies to

inf
γ∈[κ,κ],
u∈C,
λ≥0

γ s.t.
∑
z∈Z

EP

[
mP

θ (γ,u,λ;W )
∣∣Z = z

]
≤ 0 , (4.7)

where

mP
θ (γ,u,λ;W ) :=mP

d⋆

(
(κ(Y )− γ)cA −A

⊺
Sλ−

∑
d∈D

ud;W

)

+
∑
d∈D

mP
d (ud;W ) +

1

|Z|
λ
⊺
aS.

(4.8)

and we recall that C :=
∏

d∈D Cd, with Cd :=
{
u ∈RT ∣∣u(T \Td) = 0

}
, and the shorthand

u := (ud)d∈D is used to split u into its Cd components. Note, however, that the moment
functions above depend on P , which presents additional challenges for estimation and infer-
ence, as discussed in the next two sections.

Finally, I note that, under Condition CP,

Ψ(γ;P ) = inf
u∈C,
λ≥0

∑
z∈Z

EP

[
mP

θ (γ,u,λ;W )
∣∣Z = z

]
,

and the optimal solution to (4.7) above, whenever it exists, is a root of Ψ( · ;P ). ♦

4.2.2. Inclusion Test. From Lemma 4.2, we immediately have that, for any γ ∈Θ0,

γ ∈ΘS ⇐⇒ 0≤ min
{
Ψ(γ;P ) ,−Ψ(γ;P )

}
= inf

v∈RT

t∈{−1,1}

{∫
Y
hd⋆ (t (κ (y)− γ)cA − v;pd⋆ (y))dµ (y) + hΠ (v)

}
.

Convexifying this problem and using positive homogeneity (in (t,v)) we have the following
characterization of the inclusion test as a convex program.

Theorem 4.2 (Inclusion Test for Conditional Means). Suppose P satisfies Condition D and
S satisfies Condition C. Then, for any norm ∥ · ∥ on RT ×R,

ΘS =

γ ∈Θ0

∣∣∣∣∣∣∣ inf
v∈RT , t∈R,
∥(v,t)∥≤1

(∫
Y
hd⋆ (t (κ (y)− γ)cA − v;pd⋆ (y))dµ (y) + hΠ (v)

)
≥ 0

 .

Proof . See Appendix A.2.4. ■
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4.3. Point Identification. For completeness, I also revisit sufficient conditions for point
identification, due to Heckman and Pinto (2018).

Proposition 4.3 (Heckman and Pinto (2018)). Suppose P satisfies Condition D. Then, for
any treatment selection model S with QS ̸= ∅, the following statements hold:

(i) For any d ∈D, if c ∈ row-span (Rd,TS
), then c

⊺
qd is point-identified under S

(ii) If c ∈ row-span




R1,TS

...
R|D|,TS


, then c

⊺
π is point-identified under S

For a proof, see Theorem T-2 in Heckman and Pinto (2018), which is a mathemati-
cally equivalent result, except stated in terms of Moore-Penrose inverses of Rd. Note that
Proposition 4.3(i) is also sufficient for the point identification of mean outcomes, since
c ∈ row-span (Rd,TS

) implies that
{

c⊺η
c⊺π

∣∣∣ (η,π) ∈Υd

}
is a singleton. Similarly, for point

identification of treatment effects, c ∈ row-span (Rd,TS
) ∩ row-span (Rd′,TS

) is sufficient

for
{

c⊺ηd−c
⊺ηd′

c⊺π

∣∣∣ (ηd,π) ∈Υd , (ηd′ ,π) ∈Υd′ .
}

to collapse to a point.
These conditions are not, however, necessary for point-identification of any of these pa-

rameters. In the absence of these conditions, point identification can still be obtained if some
“knife-edge” conditions hold, as discussed in the following remark.17

Remark 4.2 (“Knife-edge” Conditions for Point Identification). Let S be a treatment selec-
tion model such that QS ̸= ∅. If Π =Rπ ∩

⋂
d∈DΠd is a singleton, say {o}, then obviously

π = o is point-identified, but the (weighted) density qd may not be point-identified for any
d. If o is a vertex of Πd, however, then qd is point-identified! I sketch the argument below.
A similar argument shows that c⊺qd is point-identified if Rπ ∩

⋂
d∈DΠd is a (non-empty)

subset of the extreme face of the polytope Πd with respect to the direction c.18

To see this, first note that any vertex of Πd can be obtained by integrating along the corre-
sponding vertex of Fibred (pd (y)). In fact, it is possible to show that the extreme face of the
polytope Πd, with respect to a direction c, is the following set{∫

Y
g(y) dµ (y)

∣∣∣∣∣ g : Y →RT
≥0 is measurable,

g (y) ∈ (Fibred (pd (y)))
c ∀y ∈ Y

}
, (4.9)

where (Fibred (pd (y)))
c is defined as the (maximal) extreme face of the polytope

Fibred (pd (y)) with respect to direction c.19 Since o is a vertex of Πd, there exists a di-
rection co such that argmaxx∈Πd

{
c
⊺
ox
}
= {o}. It is straightforward to show that (4.9) is

17See also Navjeevan, Pinto, and Santos (2023) and Goff (2024) for a detailed discussion of related point-
identification results. In particular, Theorem 2 in Goff (2024) shows that the conditions in Proposition 4.3 are also
necessary to ensure that S delivers point-identification of such parameters under any distribution of the observ-
ables that is consistent with S. This is in contrast to Remark 4.2 here, which suggests that certain parameters are
point-identified under S (i.e. their identified set, under S, is a singleton) whenever the distribution of observables
satisfies certain conditions, even when S fails to satisfy the corresponding condition in Proposition 4.3.

18In other words, if Rπ ∩
⋂
d∈DΠd ⊆ argmaxx∈Πd

c
⊺
x.

19This claim generalizes Proposition 1.2 in Billera and Sturmfels (1992), and follows from Lemma A.2.
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a singleton if and only if (Fibred (pd (y)))
co is a singleton, say

{
bco

d (y)
}

, for every y ∈ Y ,
which immediately gives the result. Indeed, when this is the case, qd (y) = bco

d (y) for every
y ∈ Y , which also implies the identification of the corresponding mean counterfactuals. ♦

5. Estimating the Sharp Bounds

So far, we have treated the distribution of the observed data P as known. In this section, I
assume that we only have access to a finite sample

{(Yi,Di,Zi)}ni=1 = {Wi}ni=1
i.i.d.∼ P

of independently and identically distributed draws from an unknown distribution P satisfying
Condition D. As usual, we define the empirical distribution P̂n by

P̂n (Y ≤ y,D = d,Z = z) =
1

n

n∑
i=1

1{Yi ≤ y,Di = d,Zi = z} .

Throughout this section, I assume that S satisfies Condition CP, and leave the develop-
ment of estimation methods for TSMs that only satisfy Condition C to future work. As in the
previous section, we will continue to take the target parameter θ to be the conditional mean
(4.1) and maintain the assumptions on κ and cA. Throughout this section, I also assume that
P is compatible with the TSM S and that the denominator Q (T ∈A) in (4.1) is strictly pos-
itive for all parent distributions Q that are consistent with the model and the data. Precisely,
I maintain the following assumption.

Assumption 5.1. The observed data P and the treatment selection model S are such that

QS (P ) ̸= ∅ and min
Q∈QS(P )

Q (T ∈A)> 0 .

For simplicity, I only discuss estimation of θ̄, the upper endpoint of the identified set for
θ; estimation of

¯
θ is analogous.

Under these conditions, we have the following result that says we can restrict the (outer)
optimization in the definition of Ψ(γ;P ) to a uniformly bounded set of directions.

Lemma 5.1. Suppose P satisfies Condition D, S satisfies Condition CP, Assumption 5.1
holds, and γ ∈ Θ0. Then, there exists Bθ <∞, depending only on S, κ − κ <∞ and cA,
such that, for all such P and γ,

Ψ(γ;P ) = min
u∈C,λ≥0

∥(u,λ)∥∞≤Bθ

∑
z∈Z

EP

[
mP

θ (γ,u,λ;W )
∣∣Z = z

]
. (5.1)

Proof . See Appendix B.1.1. ■

In the remainder, we will treat the moment functions mθ as uniformly bounded, which
is justified by this lemma, together with Lemma 3.2. So far, we have defined the mo-
ment functions mθ via an arbitrary choice of inner optimizers ℓ⋆d, as given by Lemma 3.2.
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This is convenient for identification, since our results there only rely on quantities like∑
z∈Z EP

[
mP

θ (γ,u,λ;W )
∣∣Z = z

]
which are invariant to the choice of ℓ⋆d. The individual

moment functions, however, are not themselves invariant and so, the choice can be conse-
quential for the estimation and efficiency results below. For computational convenience, we
will continue to estimate the moment functions m using arbitrary measurable selections of
optimal inner dual multipliers,20 but we will now be more particular about the inner dual mul-
tipliers used in the definition of their population counterparts, which will allow us to avoid
imposing needlessly strong restrictions on P .

To this end, define M⋆
P as the set of moments optimal for (5.1), including all possible

optimal selections of both the outer and inner problems, subject only to bounds that hold
over all S-compatible P . Precisely, withW := Y ×D×Z , define

M⋆
P :=



measurable
m :W→R

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∑
z∈Z EP [m (W )|Z = z] = 0 , and

m (y, d, z) = 1{d= d⋆} ℓ0,(z) (y) + ℓd,(z) (y) +
λ

⊺
aS

|Z| :

measurable ℓ0, ℓd1
, . . . , ℓd|D| : Y →RZ≥0 : ∀y ∈ Y,

∥ℓ0 (y)∥∞ ≤ ∥c0(y)∥∞ and R
⊺
d⋆ℓ0 (y)≥ c0 (y) ,

∥ℓd (y)∥∞ ≤ ∥ud∥∞ and R
⊺
dℓd (y)≥ ud ∀d ∈D,

u ∈ C, λ≥ 0, ∥(u,λ)∥∞ ≤Bθ,

and c0 (y) =
(
κ (y)− θ̄ (P )

)
cA −A

⊺
Sλ−

∑
d∈D

ud .


.

In the remainder, when we require that there exists a population optimizer satisfying some
requirement, we will simply say that there exists m ∈M⋆

P meeting that requirement.

5.1. A Model-Compatible “Plug-in” Estimator: Consistency and Limitations. Given
the characterization of θ̄ (P ) provided in Theorem 4.1, a natural approach is to obtain esti-
mates p̌d;n of the observed sub-densities pd and solve the convex program (4.7), with p̌d;n in
place of the unknown true pP

d . In our setting, however, this familiar “plug-in” approach faces
two immediate complications.

First, when Y is not finitely-supported, suitably estimating pd generally requires p̌d;n to
be obtained via smoothing, or some other form of regularization, which can lead to bias. Sec-
ond, even when QS (P ) ̸= ∅, the estimated observed-data distribution P̌n induced by these
p̌d,n may not be compatible with S in finite samples, leading to empty identified sets. When
P lies on the “boundary” of the set of S-compatible observed-data distributions, QS

(
P̌n

)
may remain empty with nontrivial probability even in large samples. A natural solution to
this second problem is to project

(
p̌d,n

)
d∈D onto the set of “S-compatible sub-densities” to

obtain a compatible estimate
(
p̃d,n

)
d∈D that allows us to construct a suitable observed-data

distribution P̃n, with pP̃n

d = p̃d,n for each d, such that QS(P̃n) ̸= ∅. With such a P̃n in hand,

20This measurability requirement is naturally satisfied by the estimated moment functions computed using the
basis-extension approach of Algorithm 3.1, while allowing the algorithm itself to be implemented using arbitrary
solutions provided by any linear programming solver.
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we can now obtain a compatible plug-in ˜̄θn by solving (4.7) with p̃d,n in place of pP
d , i.e.

˜̄θn := θ̄(P̃n) . (5.2)

To formalize and operationalize this construction, I now make our requirements on P̃n

concrete and provide a feasible procedure for computing (5.2). First, note that P is fully
determined by the sub-density vectors

(
pP
d

)
d∈D , which determine the conditional distribu-

tions (Y,D) |Z = z for z ∈ Z , and the marginal distribution PZ of Z . Next, define the set of
S-compatible sub-densities as

CS :=

(bd)d∈D∈
∏
d∈D

L1 (µ,R≥0)Z

∣∣∣∣∣∣∣∣∣
∃π∈Rπ, (xd)d∈D∈

∏
d∈D

L1 (µ,R≥0)T :∫
Y xd dµ= π ∀d,

∑
d∈D

∫
Y bd dµ= 1,

Rdxd (y)≤ bd (y) ∀d, y.

 , (5.3)

and note that, as derived in the discussion immediately following Lemma 3.1, the require-
ments imposed in the definition of CS ensure that (i) (bd)d∈D is a stacked vector of sub-
densities, and (ii) by (3.1), any P satisfying Condition D with

(
pP
d

)
d∈D ∈ CS must also have

QS (P ) ̸= ∅. In this sense, CS provides a suitable formalization of the notion of the set of “S-
compatible sub-densities”, as required. Note, however, that projection onto CS is generally
an infinite-dimensional operation when Y is continuous, depending on the density estima-
tor used to construct P̌n. See Remark 5.1 below for a convenient construction that allows
compatibility to be imposed using a single linear program.

Finally, for any observed data law P ′, with P ′d|z≪ µ for all d ∈D, z ∈Z , define

∆
(
P ′, P

)
:=
∑
d∈D

∑
z∈Z

∫
Y

∣∣∣pP ′

d|z (y)− p
P
d|z (y)

∣∣∣ dµ(y) ,
which is the distance between the conditional sub-density vectors induced by P ′ and P , under
the vector-valued L1 metric induced by the ℓ1 norm, and will serve, for our purposes, as an
appropriate metric by which P̃n must approximate P . As an aside, I also note that

∆
(
P ′, P

)
= 2

∑
z∈Z

TV
(
P ′(Y,D)|Z=z, P(Y,D)|Z=z

)
,

where TV denotes the total-variation distance.
In the remainder, we will assume that P̃n satisfies the following requirements.

Assumption 5.2. For every n, P̃n is a distribution of (Y,D,Z) that satisfies:

(i)
(
pP̃n

d

)
d∈D

=:
(
p̃d;n

)
d∈D ∈ CS ,

(ii) P̃Z;n = P̂Z;n ,

(iii) ∆
(
P̃n, P

)
P−→ 0 .
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As mentioned above, the first requirement ensures that QS(P̃ ) ̸= ∅ and the other two
requirements ensure that P̃n can still serve as a suitable approximation for P . We now have
the following result, which shows that, under these conditions, ˜̄θn is consistent.

Theorem 5.1. Suppose P satisfies Condition D and S satisfies Condition CP. Then, under
Assumptions 5.1 and 5.2,

˜̄θn
P−→ θ̄ (P ) .

Proof . See Appendix B.1.2. ■

Remark 5.1 (Computation of ˜̄θ). The theoretical results in this section permit P̌n to be any
preliminary estimator satisfying the specified rate, µ-measurability, and other conditions, as
needed for each result. In practice, however, with continuous Y , projection onto CS, the set
of S-compatible sub-densities, may not be tractable for all estimators.

One convenient way to render this step tractable is to construct the estimate P̌n using
conditional sub-densities estimated using products of triangular hat functions on a common
grid. In this case, we can impose linear coefficient restrictions that ensure the entire fitted sub-
density vector lies in CS. Under Condition CP, computing the minimum (in ℓ1) coefficient
adjustment required to satisfy these restrictions is a linear program. I provide the explicit
construction in Appendix E, where the convergence rate of this estimator is established, and
other computational details are discussed. ♦

5.1.1. Limitations of the Plug-In Estimator. In the remainder, suppress the dependence of
P̃ and P̂ on n.

Our construction of P̃ above enables us to overcome the challenges described earlier and
define a coherent and operationalizable notion of “plug-in” estimation that is suitable for our
setting. P̃ can be a biased estimator of P , however, and may converge at a rate slower that
root-n. Moreover, θ̄ (P ) is not generally first-order insensitive to perturbations in P and so,
poor estimation of P can translate to poor estimation of θ̄ (P ).

Finally, a further complication arises from the fact that ˜̄θn is defined as the root of a de-
creasing function that is itself the infimum of an estimated function, which can lead ˜̄θn to be
biased downward in finite samples. To see this, first note that (5.2) implies, by definition, that
˜̄θn is the unique21 value of γ that satisfies

0 =Ψ
(
γ; P̃

)
.

21Under the assumption that min
Q∈QS(P̃ )

c
⊺
AπQ > 0 which holds w.p.a.1 under Assumptions 5.1 and 5.2,

but can fail in finite-samples.
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Moreover, as noted in Remark 4.1, under Condition CP and Assumption 5.1, we have that

Ψ
(
γ; P̃

)
= min

u∈C,λ≥0
∥(u,λ)∥∞≤Bθ

∑
z∈Z

EP̃

[
mP̃

θ (γ,u,λ;W )
∣∣∣Z = z

]
, (5.4)

which is the minimum of an estimated function and so, can itself suffer from potentially
severe downward bias in finite samples because sample optimizers can be selected based on
realized sampling error, as has been noted in the related literature.22. Finally, by Theorem 4.1,
we have that, under these conditions, Ψ(γ;P ) is a strictly decreasing function of γ, which
implies that

Ψ
(
θ̄ (P ) ;P

)
= 0=Ψ

(
˜̄θn; P̃

)
<Ψ

(
˜̄θn;P

)
=⇒ θ̄ (P )> ˜̄θn ,

thereby transmitting the downward bias of Ψ
(
γ; P̃

)
to its root ˜̄θn.

In the next subsection, I propose a bias-corrected estimator motivated by these concerns.

5.2. A Bias-Corrected Estimator. We begin this section by noting that ˜̄θ can generally be
obtained by solving (4.7) (with P̃n in place of P ) by convex optimization methods, using
Algorithm 4.1 to evaluate the pointwise support functions and recover associated inner dual
multipliers, which also yields the moment function mP̃

θ and optimizers ũ := u(˜̄θ, P̃ ), λ̃ :=

λ(˜̄θ, P̃ ) associated with the solution, such that

Ψ̄
(
˜̄θ; P̃

)
=
∑
z∈Z

EP̃

[
mP̃

θ

(
˜̄θ, ũ, λ̃;W

)∣∣∣Z = z
]
= 0 .

This (4.7) based approach relies on the dual representation (4.5b) of Ψ̄ (γ;P ) but, as noted
earlier, Ψ̄ (γ;P ) also has the primal representation (4.5a). Indeed, it is also possible to obtain,
from the outputs of Algorithm 3.1, a primal solution (η̃, π̃) such that

Ψ̄
(
˜̄θn; P̃

)
= max

(xη,xπ)∈Υd(P̃ ):

xπ∈Π(P̃ )

{
c
⊺
Axη − γc

⊺
Axπ

}
= c

⊺
Aη̃ − ˜̄θnc

⊺
Aπ̃ = 0 .

Since the feasible set for the primal problem does not depend on γ, we also have that

Ψ̄
(
γ; P̃

)
≥ c

⊺
Aη̃ − γc

⊺
Aπ̃ =−c⊺Aπ̃

(
γ − ˜̄θn

)
,

where the last equality uses c⊺Aη̃ =
(
c
⊺
Aπ̃
) ˜̄θn. The inequality above holds with equality when

γ = ˜̄θn and so, −c⊺Aπ̃ ∈ ∂γΨ̄
(
˜̄θn; P̃

)
, where ∂γ denotes the subdifferential. Note that, in

general, neither the primal nor dual solutions are necessarily unique. When the optimal con-
ditioning probability c

⊺
Aπ̃ is unique, Ψ̄

(
γ; P̃

)
is differentiable with respect to γ at its root

˜̄θn, and −c⊺Aπ̃ is its γ-derivative.

22For example, see the discussions in Manski and Pepper (2000, 2009); Haile and Tamer (2003); Kreider and
Pepper (2007); Chernozhukov et al. (2013). In particular, the approach proposed by Chernozhukov et al. (2013)
suggests an alternative solution to this problem, based on inverting the inclusion test proposed in Theorem 4.2 to
obtain a half-median-unbiased estimator.
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5.2.1. The Correction. In order to motivate a suitable correction for ˜̄θn, first suppose that
P and P̃ are such that Ψ̄ (γ;P ) admits a first-order expansion around

(
˜̄θn, P̃

)
, and that a

suitable envelope theorem applies. Then, we can linearize the estimation equation for θ̄ (P )
around

(
˜̄θn, P̃

)
as follows,

0 = Ψ̄
(
θ̄ (P ) ;P

)
≈ Ψ̄

(
˜̄θn; P̃

)
+
∑
z∈Z

(
PZ=z − P̃Z=z

)
mP̃

θ

(
˜̄θn, ũ, λ̃n; ·

)
−
(
c
⊺
Aπ̃
)(
θ̄ (P )− ˜̄θn

)
,

where, for integrable functions f ,(
PZ=z − P̃Z=z

)
f (·) := EP [f(W ) |Z = z]−EP̃ [f(W ) |Z = z] .

Solving for θ̄ (P ) and using Ψ̄
(
˜̄θn; P̃

)
=
∑

z EP̃

[
mP̃

θ

(
˜̄θn, ũ, λ̃;W

)∣∣∣Z = z
]
= 0 yields

θ̄ (P )≈ ˜̄θn +
1

c⊺Aπ̃

∑
z∈Z

EP

[
mP̃

θ

(
˜̄θn, ũ, λ̃;W

)∣∣∣Z = z
]
. (5.5)

Although the linearization used to obtain (5.5) relies on regularity conditions that will not
generally be imposed in the remainder, the resulting correction also possesses several proper-
ties that are desirable for one-sided control, based on primal-dual inequalities that do not rely
on differentiability. To see this, first note that the feasible set over which the infimum in (5.4)
is taken does not depend on γ or P , we have that the P̃ -optimal moment remains feasible at
the true P , yielding the following weak-duality inequality∑

z∈Z
EP

[
mP̃

θ

(
˜̄θn, ũ, λ̃;W

)∣∣∣Z = z
]
≥Ψ

(
˜̄θ;P

)
.

Next, consider a parent distributionQ ∈QS (P ) such that θQ = θ̄ (P ), in which case we have
c
⊺
Aη

Q
d⋆ = θ̄ (P )c

⊺
Aπ

Q, which yields

Ψ
(
˜̄θ;P

)
≥ c

⊺
Aη

Q
d⋆ − ˜̄θc

⊺
Aπ

Q =
(
θ̄ (P )− ˜̄θ

)
c
⊺
Aπ

Q ,

where the first inequality follows from the primal representation (4.5a) of Ψ(γ;P ). Together,
the inequalities in the last two displays imply that, for every such endpoint-optimal parent,∑

z∈Z
EP

[
mP̃

θ

(
˜̄θ, ũ, λ̃;W

)∣∣∣Z = z
]
≥
(
θ̄ (P )− ˜̄θ

)
c
⊺
Aπ

Q , (5.6)

without any differentiability requirements. Now, substituting this inequality into the right
hand side of (5.5), we get, for any such parent distribution Q,

˜̄θn +
1

c⊺Aπ̃

∑
z∈Z

EP

[
mP̃

θ

(
˜̄θn, ũ, λ̃;W

)∣∣∣Z = z
]

≥ ˜̄θn +
θ̄ (P )− ˜̄θn

c⊺Aπ̃
c
⊺
Aπ

Q = θ̄ (P ) +

(
˜̄θn − θ̄ (P )

)(
c
⊺
Aπ̃− c

⊺
Aπ

Q
)

c⊺Aπ̃
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≥ θ̄ (P )−

∣∣∣ ˜̄θn − θ̄ (P )∣∣∣ ∣∣c⊺Aπ̃− c
⊺
Aπ

Q
∣∣

c⊺Aπ̃
, (5.7)

where the equality in the penultimate line follows from adding and subtracting θ̄ (P ), then
simplifying.

5.2.2. The Estimator. Since the expectation in (5.5) is taken with respect to the true P ,
which is unknown, we need to evaluate the moment term in (5.5) at a suitable estimated dis-
tribution, in order to operationalize the correction suggested by our derivation above. There-
fore, we will estimate the correction term by evaluating the expectation in its numerator on
held-out data.

To formally define the bias-corrected estimator, I introduce the following notation. Ran-
domly partition the sample into K folds I1, . . . , IK ⊆ [n], for fixed K ≥ 2, and define
n(k) := |Ik| and n

(k)
z := | {i ∈ Ik |Zi = z} |. For each k, define P̂ (k) and P̃ (k) as the ver-

sions of P̂ and P̃ , respectively, defined using the subsample {(Yi,Di,Zi)}i∈Ik , define P̂ (−k)

and P̃ (−k) as the analogous versions defined using {(Yi,Di,Zi)}i∈[n]\Ik , and extend the re-

maining notation accordingly. Finally, define the bias-corrected estimator ˆ̄θ(CF)
n as follows,

ˆ̄θ(CF)
n :=

K∑
k=1

n(k)

n

 ˜̄θ(−k)n +
1

c⊺Aπ̃
(−k)

∑
z∈Z

1

n
(k)
z

∑
i∈Ik:
Zi=z

mP̃ (−k)

θ

(
˜̄θ(−k)n , ũ(−k), λ̃(−k);Wi

) .

In the remainder, I assume that the folds are selected independently of the data and, for
each k ∈ {1, . . . ,K}, |Ik|> 0 and n(k)

n → ck for some ck ∈ (0,1). Throughout, in all results

involving ˆ̄θ
(CF)
n , conditions imposed on P̃ , including Assumption 5.2, will be understood to

hold for each P̃ (−k).

5.2.3. Consistency and Root-n Control of Inward Error. First, we have that ˆ̄θ(CF)
n is con-

sistent under essentially the same conditions needed for consistency of ˜̄θn.

Theorem 5.2. Suppose P satisfies Condition D and S satisfies Condition CP. Then, under
Assumptions 5.1 and 5.2,

ˆ̄θ(CF)
n

P−→ θ̄ (P ) .

Proof . See Appendix B.1.3. ■

In order to control inward error, we need the following technical regularity condition that
permits continuous, discrete (finitely-supported), and mixed distributions.

Assumption 5.3. Under P , the conditional distribution of κ (Y ) given D = d⋆ has an essen-
tially bounded density with respect to the Lebesgue measure, with the exception of finitely
many atoms.



36

Informally, Assumption 5.3 restricts how much probability can concentrate on small inter-
vals of κ (Y ).23 Recall that {x}− := min{x,0}. We now have the following result formal-
izing the sense in which the inward error of ˆ̄θ

(CF)
n is controlled at root-n scale. Importantly,

note that this result imposes no differentiability requirements on the extreme residual Ψ or
on the endpoint functional θ̄ (P ) itself and so, holds even in highly irregular cases.

Theorem 5.3. Suppose P satisfies Condition D, S satisfies Condition CP, and

∆
(
P̃,P

)
=OP

(
n−1/3

)
. (5.8)

Then, under Assumptions 5.1 to 5.3,
√
n
{
ˆ̄θ(CF)
n − θ̄ (P )

}
−
=OP (1) .

Proof . See Appendix B.1.4. ■

The rate requirement (5.8) is fairly mild and does not require the sub-densities to be esti-
mated at root-n rate. In particular, it does not necessarily impose any higher order smoothness
requirements on the outcome (sub-)densities: when Y is a continuous scalar, the estimator
discussed in Remark 5.1, with bandwidth sequence hn ≍ n−1/3, achieves (5.8) whenever Y
has bounded Lipschitz sub-densities (see Appendix E). When the conditioning probability
P (T ∈A) is point-identified under S,24 the conclusion of Theorem 5.3 continues to hold
even without Assumption 5.3, and with (5.8) weakened to ∆

(
P̃n, P

)
=OP

(
n−1/4

)
.

5.2.4. Root-n Consistency and Gaussianity. For each k ∈ {1, . . . ,K}, d ∈ D and z ∈ Z ,
define the signed product error

Rk,d,z

(
P̃,P ;m

)
:=

∫
Y

[
pPd|z (y)− p

P̃ (−k)

d|z (y)
]

×
[
mP̃ (−k)

θ

(
˜̄θ(−k)n , ũ(−k), λ̃(−k);y, d, z

)
−m (y, d, z)

]
dµ(y) .

For root-n consistency of ˆ̄θ(CF)
n , we need the following additional assumption, on the control

of the outward error of the sum of these signed errors.

Assumption 5.4 (Approximation of Optimizer Sequence). For k ∈ {1, . . . ,K}, there exists a
measurable sequence m(k)

n;P ∈M⋆
P such that{∑

d∈D

∑
z∈Z

Rk,d,z

(
P̃,P ;m

(k)
n;P

)}
+

= OP

(
n−1/2

)
.

Under (5.8), which requires that P̃ suitably approximates P at rate n−1/3, a simple suf-
ficient condition for Assumption 5.4 is that each fold’s estimated optimal moment function

23The main role of this assumption is to rule out cases where κ (Y ) has a density that diverges near a point
(e.g., a Beta distribution with a shape parameter less than 1, which has a “bathtub” shaped density).

24In the strong (“generic”) sense of the row-span condition required by Proposition 4.3(ii).
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mP̃
θ

(
˜̄θn, ũ, λ̃; ·, ·, ·

)
approaches a population optimal moment function at rate n−1/6, uni-

formly over (y, d, z); uniformity is not necessary, however, since poor approximations of the
optimal moment on “low probability” regions of Y (e.g., due to changes in optimal bases
across P̃ and P ) may contribute only negligibly to the integrated product error Rk,d,z .

Theorem 5.4. Suppose P satisfies Condition D, S satisfies Condition CP, and (5.8) holds.
Then, under Assumptions 5.1 to 5.4,

√
n
(
ˆ̄θ(CF)
n − θ̄ (P )

)
=OP (1) .

Proof . See Appendix B.1.5. ■

For asymptotic Gaussianity, we need significantly stronger stability and remainder control
conditions, which replace Assumptions 5.3 and 5.4, as follows.

Assumption 5.5. There exists p†A (P ) ∈ (0,1] such that, for all Q ∈QS (P ) with θQ = θ̄ (P ),

c
⊺
Aπ

Q = p†A (P ) .

Assumption 5.6 (Common Score of Optimal Moments). For m1,m2 ∈M⋆
P and z ∈Z ,

m1 (Y,D, z)−EP [m1 (W ) |Z = z] =m2 (Y,D, z)−EP [m2 (W ) |Z = z] ,

PY,D|Z=z-almost surely.

Assumption 5.7. For k ∈ {1, . . . ,K}, there exists a measurable sequence m(k)
n;P ∈M⋆

P such

that ∆
(
P̃,P

)∣∣c⊺Aπ̃(−k) − c
⊺
Aπ

Q
∣∣= oP

(
n−1/2

)
for some Q∈QS (P ) with θQ=θ̄ (P ), and{∑

d∈D

∑
z∈Z

Rk,d,z

(
P̃,P ;m

(k)
n;P

)}
+

= oP

(
n−1/2

)
.

The product rate requirement is easily satisfied when Y is finite since ∆
(
P̃,P

)
=

OP

(
n−1/2

)
also implies a oP (1) denominator error. More generally, the n1/3 rate of (5.8)

together with oP (n−1/6) denominator error can deliver the required product rate.
Under Assumptions 5.5 and 5.6, define (with PZ(z) := P (Z = z)) the conditionally cen-

tred score ϕP as

ϕP (W ) :=
m (W )−EP [m (W ) |Z]

PZ (Z)p†A (P )
, (5.9)

for any m ∈M⋆
P , with ϕP (W ) invariant to choice of m under Assumption 5.6.
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Theorem 5.5. Suppose P satisfies Condition D and S satisfies Condition CP. Then, under
Assumptions 5.1, 5.2 and 5.5 to 5.7,

√
n
(
ˆ̄θ(CF)
n − θ̄ (P )

)
=

1√
n

n∑
i=1

ϕP (Wi) + oP (1)⇝N
(
0,EP

[
ϕ2P (W )

])
.

Proof . See Appendix B.1.6. ■

5.3. Efficient Estimation.

5.3.1. Preliminaries and Statistical Model. In the remainder, I will generally assume that
PZ is entirely unknown and estimated from the data; where relevant, I will provide the mi-
nor modifications required to adapt the following results to the case where the assignment
probabilities are known a priori (as in, e.g., a randomized controlled trial).

Let ν be the product measure on Y×D×Z produced by µ on Y and the counting measure
on D×Z . Define the observable law (statistical) model

PS :=

{
P ≪ ν

∣∣∣∣PZ (z)> 0 ∀z ∈Z, QS (P ) ̸= ∅, min
Q∈QS(P )

c
⊺
Aπ

Q > 0

}
.

If assignment probabilities are known, then take PS to be the submodel that only includes P
with PZ equal to the known probabilities.

In order to state the efficiency results precisely, I now formally define several notions
from the semiparametric estimation literature that are relevant to our efficiency theory. For
a detailed discussion of these notions, see Van Der Vaart (1998, Section 25.3) and Bickel,
Klaassen, Ritov, and Wellner (1998, Chs. 3 and 5.2). Denote the set of mean zero square-
integrable functions by L2

0 (P ) :=
{
s ∈ L2 (P )

∣∣EP [s (W )] = 0
}

.

Definition 5.1 (Quadratic-mean Differentiable Paths and Tangent Space). A two-sided path
through P in PS is a map t 7→ Pt such that P0 = P and, for some ϵ > 0, Pt ∈PS for
all t ∈ (−ϵ, ϵ). Denoting by rt := dPt

dν the Radon-Nikodym derivative of Pt with respect to
ν, we will say that such a path is quadratic mean differentiable (QMD) at zero with score
s ∈ L2

0 (P ) iff, as t→ 0, ∥∥∥∥√rt −√r0t
− 1

2
s
√
r0

∥∥∥∥
L2(ν)

→ 0 .

Finally, define the tangent set of PS at P as the set consisting of scores of all such QMD
paths through P , and define the tangent space ṖP

S of PS at P as the closed linear span in
L2 (P ) of this tangent set.

With this definition in hand, we can now define the notion of parameters being “pathwise
differentiable” with respect to the data distribution P , relative to our model PS, as follows.

Definition 5.2 (Pathwise Differentiability and Efficient Influence Function). For any Banach
space B, we will say that a parameter ϑ : PS → B is pathwise differentiable at P with
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respect to ṖP
S iff there exists a continuous linear map ϑ̇P : ṖP

S → B, called the pathwise
derivative of ϑ at P , such that every two-sided QMD path (Pt)t through P in PS, with score
s ∈ L2

0 (P ), satisfies, as t→ 0,∥∥∥∥1t (ϑ (Pt)− ϑ (P ))− ϑ̇P (s)

∥∥∥∥
B
→ 0 .

When B=R, there exists a (P -almost-surely-)unique g ∈ ṖP
S such that

ϑ̇P (s) = EP [g (W )s (W )] ∀s ∈ ṖP
S , (5.10)

and we refer to g as the efficient influence function (EIF) ϕ∗P ;ϑ of ϑ at P .

In the above definition, the existence and uniqueness of such a g follows from the Riesz
representation theorem, and given a scalar parameter ϑ that is pathwise differentiable at P ,
with influence function g, its EIF ϕ∗P ;ϑ is the orthogonal projection of g onto ṖP

S .
We are now ready to formally define the notion of asymptotic efficiency that we will work

with in the remainder.

Definition 5.3 (Asymptotic Linearity, Regularity, and Efficiency). An estimator Tn for pa-
rameter ϑ : PS → R is said to be asymptotically linear at P , with influence function
g ∈ L2

0 (P ), iff
√
n (Tn − ϑ (P )) = 1√

n

∑n
i=1 g (Wi) + oP (1).

Tn is said to be regular at P in PS iff there exists a distribution L such that, for every
two-sided path (Pt)t, through P in PS, that is differentiable in quadratic mean at zero, and
every fixed h ∈R, under Ph/

√
n,

√
n
(
Tn − ϑ

(
Ph/
√
n

))
⇝L . (5.11)

If, at P , ϑ is pathwise differentiable and Tn is regular, then Tn is asymptotically efficient at
P iff (5.11) holds with

L =N
(
0,EP

[
ϕ∗P ;ϑ (W )2

])
.

These definitions provide the foundation needed to formally assess the efficiency of ˆ̄θ(CF)
n .

In the remainder of the main text, we will write ϕ∗P := ϕ∗
P ;θ̄

. First, note that, for any regular
asymptotically linear estimator of θ̄, with influence function g, we have

EP

[
g (W )2

]
= EP

[
ϕ∗P (W )2

]
+EP

[
(g (W )− ϕ∗P (W ))2

]
,

since EP [ϕ∗P (W ) (g (W )− ϕ∗P (W ))] = 0 as ϕ∗P is the orthogonal projection of g = ϕ∗P +

(g− ϕ∗P ) onto ṖP
S . Therefore, any such estimator is efficient if and only if its influence

function is P -almost-surely equal to ϕ∗P . In the remaining subsections, I characterize ϕ∗P and
provide additional conditions under which (i) ˆ̄θ

(CF)
n is regular, with influence function equal

to the function ϕP introduced earlier, and (ii) ϕP coincides with ϕ∗P .
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5.3.2. A Semiparametric Efficiency Bound for Sharp Bounds on Conditional Means. In or-
der to characterize efficiency at P in PS, we first need to obtain a suitable characterization of
the tangent space ṖP

S of PS at P , the closed linear span in L2 (P ) of the set of scores gen-
erated by two-sided QMD paths through P in PS. First, recall CS, the set of S-compatible
sub-densities defined in (5.3) above, and note that for any path t 7→ Pt, we have

Pt ∈PS ⇐⇒ Pt;Z > 0, min
Q∈QS(Pt)

c
⊺
Aπ

Q > 0 and (pPt

d )d∈D ∈ CS.

Since we already impose the first two requirements at P = P0 ∈PS, and since hΠ as given in
Theorem 3.2 is a continuous function of

(
pP
d

)
d∈D , we must have that any QMD path satisfies

Pt;Z > 0 and minQ∈QS(Pt) c
⊺
Aπ

Q = −hΠ(Pt) (−cA) > 0 for sufficiently small t. Therefore,
the final requirement, that the conditional sub-densities associated with such a path must lie
in CS is the substantive requirement. This suggests examining the conditions under which
a QMD path Pt has conditional sub-densities that lie in CS. Note that for any such path,
we have rt (y, d, z) = Pt;Z (z)pPt

d|z (y), with r0 (y, d, z) := PZ (z)pPd|z (y). We now have the
following lemma that derives some useful pathwise derivatives.

Lemma 5.2. Suppose P ∈PS. Then, pPd|z :PS→ L1 (µ) , PZ :PS→ RZ and r0 :PS→
L1 (ν) are pathwise differentiable. Along any two-sided QMD path (Pt)t through P in PS,
with score s ∈ L2

0 (P ),
25

ṗPd|z (s) (y) = pPd|z (y) (s (y, d, z)−EP [s (W ) |Z = z]) ,

ṖZ (s) (z) = PZ (z)EP [s (W ) |Z = z] ,

ṙ0 (s) (y, d, z) = r0 (y, d, z)s (y, d, z) ,

and, with hs (y, d, z) := s (y, d, z)−EP [s (W ) |Z = z], as t→ 0,

∑
d∈D,z∈Z

PZ (z)

∥∥∥∥∥∥∥
√
pPt

d|z −
√
pPd|z

t
− 1

2
hs (·, d, z)

√
pPd|z

∥∥∥∥∥∥∥
2

L2(µ)

→ 0 . (5.12)

Proof . See Appendix B.1.7 ■

Given s ∈ L2
0 (P ), Lemma 5.2 suggests decomposing s orthogonally, with hs as defined

there, into s (y, d, z) = hs (y, d, z) + EP [s (W ) |Z = z], where z 7→ EP [s (W ) |Z = z] re-
flects changes in the assignment probabilities and hs reflects changes in the sub-densities pd.
Therefore, hs is the component of s that is constrained by the requirement that (pPt

d )d∈D ∈
CS. For s ∈ L2

0 (P ), define ṗP
d (s) :=

(
pPd|zhs (·, d, z)

)
z∈Z

and ṗP (s) :=
(
ṗP
d (s)

)
d∈D .

25Note that the lemma, as written, does not depend on whether or not assignment probabilities are known.
However, if the assignment probabilities are known, then s will necessarily satisfy EP [s (W ) |Z = z] = 0 for all
z ∈Z , and ṖZ will be zero, as required.
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In order to characterize ṖP
S , we first define a suitable “tangent space” Ċ P

S of CS at P .
Precisely, noting that ṗd|z (s) (y) = pPd|z (y)hs (y, d, z) = 0 whenever pPd|z (y) = 0, define the
ambient space of sub-density perturbations at P , denoted HP , as

HP :=

(bd)d∈D =
((
bd|z
)
z∈Z

)
d∈D

∣∣∣∣∣∣∣∣∣∣
bd|z ∈ {Y →R} measurable ,
bd|z(y) = 0 ∀y with pPd|z(y) = 0 ,∑
d∈D,z∈Z

PZ (z)

∫
{pP

d|z(y)>0}

bd|z(y)
2

pd|z(y)
dµ(y)<∞ .


and endow it with the norm ∥ · ∥P , defined, for b= (bd)d∈D , as

∥b∥P :=

 ∑
d∈D,z∈Z

PZ (z)

∫
{y |pP

d|z(y)>0}

bd|z(y)
2

pd|z(y)
dµ(y)

1/2

.

Then, for every b= (bd)d in HP , there exists a P -almost-surely-unique h ∈ L2 (P ) such that
bd|z (y) = pd|z (y)h(y, d, z),26 with

∥b∥P =

√
E
[
h (W )2

]
= ∥h∥L2(P ) .

Conversely, given any h ∈ L2 (P ), we have that
((
pd|z(·)h(·, d, z)

)
d∈D

)
z∈Z
∈HP , with its

norm unchanged. Therefore, the mapping h 7→
((
pd|z(·)h(·, d, z)

)
d∈D

)
z∈Z

defines a linear

bijective isometry between L2 (P ) and HP , making HP a Hilbert space. By construction, we
have that for any s ∈ L2

0 (P ) such that there exists a two-way QMD path (Pt)t through P
in PS with score s, the pathwise derivative ṗP(s) is in HP . We now define Ċ P

S ⊆ HP as
the closed linear span in HP of the set of ṗP(s) generated by scores s of such paths. Note
that ṗP(s) is a vector of pathwise derivatives in L1 (µ), as given in Lemma 5.2, whereas the
closure in the definition of Ċ P

S is in the norm corresponding to L2 (P ) scores. This yields the
following representation of ṖP

S , which will prove useful.
Define LP :=

{
s ∈ L2

0(P )
∣∣EP [s(W ) |Z = z] = 0 ∀z ∈Z

}
if the assignment probabili-

ties are known, and set LP := L2
0 (P ) otherwise.

Lemma 5.3. Suppose S satisfies Condition CP and P ∈PS. Then,

ṖP
S =

{
s ∈ LP

∣∣∣ ṗP(s) ∈ Ċ P
S

}
.

In particular, s ∈ ṖP
S if and only if there exists as :Z →R and hs ∈ L2

0 (P ) such that∑
z∈Z

PZ (z)as (z) = 0, EP [hs (W ) |Z] = 0 a.s.,
((
pPd|z (·)hs (·, d, z)

)
d∈D

)
z∈Z
∈ Ċ P

S ,

and s (y, d, z) = as (z) + hs (y, d, z), with as(z) = 0 for every z ∈Z when PZ is known.

26Simply take h (y, d, z) := bd|z(y)/pd|z(y) whenever pd|z(y) > 0 and 0 otherwise. Any other solution to
bd|z (y) = pd|z (y)h(y, d, z) must agree with this one wherever pd|z(y)> 0, hence P -almost-surely.
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Proof . See Appendix B.1.8. ■

This result already explicitly characterizes the assignment component of the scores that
belong to ṖP

S , as the space of all functions a :Z →R with EP [a (Z)] = 0. Informally, with
estimated PZ ,27 the set of allowable first-order perturbations ṖZ of the assignment probabili-
ties at P under PS is the set of all ṖZ satisfying

∑
z∈Z ṖZ (z) = 0. Therefore, we now focus

on Ċ P
S .

In order to provide a more concrete characterization of Ċ P
S , we will work with the char-

acterization of Πd given in Lemma 3.3. Let Ad be as given by Lemma 3.3, with rows
{ad,1, . . . ,ad,kd

}, and define Jd (P ) as the subset of rows of Ad that bind at P , i.e.

JP
d :=

{
j

∣∣∣∣a⊺
d,jπ =

∫
Y
hd (ad,j ;pd (y))dµ(y) ∀π ∈Π (P )

}
.

Next, let Ad,JP
d

be the submatrix of Ad consisting of the rows in JP
d , and define, for y ∈ Y ,

the pointwise face FP
d (y) as

FP
d (y) :=

x≥ 0

∣∣∣∣∣∣
Rdx= pP

d (y) , Ad,JP
d
x= hd

(
Ad,JP

d
;pd (y)

)
,

x(τ ) = 0 ∀τ ∈ T with max
π∈Π(P )

π(τ ) = 0.

 .

The main utility of defining FP
d (y) is that, informally, any allowable first-order perturba-

tion ṗP
d of pP

d must be supported by a “latent perturbation” q̇d =
(
q̇d|τ

)
τ∈T that satisfies

q̇d|τ (y) = 0 whenever supx∈FP
d (y)x(τ ) = 0. This must hold for all d ∈ D and these latent

perturbations must be mutually compatible with each other and the restrictions on π that are
binding at P , in the sense formalized in the next result.

Define the set of rows of AS, the coefficient matrix in the definition ofRπ under Condition
CP, corresponding to inequalities that hold with equality throughout Π (P ),

JP
S :=

{
j
∣∣∣A⊺

S,(j,·)π = aS,(j) ∀π ∈Π (P )
}
,

and denote by AS,JP
S

the submatrix of AS consisting of the rows in JP
S . We now have the

following explicit characterization of Ċ P
S , and therefore of ṖP

S .

Theorem 5.6. Suppose S satisfies Condition CP and P ∈PS. Then,

Ċ P
S =

(Rdq̇d)d∈D ∈HP

∣∣∣∣∣∣
(q̇d)d∈D ∈

∏
d∈D

L1 (µ)T , q̇d|τ (y) = 0 ∀y : sup
x∈FP

d (y)

x(τ ) = 0,

∃π̇ ∈ ker
(
AS,JP

S

)
: ∀d ∈D,

∫
Y q̇d (y) dµ (y) = π̇ .

 .

Proof . See Appendix B.1.9 ■

With this result in hand, we are now well-equipped to derive the efficient influence func-
tion. First, define 0 < p⋆

A
(P ) ≤ p⋆A (P ) ≤ 1 as the endpoints of the interval of conditioning

27When assignment probabilities are known, then we must have ṖZ = 0.
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probabilities that can support the sharp upper bound, i.e.[
p⋆
A
(P ) , p⋆A (P )

]
:=
{
c
⊺
Aπ

Q
∣∣Q ∈QS (P ) : θ

Q = θ̄ (P )
}

=
{
c
⊺
Aπ
∣∣ (η,π) ∈Υdd

⋆ (P ) ,π ∈Π (P ) ,c
⊺
Aη = θ̄ (P )c

⊺
Aπ
}
.

Next, for ṗ ∈ Ċ P
S , define

δP (ṗ) := inf
m∈M⋆

P

∑
d∈D,z∈Z

∫
Y
m (y, d, z) ṗd|z (y) dµ(y) ,

which can be understood as the smallest possible change in the optimal moments in direction
ṗ; note that δP need not be linear, but is always finite, continuous and concave.

In order for an efficient influence function to exist, we need θ̄ (P ) to be pathwise differ-
entiable. In general, however, θ̄ (P ) may only be directionally pathwise differentiable. The
following lemma provides a characterization of the pathwise differentiability of θ̄ (P ).

Lemma 5.4. Suppose S satisfies Condition CP and P ∈PS. Then, for every two-sided QMD
path (Pt)t through P in PS with score s,

lim
t↓0

θ̄ (Pt)− θ̄ (P )
t

= max
p∈[p⋆

A
(P ),p⋆

A(P )]

δP
(
ṗP(s)

)
p

=


δP
(
ṗP(s)

)
p⋆
A
(P )

if δP
(
ṗP(s)

)
≥ 0 ,

δP
(
ṗP(s)

)
p⋆A (P )

if δP
(
ṗP(s)

)
< 0 .

Further, θ̄ (P ) is pathwise differentiable at P with respect to ṖP
S if and only if

δP
(
ṗP(s)

)
=


⟨ṗP,⋆, ṗP(s)⟩P if ⟨ṗP,⋆, ṗP(s)⟩P ≥ 0 ,

p⋆A (P )

p⋆
A
(P )
⟨ṗP,⋆, ṗP(s)⟩P if ⟨ṗP,⋆, ṗP(s)⟩P < 0 ,

(5.13)

where ṗP,⋆ is the unique solution to the strongly concave optimization problem

max
ṗ∈Ċ P

S

{
2δP (ṗ)− ∥ṗ∥2P

}
. (5.14)

Proof . See Appendix B.1.10 ■

We now have the following result.

Theorem 5.7 (Efficient Influence Function and Semiparametric Efficiency Bound). Suppose
S satisfies Condition CP, P ∈PS and the condition (5.13) holds, so that θ̄ (P ) is pathwise
differentiable at P with respect to ṖS. Then, with

ṗP,⋆ =
((
ṗP,⋆d|z

)
z∈Z

)
d∈D

= argmax
ṗ∈Ċ P

S

{
2δP (ṗ)− ∥ṗ∥2P

}
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defined as in Lemma 5.4, the efficient influence function ϕ∗P of θ̄ at P is

ϕ∗P (y, d, z) =


ṗP,⋆d|z

p⋆
A
(P )pPd|z (y)

if pPd|z (y)> 0,

0 otherwise.

Therefore, whenever θ̄ is pathwise differentiable, the semiparametric efficiency bound for
estimating θ̄ (P ) in the model PS is

EP

[
ϕ∗P (W )2

]
=
∥ṗP,⋆∥2P
p⋆
A
(P )2

.

Further, EP [ϕ∗P (W ) |Z = z] = 0 for all z ∈Z .

Proof . See Appendix B.1.11 ■

Corollary 5.1. Suppose S satisfies Condition CP, P ∈PS and Assumption 5.5 holds, so that
p⋆
A
(P ) = p⋆A (P ) = p†A (P ). Then, the following statements are equivalent:

(i) θ̄ is pathwise differentiable at P with respect to ṖS.
(ii) δP is linear on Ċ P

S .
(iii) For any m1,m2 ∈M⋆

P and ṗ ∈ Ċ P
S ,∑

d∈D,z∈Z

∫
Y
(m1 (y, d, z)−m2 (y, d, z)) ṗd|z (y) dµ(y) = 0 .

Suppose, in addition, that these equivalent statements hold. Then, for any m ∈M∗P , the
strongly concave problem (5.14), with unique solution ṗP,⋆, is equivalent to

max
ṗ∈Ċ P

S

2
∑

d∈D,z∈Z

∫
Y
m (y, d, z) ṗd|z (y) dµ(y)− ∥ṗ∥2P

 ,

and the EIF ϕ∗P and semiparametric efficiency bound in Theorem 5.7 reduce to

ϕ∗P (y, d, z) =


ṗP,⋆d|z

p†A (P )pPd|z (y)
if pPd|z (y)> 0,

0 otherwise,

and EP

[
ϕ∗P (W )2

]
=
∥ṗP,⋆∥2P
p†A (P )2

.

Proof . See Appendix B.1.12 ■

5.3.3. Efficiency of Bias-corrected Estimator. ,
For d ∈ D and Q ∈ QS, denote by Rd (y;Q) the matrix obtained from Rd by retaining

only the columns that correspond to response-types τ with qQd|τ (y)> 0.

Assumption 5.8 (Weak Interiority). There exists Q† ∈QS (P ) such that

(i) πQ† ∈ relint (Rπ) ,
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(ii) For every d ∈D,
∫
Y
min
τ∈Td

qQ
†

d|τ (y)dµ(y)> 0,

(iii) For every d ∈D and y ∈ Y ,

col
(
Rd

(
y;Q†

))
= col (Rd)∩

{
v ∈RZ

∣∣∣v(z) = 0∀z ∈Z : pP
d|z (y) = 0

}
.

Denote by ES the set of rows of AS corresponding to inequalities that hold with equality
throughout Rπ , i.e.

ES :=
{
j
∣∣AS;(j,·)π = aS;(j,·) ∀π :ASπ ≤ aS

}
;

ES can be found using a linear programs over the known polytope Rπ (see Appendix E).
Denote by AS,E the submatrix of AS consisting of only the rows in ES, and note that
span (Rπ −Rπ) = ker (AS,E). Informally, we can now characterize the set of two-sided
perturbations of a π ∈ relint (Rπ) that can support an allowed perturbation ṗ in terms of the
globally-binding restrictions of S. Precisely, given π† ∈ relint (Rπ), we have

πQ†
+ tπ̇ ∈Rπ for all sufficiently small |t| ⇐⇒ AS,Eπ̇ = 0 .

The relative interiority of πQ†
ensures that the remaining inequalities implied by S are locally

slack and so impose no additional restrictions on π̇.

Lemma 5.5. Suppose S satisfies Condition CP, P ∈PS, and Assumption 5.8 holds. Then,

Ċ P
S =

{
ṗ∈HP

∣∣∣∣∣ ṗd (y) ∈ col-span (Rd) ∀d ∈D,
∃π̇ ∈ ker (AS,E) : ∀d ∈D,

∫
Y ṗd (y) dµ (y) =Rdπ̇ .

}
.

Proof . See Appendix B.1.13 ■

Theorem 5.8 (Regularity and Efficiency of ˆ̄θ
(CF)
n ). Suppose the conditions of Theorem 5.5

hold. Then, ˆ̄θ(CF)
n is regular at P , with influence function ϕP , as defined in (5.9).

If Assumption 5.8 also holds, then ˆ̄θ
(CF)
n is asymptotically efficient if and only if(

pd|zϕP (y, d, z)
)
z∈Z ∈ col-span (Rd) ∀d ∈D and y ∈ Y , (5.15)

and there exists π̇ ∈ ker (AS,E) such that

(EP [1{D = d}ϕP (W ) |Z = z])z =Rdπ̇ ∀d ∈D . (5.16)

In such cases, ϕ∗P = ϕP and

EP

[
ϕ∗P (W )2

]
=

1

p†A (P )2

∑
z∈Z

Var (m (W ) |Z = z)

PZ (z)
,

for any m ∈M⋆
P .
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Further, (5.15) and (5.16) hold whenever S satisfies

rank


AS,E

Rd1

...
Rd|D|

− rank (AS,E) = |Z| (|D| − 1) , (5.17)

and, in the case where S simply restricts the support of T , (5.17) reduces to

rank


Rd1

...
Rd|D|

= 1+ |Z| (|D| − 1) .

Proof . See Appendix B.1.14 ■

6. Conclusion

This paper presents new specification testing and partial identification results for instru-
mental variable models with multiple levels (or types) of treatment and discrete-valued, ran-
domly assigned, instruments. The proposed framework allows for the partial identification of
a broad class of causal parameters under many different kinds of assumptions about the treat-
ment selection mechanism. Other than random assignment of the instrument, I do not require
any additional restrictions on treatment selection, but allow the analyst to flexibly model se-
lection into treatment. Using a novel geometric characterization of IV mixture models, this
paper provides a characterization of the empirical content and testable implications of such
models, and a a new characterization of the identified set for counterfactual choices, outcome
means, and treatment effects under such models.

I use the aforementioned convex representation to derive a semiparametric efficiency
bound for the estimation of sharp bounds on conditional mean parameters under such mod-
els, and propose a cross-fitted, bias-corrected estimator that attains the bound in suitably
regular cases, while controlling inward error at the root-n rate in irregular cases. The convex
moment characterization of the model specification test and parameter inclusion tests pro-
vided here enable statistical inference using existing moment inequality methods that do not
require discretization of continuous outcomes, such as Chernozhukov et al. (2013, “CLR”)
and Andrews and Shi (2013). I also propose an adaptation of the procedure of CLR that, in
this setting, asymptotically controls size uniformly over any class of data distributions with
instrument assignment probabilities uniformly bounded away from zero, and is consistent
against every fixed alternative. In particular, when the instrument assignment probabilities
are known, the class contains all data distributions P with those assignment probabilities.
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Appendices
Unless otherwise specified, y, d, z,τ range over Y,D,Z,T , respectively. These ranges are
implicit whenever the domains of quantification, summation or integration are omitted. All
optimization variables without an explicitly specified domain should be understood to have
their domain be the set of real-valued vectors of conformable dimension.

Throughout the appendices, θ is one of the three types of parameters considered in Sec-
tion 2.2. Fix a representation of θ using measurable functions κd,κd : Y → R and fixed
vectors cd,ad,cπ,aπ ∈RT . We can now represent all three types of θ in the following form,

θQ =
NQ

DQ
. (†)
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where

NQ := c
⊺
ππ

Q +
∑
d∈D

∫
Y
κd(y)c

⊺
dq

Q
d (y)dµ(y) ,

DQ := a
⊺
ππ

Q +
∑
d∈D

∫
Y
κd(y)a

⊺
dq

Q
d (y)dµ(y) .

The following condition rules out θ being an effects ratio.

Condition T1. θ is a parameter of the form considered in Section 2.2, with the affine ratio
representation given in (†), with ad = 0 for every d ∈D.

The following condition allows θ to be an effects ratio, but does not allow κd and κd to
differ if the d-relevant coefficients put weight on d-Never-Taker types.

Condition T2. θ is a parameter of the form considered in Section 2.2, with the affine ratio
representation given in (†), such that, for each d ∈D, at least one of the following holds:

(i) κd = κd;
(ii) ad;(T \Td) = 0.

The following condition requires that θ be defined using bounded loadings.

Condition T3. θ is a parameter of the form considered in Section 2.2, with the affine ratio
representation given in (†), with

max
d∈D

ess sup
y∈Y

(|κd(y)|∥cd∥∞ + |κd(y)|∥ad∥∞)<∞,

where the essential supremum is with respect to µ.

Appendix A: Main Identification Results

In the remainder, we make extensive use of Aumann’s (1965) definition of integrals of
set-valued functions. Since we apply them to maps derived from polyhedral correspondences
and rely heavily on generalizations of results developed in Billera and Sturmfels (1992), I
follow their terminology and refer to these integrals as “Minkowski integrals”.

Definition A.1 (Minkowski Integral). For a correspondence F : Y ⇒ Rk and measurable
A⊆Y , define the Minkowski integral of F as∫

A
F (y)dµ(y) :=

{∫
A
xdµ

∣∣∣∣x ∈ L1(µ;Rk), x(y) ∈ F (y) ∀y ∈A
}
.

The definition above is more general than the one in Billera and Sturmfels (1992), since
we need this notion to apply to a broader class of maps than the integrably bounded “polytope
bundles” considered in Billera and Sturmfels (1992).28

28The formulation here applies to deterministic correspondences on Y . For a random set on a probability
space, the same construction gives its Aumann expectation; see, Definition 5 in Beresteanu and Molinari (2008).
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A.1. Proofs of Identification Results in Sections 2 and 3

A.1.1. Proof of Theorem 2.1.

Proof . “⊆” follows from the definition of Rπ and so it suffices to show “⊇”.
To this end, let Q ∈ Q (P ) with πQ ∈ Rπ be given. Then, there exists (FV ,gD) ∈ S

that induces πQ. Define mutually independent random variables (e (τ ) : τ ∈ T ), V ∼ FV ,
Z ∼ PZ , where, for each τ ∈ T , e (τ ) is defined as a random vector with distribution
Q(Yd)d∈D|T=τ . Define εY := (e (τ ))τ∈T and gY (d,v,e′) := e (T (v))(d). When πQ

(τ ) = 0,
take the components of e(τ ) to be mutually independent with common law PY , which does
not affect the observed data. Finally, define D = gD (Z,V ) and Y = gY (D,V ,εY ). By con-
struction (Z,V ,εY ;gD,gY ) satisfies the independence condition, generates Q and satisfies
S, as required. ■

A.1.2. Proof of Lemma 3.1.

Proof . First, note that the random assignment of Z implies that for any Q ∈ M with
QZ = PZ , for any d ∈D, z ∈Z and Borel B ⊆Y , we have

PQ (Y ∈B,D = d,Z = z) = Q (Yd ∈B,Dz = d)Q (Z = z) , (A.1)

and since QZ = PZ , we have29

PQ (Y ∈B,D = d|Z = z) = Q (Yd ∈B,Dz = d)

=
∑

τ∈T :τ (z)=d

Q (Yd ∈B,T = τ ) =
(
RdQ

Q
d (B)

)
(z)

.

The “ =⇒ ” direction now follows immediately by noting that Q ∈QS implies (i) πQ ∈Rπ

by Theorem 2.1 and (ii) PQ = P and then stacking both sides over z ∈Z . The other direction
follows by noting that the right hand side of (A.1) determines PQ fully and so, if Q satisfies
it with P in place of PQ, then PQ = P and so, Q ∈Q, and then applying Theorem 2.1. ■

A.1.3. Proof of Lemma 3.2.

Proof . By Lemma A.7, the map y 7→ ℓ⋆d
(
c(y);pP

d (y)
)

is measurable and, for all y ∈ Y ,

ℓ⋆d
(
c(y);pP

d (y)
)
∈ argmin

ℓ∈RZ
≥0

R⊺
d ℓ≥c(y)

∥ℓ∥∞≤∥c(y)∥∞

ℓ
⊺
pP
d (y) .

The norm bound gives

EP

[∥∥ℓ⋆d (c(Y );pP
d (Y )

)∥∥
∞
]
≤ EP [∥c(Y )∥∞]<∞ ,

29For both implications, we are free to assume WLOG that πQ ∈Rπ , since this is necessary by Theorem 2.1
and is imposed in the converse. This avoids irritants related to the appropriate index for τ -indexed objects etc.,
and allows us to take the sum over T .
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and so this map is P -integrable. Let pmin := minz∈Z PZ(z) > 0. By the definition of mP
d

and the pointwise value equality in Lemma A.7,∑
z∈Z

EP

[
mP

d (c(Y );W )
∣∣Z = z

]
=

∫
Y
ℓ⋆d
(
c(y);pP

d (y)
)⊺

pP
d (y)dµ(y)

=

∫
Y
hd
(
c(y);pP

d (y)
)
dµ(y)

≤
∫
Y
∥c(y)∥∞

∑
z∈Z

pPd|z(y)dµ(y)

≤ 1

pmin
EP [∥c(Y )∥∞]<∞ . ■

A.1.4. Proof of Lemma 3.3.

Proof . Fix d ∈ D and a coefficient c satisfying the hypothesis. We first show that maxi-
mizing separately at each y gives the support function of Πd.

Lemma A.2 supplies an integrable pointwise maximizer x⋆, and π⋆ :=
∫
Y x

⋆ dµ be-
longs to Πd. For any π ∈Πd, choose an integrable selection x(y) ∈ Fibred(p

P
d (y)) with∫

Y xdµ= π. Then

c
⊺
π =

∫
Y
c
⊺
x(y)dµ(y)

≤
∫
Y
hd
(
c;pP

d (y)
)
dµ(y)

=

∫
Y
c
⊺
x⋆(y)dµ(y) = c

⊺
π⋆ .

Thus the integrated pointwise maximum is attained in Πd, proving the first equality.
Lemma 3.2 gives the moment representation:

hΠd
(c) =

∫
Y
hd
(
c;pP

d (y)
)
dµ(y)

=
∑
z∈Z

EP

[
mP

d (c;W )
∣∣Z = z

]
.

Next, we show why finitely many support inequalities suffice, with directions that depend
only on Rd. Let B := Bd(pP

d ) be the partition from Corollary A.1, and define

rB :=

∫
B
pP
d dµ, CB := (Fibred(rB))(Td) , K :=

∑
B∈B

CB .

By that corollary, K is a nonempty compact convex polytope and

Πd =
{
x≥ 0

∣∣x(Td) ∈K
}
.

Thus it suffices to describe K; the remaining coordinates of x are unrestricted beyond non-
negativity.
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Take Nd, ad,j , and JΓ from Lemma A.4. For each Γ ∈Nd, that lemma supplies vΓ,rB
∈

CB maximizing a
⊺
x over CB simultaneously for all a ∈ Γ. Therefore, with

vΓ :=
∑
B∈B

vΓ,rB
∈K ,

the definition of a Minkowski sum gives

hK(a) =
∑
B∈B

hCB
(a) = a

⊺
vΓ ∀a ∈ Γ .

In particular, hK is linear on each cone Γ.
Every u ∈K satisfies a⊺

d,ju≤ hK(ad,j) for all j ∈ [kd]. Conversely, suppose u ∈RTd \K .
The sets K and {u} are disjoint, nonempty, compact and convex subsets of RTd , and so the
strict hyperplane separation theorem, applied to these two sets, supplies a with

a
⊺
u> max

v∈K
a
⊺
v = hK(a) .

Completeness of Nd places a in some Γ ∈Nd, where a =
∑

j∈JΓ
αjad,j for coefficients

αj ≥ 0. If all the proposed inequalities held at u, linearity on Γ would give

a
⊺
u=

∑
j∈JΓ

αja
⊺
d,ju

≤
∑
j∈JΓ

αjhK(ad,j) = hK(a) ,

contradicting the strict separation. Therefore,

K =
{
u ∈RTd

∣∣a⊺
d,ju≤ hK(ad,j) ∀j ∈ [kd]

}
.

To express these inequalities in the full coordinates, define

Ad;(j,Td) := a
⊺
d,j , Ad;(j,T \Td) := 0

⊺ ∀j ∈ [kd] .

This matrix depends only on Rd. Moreover,

hK(ad,j) = hΠd

(
A

⊺
d;(j,·)

)
,

and the first part of the proof expresses each of these support values as the required integral
and moment. Substituting them into the finite inequalities for K gives

Πd =

{
x≥ 0

∣∣∣∣Adx≤
∫
Y
hd
(
Ad;p

P
d (y)

)
dµ(y)

}

=

{
x≥ 0

∣∣∣∣∣Adx≤
∑
z∈Z

EP

[
mP

d (Ad;W )
∣∣Z = z

]}
. ■

A.1.5. Proof of Theorem 3.1.
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Proof . For “⊆”, let Q ∈QS. By Lemma 3.1,

πQ ∈Rπ, Rdq
Q
d (y) = pP

d (y),

∫
Y
qQd dµ= πQ ∀d ∈D .

Therefore, qQd (y) ∈ Fibred(p
P
d (y)) ∀y ∈ Y and is integrable with

∫
Y q

Q
d dµ = πQ. There-

fore, πQ ∈Πd for every d ∈D, which gives Π ⊆Rπ ∩
⋂

d∈DΠd.
For “⊇”, fix π ∈Rπ ∩

⋂
d∈DΠd. For each d ∈ D there exists, by definition of Πd, qd =

(qd|τ )τ∈T ∈ L1(µ;RT
≥0) with∫

Y
qd dµ= π, Rdqd(y)≤ pP

d (y) .

We will now construct a parent law that preserves these marginal sub-densities.
First, by the argument already given in the main text, Rdqd(y) ≤ pP

d (y) must hold with
equality at this qd: for each z ∈Z ,∑

d∈D

∫
Y

[
pPd|z(y)− (Rdqd(y))(z)

]
dµ(y) = 1−

∑
τ∈T

π(τ )

∑
d∈D

1{τ (z) = d}

= 1− 1
⊺
π = 0 .

Every integrand is nonnegative, and so Rdqd(y) = pP
d (y) for every d ∈D.

Next, whenever π(τ ) > 0, the function qd|τ/π(τ ) is a probability density because∫
Y qd|τ dµ = π(τ ). Take T with probabilities π and, conditional on T = τ , take the Yd’s

to be mutually independent with these respective densities. Take Z ∼ PZ independently of
((Yd)d∈D,T ), and denote the resulting joint law by

Q := Law ((Yd)d∈D,T ,Z) . (A.2)

This construction gives Q ∈M, QZ = PZ , πQ = π, and

Q (Yd ∈B,T = τ ) =

∫
B
qd|τ dµ ∀d ∈D, τ ∈ T , B ∈BY .

In particular,

RdQ
Q
d (B) =

∫
B
Rdqd dµ

=

∫
B
pP
d dµ=P P

d (B) .

Together with πQ ∈ Rπ and QZ = PZ , this implies Q ∈ QS, by Lemma 3.1, which also
gives Π =

{
πQ
∣∣Q ∈QS

}
̸= ∅.

Finally, Lemma 3.3 makes every Πd a closed convex polyhedron. Under Condition C,
their intersection with Rπ is closed and convex, and it is bounded because

Rπ ⊆
{
π ≥ 0

∣∣1⊺
π = 1

}
,
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and therefore compact. Under Condition CP, Rπ also has a finite linear-inequality represen-
tation, and so the same intersection is a compact convex polytope. ■

A.1.6. Proof of Theorem 3.2.

Proof . Let

bΠ(P ) :=
∑
z∈Z

EP [mΠ(W ) | Z = z] .

By Theorem 3.1 and lemma 3.3,

Π(P ) = {π ≥ 0 |ASπ ≤ aS, AΠπ ≤ bΠ(P )} .

This is a convex polytope, and it is compact since it is contained in Rπ .
Fix c ∈RT . The linear program maximizing c

⊺
π over the nonempty compact setRπ has

a dual solution λ0
S ≥ 0 satisfying A

⊺
Sλ

0
S ≥ c and so, (λ0

S,0) ∈ Λ(c).
If Π(P ) ̸= ∅, strong duality gives

hΠ(P )(c) = min
(λS,λΠ )∈Λ(c)

{
λ
⊺
SaS +λ

⊺
ΠbΠ(P )

}
,

λ
⊺
ΠbΠ(P ) =

∑
z∈Z

EP

[
λ
⊺
ΠmΠ(W ) | Z = z

]
.

If Π(P ) = ∅, Farkas’ lemma, applied to the displayed system defining Π(P ), gives
(ηS,ηΠ)≥ 0 with

A
⊺
SηS +A

⊺
ΠηΠ ≥ 0,

β := η
⊺
SaS + η

⊺
ΠbΠ(P )< 0.

For every t≥ 0, (λ0
S + tηS, tηΠ) ∈Λ(c), with objective

(λ0
S + tηS)

⊺
aS + tη

⊺
ΠbΠ(P ) = (λ0

S)
⊺
aS + tβ→−∞.

The dual infimum therefore equals −∞= h∅(c) in this case as well.
Finally, at c= 0, the dual infimum is zero if Π(P ) ̸= ∅ and −∞ otherwise. Since (0,0) ∈

Λ(0), this infimum is zero exactly when every feasible dual objective is nonnegative. By
Theorem 3.1, Π(P ) ̸= ∅ is equivalent to QS(P ) ̸= ∅, giving the final claim. ■

A.1.7. Proof of Lemma 3.4.

Proof . Let K :=
⋂N

i=1Ki. Suppose first that K is nonempty and compact, and define

f(c) := inf
c1,...,cN∈Rk∑N

i=1 ci=c

N∑
i=1

hKi
(ci).

The function f is convex. For any x0 ∈K ,

f(c)≥ c
⊺
x0, f(0) = 0,
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and so f is proper.
ForC ⊆Rk, let δC equal zero on C and∞ elsewhere. For g :Rk→R∪{∞}, let g∗(x) :=

supu∈Rk

{
x
⊺
u− g(u)

}
for its convex conjugate and g∗∗ := (g∗)∗ for its biconjugate.30 Since

each Ki is nonempty, closed, and convex, h∗Ki
= δKi

, and

f∗(x) = sup
c1,...,cN∈Rk

N∑
i=1

(
c
⊺
i x− hKi

(ci)
)

=

N∑
i=1

δKi
(x) = δK(x).

The Fenchel-Moreau theorem (Rockafellar, 2015, Theorem 12.2) therefore gives clf =

f∗∗ = hK . Compactness of K implies that hK is finite throughout Rk. By Theorem 7.4
and Corollary 7.4.1 in Rockafellar (2015), f and clf have the same relative interior of their
domains and agree there. Therefore,

ri(domf) = ri(domclf) =Rk,

f(c) = (clf)(c) = hK(c) ∀c ∈Rk,

which proves the first claim.
For the second claim, if x ∈K and

∑N
i=1 ci = 0, then

N∑
i=1

hKi
(ci)≥

N∑
i=1

c
⊺
i x= 0.

For the converse, suppose K = ∅.
If one Ki is compact, relabel the sets so that K1 is compact. Define

S :=

N∏
i=1

Ki, ∆ :=
{
(y, . . . ,y)

∣∣∣y ∈Rk
}
.

These sets have positive distance. Otherwise, there would be xi,n ∈Ki and yn ∈Rk satisfy-
ing

max
i∈[N ]

∥xi,n − yn∥2 ≤
1

n
.

Compactness supplies a subsequence nj with x1,nj
→ x ∈K1, and

∥xi,nj
−x∥2 ≤ ∥xi,nj

− ynj
∥2 + ∥ynj

−x1,nj
∥2 + ∥x1,nj

−x∥2

≤ 2

nj
+ ∥x1,nj

−x∥2→ 0 ∀i ∈ [N ].

Closedness of each Ki would then give x ∈K , a contradiction.

30See, e.g., Rockafellar (2015, Section 12, p. 104) for more details.
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The hyperplane separation theorem, applied to the nonempty closed convex sets S and ∆

at positive distance, gives c1, . . . ,cN ∈Rk such that

N∑
i=1

hKi
(ci) = sup

xi∈Ki, i∈[N ]

N∑
i=1

c
⊺
i xi

< inf
y∈Rk

(
N∑
i=1

ci

)⊺

y.

Since S is nonempty, the left-hand side exceeds −∞. The right-hand side is −∞ unless∑N
i=1 ci = 0, and so this sum must be zero. The right-hand side is then zero, giving the

required strict inequality.
If instead every Ki is polyhedral, we can write

Ki =
{
x ∈Rk

∣∣∣Aix≤ bi

}
,

where Ai ∈ Rmi×k and bi ∈ Rmi . Since the combined system is infeasible, Farkas’ lemma
gives λi ∈Rmi

≥0 satisfying

N∑
i=1

A
⊺
i λi = 0,

N∑
i=1

b
⊺
i λi < 0.

Set ci :=A
⊺
i λi. For every x ∈Ki,

c
⊺
i x= λ

⊺
i Aix≤ λ

⊺
i bi,

and so
N∑
i=1

ci = 0,

N∑
i=1

hKi
(ci)≤

N∑
i=1

λ
⊺
i bi < 0.

This proves the converse. ■

A.1.8. Proof of Theorem 3.3.

Proof . By Theorem 3.1,

Π(P ) =Rπ ∩
⋂
d∈D

Πd(P ).

By assumption, Rπ is a nonempty compact convex set. By Corollary A.1, each Πd(P ) is
a nonempty closed convex polyhedron, with d-Never-Taker coordinates ranging unrestricted
over RT \Td

≥0 . For c ∈RT and u ∈
∏

d∈DRT , define

Fc(u) :=
∑
d∈D

hΠd(P )(ud) + hRπ

(
c−

∑
d∈D

ud

)
.
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If Π(P ) ̸= ∅, its compactness and Lemma 3.4 give

hΠ(P )(c) = inf
u∈

∏
d∈D RT

Fc(u).

If Π(P ) = ∅, the second claim of Lemma 3.4 gives a0, (ad)d∈D ∈RT with

a0 +
∑
d∈D

ad = 0 .

Let η := hRπ
(a0) +

∑
d∈D hΠd(P )(ad) < 0. By subadditivity and positive homogeneity of

support functions, for every t > 0, we have

Fc ((tad)d∈D)≤ hRπ
(c) + tη→−∞.

Thus the same infimum identity holds when Π(P ) = ∅, with h∅(c) =−∞.
It remains to restrict the infimum to C. If Fc(u) <∞, the unrestricted nonnegative co-

ordinates of Πd(P ) imply ud;(T \Td) for all d ∈ D. Define ũd by ũd;(Td) := ud;(Td) and
ũd;(T \Td) := 0. Then ũ ∈ C, ũd ≥ ud, and

hΠd(P )(ũd) = hΠd(P )(ud),

hRπ

(
c−

∑
d

ũd

)
≤ hRπ

(
c−

∑
d

ud

)
,

where the inequality uses Rπ ⊆ RT
≥0. So, Fc(ũ)≤ Fc(u), and restricting the infimum to C

does not change its value.
For u ∈ C, Lemmas 3.2 and A.2 give

hΠd(P )(ud) =

∫
Y
hd
(
ud;p

P
d (y)

)
dµ(y)

=
∑
z∈Z

EP

[
mP

d (ud;W ) | Z = z
]
.

Convexity follows because support functions are convex and their arguments are affine. The
final claim now follows immediately by noting that when c= 0, the infimum is 0 if Π(P ) ̸= ∅
and −∞ otherwise. ■

A.1.9. Proof of Theorem 3.4.

Proof . First, note that (0,pd(y)) and ∥c(y)∥∞1 are primal and dual feasible, respectively,
so every pointwise LP max

(x,s)≥0:R(x,s)=pd(y)
c (y)

⊺
x is always feasible; note that the value of

this LP is exactly hd (c (y) ;pd (y)). Next, since c(T \Td) ≤ 0 and since every slack column
and every column of Rd indexed by Td contains a 1, we have that

0≤ hd (c (y) ;pd (y))≤ ∥c (y)∥∞1
⊺
pd (y)<∞ ,

and so each pointwise LP has a primal-dual optimal basis. The finite termination claim now
follows immediately by noting that there are only finitely many possible bases, and that each
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iteration of the while loop covers every remaining point where the basis found that iteration is
primal-dual feasible, ensuring no basis recurs. This also implies that the regions {O (y)}y∈G
forms a finite partition of Y and since the regions are defined by linear inequalities involving
the measurable functions c and pd, this partition is a measurable partition.

On each region, their defining inequalities give primal and dual feasibility, with common
objective cB(y)

⊺
R−1B pd(y), which immediately implies that B is primal-dual optimal there

and so, (ii)b)-c) holds, except for ∥ℓalgd (c (y) ;pd (y))∥∞ ≤ ∥c (y)∥∞, 31 for which we now
obtain a direct argument, as follows. For any basis B that is primal-dual optimal at y, let
ℓ :=R−

⊺
B cB(y), and note that

R
⊺
Bℓ=R

⊺
BR
−⊺
B cB(y) = cB(y) ,

and since RB is necessarily invertible, it does not have any zero rows, and so, given z ∈ Z
it must have a column, say column j, with a 1 in its z-th row, so that, since RB is a binary
matrix,

0≤ ℓ(z) ≤R
⊺
B;(·,j)ℓ= cB;(j) (y)≤ ∥c (y)∥∞ .

The result now follows immediately by noting that the constructed functions are all mea-
surable, by the argument above, and, since c is P -integrable and PZ > 0,

0≤
∫
Y
halgd (c(y);pd(y))dµ(y)≤

EP [∥c(Y )∥∞]

minz∈Z PZ(z)
<∞ . ■

A.2. Proofs of Identification Results in Section 4

A.2.1. Proof of Lemma 4.1.

Proof . Define

Ed(y) :=

{
(x1,x2) ∈RT ×RT

≥0

∣∣∣∣∣ x1 = κ(y)x2,

Rdx2 ≤ pP
d (y)

}
.

By the same argument as in the proof of Lemma 3.3, applied to the coefficient y 7→ κ(y)cη +

cπ , we have

hΥd
(cη,cπ) =

∫
Y
hEd(y)(cη,cπ)dµ(y) .

The first equality now follows by noting that

hEd(y)(cη,cπ) = sup
(x1,x2)∈Ed(y)

{
c
⊺
ηx1 + c

⊺
πx2

}
= sup

(x1,x2)∈Ed(y)

{
c
⊺
ηκ(y)x2 + c

⊺
πx2

}
= sup

x∈Fibred(pP
d (y))

(κ(y)cη + cπ)
⊺
x

31Since this constraint is not part of the ordinary dual problem associated with the pointwise LPs.
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= hd
(
κ(y)cη + cπ;p

P
d (y)

)
.

The moment representation follows from Lemma 3.2 with c(y) = κ(y)cη + cπ . ■

A.2.2. Proof of Lemma 4.2.

Proof . Suppose first that QS(P ) ̸= ∅. Let KP be the nonempty compact convex set in
Lemma A.10. For every γ ∈R, its image under (N, a) 7→N− γa is the compact interval

{N− γa | (N, a) ∈KP }=
[
Ψ(γ;P ),Ψ(γ;P )

]
.

If min(N,a)∈KP
a > 0, this gives

γ ∈ΘS(P ) ⇐⇒ ∃ (N, a) ∈KP :N= γa

⇐⇒ Ψ(γ;P )≤ 0≤Ψ(γ;P ) ∀γ ∈Θ0.

If instead the minimum mass is zero, compactness supplies (N,0) ∈KP . The bound |N| ≤
∥κ∥∞a implies N= 0, and so every γ ∈Θ0 passes the residual test, as required by the defi-
nition ΘS(P ) = Θ0 in this case.

By (4.2), the extrema over KP are exactly the primal extrema in (??). For the support
representations, Lemma A.11, applied first to κ at γ and then to −κ at −γ, gives

Ψ(γ;P ) = inf
v∈RT

v(T \Td⋆ )≥0

{∫
Y
hd⋆

(
(κ(y)− γ)cA − v;pP

d⋆(y)
)
dµ(y) + hΠ(P )(v)

}
,

−Ψ(γ;P ) = inf
v∈RT

v(T \Td⋆ )≥0

{∫
Y
hd⋆

(
(γ − κ(y))cA − v;pP

d⋆(y)
)
dµ(y) + hΠ(P )(v)

}
.

The restriction on v is exactly the condition that the inactive coefficients in the fibre objective
are nonpositive; all remaining coefficients are bounded, and so both fibre integrals are finite
by Lemma A.2.

Finally, Ψ is a supremum of affine functions of γ, and Ψ is an infimum of those functions,
proving convexity and concavity, respectively. Both are finite by compactness of KP .

IfQS(P ) = ∅, then Π(P ) = ∅ by Theorem 3.1. The residual definitions give Ψ(γ;P ) =∞
and Ψ(γ;P ) =−∞, and so no γ ∈Θ0 passes the test. On the displayed domain of v, the fibre
integrals are finite and hΠ(P )(v) = −∞, giving the same extended values in the support
formulas. ■

A.2.3. Proof of Theorem 4.1.

Proof . Let KP be the compact convex set in Lemma A.10, and set

a∗ := min
(N,a)∈KP

a > 0, θ− := min
(N,a)∈KP

N

a
, θ+ := max

(N,a)∈KP

N

a
.

Both ratio extrema are attained by Lemma A.10 and belong to Θ0.
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For every (N, a) ∈KP and γ′ > γ, a∗ ≤ a≤ 1 gives

(N− γa)− (γ′ − γ)≤ N− γ′a

≤ (N− γa)− a∗(γ′ − γ).

Taking either minima or maxima over KP gives

Ψ(γ)− (γ′ − γ)≤ Ψ(γ′)≤Ψ(γ)− a∗(γ′ − γ)

for each Ψ ∈ {Ψ( · ;P ),Ψ( · ;P )}. Both functions are therefore continuous and strictly de-
creasing, implying that their roots, if any, are unique. Therefore, it suffices to exhibit a root
for each.

For every (N, a) ∈KP ,

N− θ−a≥ 0, N− θ+a≤ 0,

with equality at a minimizing and maximizing ratio pair, respectively. Therefore, we have
Ψ(θ−;P ) = Ψ(θ+;P ) = 0, where the roots are unique, and we now have

{γ ∈Θ0 |−Ψ(γ;P )≤ 0}= [κ, θ−],{
γ ∈Θ0

∣∣Ψ(γ;P )≤ 0
}
= [θ+, κ].

By Lemma 4.2, ΘS(P ) = [θ−, θ+], and so the bounds are sharp; in this case, both are also
attained. ■

A.2.4. Proof of Theorem 4.2.

Proof . Note that, in this case, Θ̃S =ΘS, where Θ̃S is as defined in (A.3) above. The result
now follows immediately from Theorem A.1 by setting cd⋆ = aπ = cA, setting ad⋆ = cπ to
zero along with all other ad and cd, using A ⊆ Td⋆ to eliminate ζγ , and then noticing that
non-zero choices of vd, for d ̸= d⋆, can only ever increase the objective (since 0 is always
feasible for the maximization problem defining hd). ■

A.2.5. Proofs of Claims in Remark 4.1.

Proof . Let GP , HP , and, under Condition CP, JP and Dθ be as defined in Lemma A.11.
That lemma gives

Ψ(γ;P ) = inf
v∈RT

GP (γ,v)

= inf
v∈RT

u∈C

HP (γ,v,u),

and establishes joint convexity of both objective functions and the value θ̄(P ) of both lifted
programs.
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For every choice with GP (γ,v)<∞, Lemma 3.2 gives

HP (γ,v,u) =
∑
z∈Z

EP

[
mP

d⋆ ((κ(Y )− γ)cA − v;W ) +
∑
d∈D

mP
d (ud;W )

∣∣∣∣∣Z = z

]

+ hRπ

(
v−

∑
d∈D

ud

)
,

which is the stated moment representation. Under Condition C, the two lifted programs agree
in infimum value; feasibility at γ = θ̄(P ) is equivalent to attainment of the respective infimum
defining Ψ(θ̄(P );P ) = 0.

Under Condition CP, Lemmas 3.2 and A.11 give

JP (γ,u,λ) =
∑
z∈Z

EP

[
mP

θ (γ,u,λ;W ) | Z = z
]
,

Ψ(γ;P ) = inf
(u,λ)∈Dθ

JP (γ,u,λ).

Here Dθ specifies exactly the choices for which the target fibre integral is finite. By
Lemma A.12, there exists (u⋆,λ⋆) ∈Dθ such that

JP

(
θ̄(P ),u⋆,λ⋆

)
= Ψ(θ̄(P );P ) = 0.

Thus (4.7) attains θ̄(P ), and every optimal solution has its γ coordinate equal to the unique
root of Ψ( · ;P ).

Finally, since (κ(y)− κ)cA ≤ 0 and each fibre contains 0,

GP (κ,0) = HP (κ,0,0) = 0,

JP (κ,0,0) = 0 under Condition CP.

All the displayed programs therefore have nonempty feasible sets, under the conditions im-
posed throughout the remark. Replacing κ by −κ, which yields a parameter with sharp upper
bound −θ(P ), proves the analogous claims for the lower-bound. ■

A.3. Identification Results for General Parameters

In this section, let θ = NQ

DQ be represented as in (†). Let Θ0 be the set of a pri-
ori possible values for θ, which we will treat as known and assume satisfies Θ0 ⊇
{NQ/DQ |Q ∈M,πQ ∈Rπ}. Define ΘS, the identified set for θ under S, as

ΘS (P ) :=


∅ iff QS (P ) = ∅ ,
Θ0 if inf

Q∈QS(P )
DQ ≤ 0≤ sup

Q∈QS(P )
DQ ,{

NQ/DQ
∣∣ Q ∈QS (P )

}
otherwise .

For effects ratios, we will require the following condition, which assumes the zero denom-
inator case away.



63

Assumption A.1. 0 /∈ {DQ |Q ∈QS (P )}

A.3.1. Inclusion Test for General Parameters. Define32

Θ̃S (P ) :=

{
γ ∈Θ0

∣∣∣∣∣ inf
Q∈QS(P )

(
NQ − γDQ

)
≤ 0≤ sup

Q∈QS(P )

(
NQ − γDQ

)}
. (A.3)

For all three types of target parameters, under the requirements of Theorem A.1 below, we
have ΘS (P )⊆ Θ̃S (P )⊆ΘS (P ) with Θ̃S (P ) = ΘS (P ) for target parameter types (i) and
(ii); for effects ratios, Θ̃S (P ) = ΘS (P ) whenever the κds are bounded and the requirements
of Theorem A.1 holds.

Recall that C :=
∏

d∈D Cd, with Cd :=
{
u ∈RT ∣∣u(T \Td) = 0

}
, and the shorthand v :=

(vd)d∈D is used to split v into its Cd components. For any b ∈RT , denote by b↾d the vector
generated from b by setting its d-Never-Taker coordinates to 0. Define

FP (v, t;γ) :=
∑
d∈D

∫
Y
hd

(
t (κd (y)cd − γκd (y)ad)↾d − vd;pd (y)

)
dµ (y)

+ hΠ

(∑
d∈D

vd + t (cπ − γaπ) + ζγ (t)

)
, (A.4)

where ζγ is the following “Never-Taker” adjustment term,

ζγ (t) :=

 ∑
d∈D:τ /∈Td

(
κd
{
t
(
cd;(τ ) − γad;(τ )

)}
+
+ κd

{
t
(
cd;(τ ) − γad;(τ )

)}
−

)
: τ ∈ T

 ,

with κd := ess sup
µ

κd and κd := ess inf
µ

κd, and where we extend the domain of hΠ to include

∞, with the convention 0 ·∞= 0.33 Note that the ζγ (t) = 0 if cd;(T \Td) = ad;(T \Td) = 0 for
all d ∈D; more generally, ζγ (t) satisfies

ζγ (t) =

{
tζγ (1) if t≥ 0 ,

−tζγ (−1) if t < 0 .

and so, the test below can be implemented as the minimum of a pair of convex programs, one
with t≥ 0 and another with t≤ 0.

We now have the following inclusion test for Θ̃S.

Theorem A.1. Suppose P satisfies Condition D and S satisfies Condition C. Further suppose
that either (i) θ satisfies Condition T1, or (ii) Assumption A.1 holds and θ satisfies Condition
T2. Then, for any norm ∥ · ∥ on

(∏
d∈DRT )×R,

Θ̃S (P ) =

γ ∈Θ0

∣∣∣∣∣∣ inf
v∈C,t∈R
∥(v,t)∥≤1

FP (v, t;γ)≥ 0

 .

32Using our usual convention that infimum (resp. supremum) over empty set is ∞ (resp. −∞).
33Note that this is unambiguous here since ζγ ∈ R̄ \ {−∞}



64

Proof . Fix γ, t ∈R, and define

gd(y) := t (κd(y)cd − γκd(y)ad)↾d ,

b := t(cπ − γaπ) + ζγ(t).

Each gd is P -integrable and takes values in Cd. Writing rd :=
∑

z p
P
d|z , Lemma A.2 gives, for

every vd ∈ Cd,

0≤
∫
Y
hd
(
gd(y)− vd;p

P
d (y)

)
dµ(y)

≤
∫
Y
(∥gd(y)∥∞ + ∥vd∥∞) rd(y)dµ(y)

≤ EP ∥gd(Y )∥∞ + ∥vd∥∞
minz PZ(z)

<∞.

If QS(P ) = ∅, then Π(P ) = ∅, and so FP (v, t;γ) = −∞ for every v ∈ C. Both sets in the
statement are therefore empty. Assume henceforth that QS(P ) ̸= ∅.

First consider d ∈D and τ /∈ Td. Under either Condition T1 or Condition T2,

f(y) := t
(
κd(y)cd;(τ ) − γκd(y)ad;(τ )

)
= t
(
cd;(τ ) − γad;(τ )

)
κd(y).

Let ρ0 be the density supplied by Lemma A.1 for the functions (κd,κd)d∈D . For any a <
ess supµ f , the density

ρa(y) :=
ρ0(y)1{f(y)> a}∫

Y ρ0(u)1{f(u)> a}dµ(u)

has finite κd- and κd-moments and satisfies
∫
Y fρa dµ > a. Since a is arbitrary, the supre-

mum of
∫
Y fq dµ over nonnegative densities of mass π(τ ) is

π(τ ) ess sup
µ

f = π(τ )

[
κd
{
t
(
cd;(τ ) − γad;(τ )

)}
+
+ κd

{
t
(
cd;(τ ) − γad;(τ )

)}
−

]
.

This also holds when π(τ ) = 0, using 0 · ∞= 0.
These conditional outcome distributions can be chosen separately for every (d,τ ) with τ /∈

Td. They leave π and every Rdqd unchanged. Draw the potential outcomes independently
conditional on T , and draw Z independently with law PZ ; Lemma 3.1 then gives a parent in
QS(P ). Summing the preceding suprema therefore gives

sup
Q∈QS(P )

t
(
NQ − γDQ

)
= sup

Q∈QS(P )

{∑
d∈D

∫
Y
gd(y)

⊺
qQd (y)dµ(y) + b

⊺
πQ

}
.
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Here finite suprema are approached by the densities just constructed; if one contribution is
infinite and has positive mass, it can be made arbitrarily large while all other contributions
remain finite.

If b(τ ) =∞ and π(τ ) > 0 for some π ∈Π(P ), both the last supremum and FP (v, t;γ)

are infinite for every v ∈ C. Otherwise, every coordinate on which b is infinite has zero mass
under every π ∈Π(P ). Replace those components of b by zero to obtain b0 ∈RT . Then, for
every v ∈ C,

b
⊺
π = (b0)

⊺
π ∀π ∈Π(P ),

hΠ(P )

(
b+

∑
d

vd

)
= hΠ(P )

(
b0 +

∑
d

vd

)
.

Apply Lemma A.9 withD0 =D, Π0 =Π(P ), loadings (gd)d∈D , and coefficient b0. In either
case, we obtain

sup
Q∈QS(P )

t
(
NQ − γDQ

)
= inf

v∈C
FP (v, t;γ). (A.5)

At t= 1 and t=−1, this identity and (A.3) give

γ ∈ Θ̃S(P ) ⇐⇒ FP (v, t;γ)≥ 0 ∀v ∈ C, t ∈ {−1,1}.

At t= 0, the same identity gives FP (v,0;γ)≥ 0 for every v ∈ C. Moreover, positive homo-
geneity allows us to restrict to the unit ball, as required. ■

A.3.2. Sharp Bounds for General Parameters. Note that, whenever S satisfies Condition
C, Assumption A.1 implies that either infQ∈QS

DQ > 0 or supQ∈QS
DQ < 0. Define

sP :=

{
1 if infQ∈QS

DQ > 0 ,

−1 otherwise ,

and then define the generalized extreme residuals as

Ψ(γ;P ) := sup
Q∈QS

sP
(
NQ − γDQ

)
,

Ψ(γ;P ) := inf
Q∈QS

sP
(
NQ − γDQ

)
.

Theorem A.2. Suppose P satisfies Condition D and S satisfies Condition C. Further suppose
that θ satisfies Condition T1 or Condition T2 (or both). Then, Ψ(γ;P ) : Θ0→R⊔{−∞,∞}
is convex, Ψ(γ;P ) : Θ0→R⊔ {−∞,∞} is concave, and

Ψ(γ;P ) = inf
v∈C

FP (v, sP ;γ) ,

Ψ(γ;P ) = − inf
v∈C

FP (v,−sP ;γ) .
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If alsoQS ̸= ∅ and Assumption A.1 holds, then the following bounds on θ are sharp under S,

¯
θ(P ) := sup{γ ∈Θ0 |−Ψ(γ;P )≤ 0} ≤ θ ≤ inf

{
γ ∈Θ0

∣∣Ψ(γ;P )≤ 0
}
=: θ̄(P ) ,

and, if these bounds are finite and supQ∈QS
sPD

Q <∞, then Ψ( · ;P ) and Ψ( · ;P ) are
strictly decreasing, with unique roots

¯
θ(P ) and θ̄(P ), respectively.

Proof . Applying (A.5) at t= sP and t=−sP gives

Ψ(γ;P ) = inf
v∈C

FP (v, sP ;γ),

Ψ(γ;P ) = − inf
v∈C

FP (v,−sP ;γ).

For each Q, the function γ 7→ sP (N
Q − γDQ) is affine, and so its supremum is convex and

its infimum is concave.
Now supposeQS(P ) ̸= ∅ and Assumption A.1 holds. By Lemma 3.1 and convexity ofRπ ,

mixtures of compatible parents remain compatible: their independent Z-marginal is always
PZ , their response equations are preserved, and their type vectors remain inRπ . In particular,

D(1−λ)Q0+λQ1 = (1− λ)DQ0 + λDQ1 ∀λ ∈ [0,1].

The denominator image is therefore an interval. Since its closure excludes zero,

a∗ := inf
Q∈QS(P )

sPD
Q > 0.

Define

θ− := inf
Q∈QS(P )

NQ

DQ
, θ+ := sup

Q∈QS(P )

NQ

DQ
.

For every Q ∈QS(P ),

sP (N
Q − γDQ) = sPD

Q(θQ − γ),

and so, for every γ ∈R,

−Ψ(γ;P )≤ 0 ⇐⇒ γ ≤ θ−,

Ψ(γ;P )≤ 0 ⇐⇒ γ ≥ θ+.

Every finite endpoint θ− or θ+ belongs to Θ0 by its defining requirement. If θ− = −∞ or
θ+ =∞, the corresponding set in the bound formula is empty. Thus the stated formulas give
θ(P ) = θ− and θ̄(P ) = θ+, including infinite bounds.

For Q0,Q1 ∈QS(P ), the ratio

(1− λ)NQ0 + λNQ1

(1− λ)DQ0 + λDQ1

is continuous in λ ∈ [0,1] and takes every value between θQ0 and θQ1 . Every value strictly
between θ− and θ+ is therefore attained, and the bounds are sharp.
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Finally, suppose θ−, θ+ ∈R and

b∗ := sup
Q∈QS(P )

sPD
Q <∞.

For every γ ∈R and Q ∈QS(P ),∣∣NQ − γDQ
∣∣≤ b∗ (max{|θ−|, |θ+|}+ |γ|) ,

and so both residuals are finite. For γ′ > γ,

sP (N
Q − γDQ)− b∗(γ′ − γ)≤ sP (NQ − γ′DQ)

≤ sP (NQ − γDQ)− a∗(γ′ − γ).

Taking suprema or infima over Q gives

Ψ(γ)− b∗(γ′ − γ)≤ Ψ(γ′)≤Ψ(γ)− a∗(γ′ − γ)

for each Ψ ∈ {Ψ( · ;P ),Ψ( · ;P )}. Both functions are therefore continuous and strictly de-
creasing, implying their roots, if any, are unique. Therefore, it suffices to exhibit a root for
each.

Choose sequences (Q−n )n∈N, (Q
+
n )n∈N ⊆QS(P ) such that θQ

−
n → θ− and θQ

+
n → θ+, so

that we now have ∣∣∣sP (NQ±
n − θ±DQ±

n

)∣∣∣≤ b∗ ∣∣∣θQ±
n − θ±

∣∣∣→ 0.

All residuals at θ− are nonnegative, and all residuals at θ+ are nonpositive, and so,
Ψ(θ−;P ) = Ψ(θ+;P ) = 0, as required. ■

A.4. Auxiliary Identification Lemmas

Lemma A.1. Let measurable f1, . . . , fN : Y → R be given. Then, there exists measurable
ρ0 : Y →R with ρ0 (y)> 0 ∀y ∈ Y ,

∫
Y ρ0 dµ= 1 and

∫
Y

(∑N
k=1 |fk|

)
ρ0 dµ <∞.

Proof . Since µ is σ-finite, Lemma 6.9 in Rudin (1987) gives the existence of w ∈ L1(µ)

with 0 < w (y) < 1 ∀y ∈ Y ; result follows immediately by defining ρ0 := w
c(1+

∑N
k=1 |fk|)

,
where

0< c :=

∫
Y

w (y)

1 +
∑N

k=1 |fk (y) |
dµ <∞ . ■

Lemma A.2. Suppose P satisfies Condition D and fix d ∈ D. Then, for any P -integrable
c : Y → RT with c(T \Td) ≤ 0, there exists x⋆ ∈ L1(µ;RT

≥0) with x⋆
(T \Td) = 0 such that, for

all y ∈ Y ,

x⋆(y) ∈ argmax
v∈Fibred(pP

d (y))

c(y)
⊺
v ,
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and

0≤ ∥x⋆(y)∥1 ≤
∑
z∈Z

(Rdx
⋆(y))z ≤

∑
z∈Z

pPd|z(y).

Moreover,

max
x∈L1(µ;RT

≥0)

x(y)∈Fibred(pP
d (y))

xT \Td (y)=0

∫
Y
c(y)

⊺
x(y)dµ(y) =

∫
Y
hd
(
c(y);pP

d (y)
)
dµ(y)<∞.

Further, for c′ : Y →RT that is also P -integrable and satisfies c′(T \Td) ≤ 0,∣∣∣∣∫
Y
hd
(
c(y);pP

d (y)
)
dµ(y)−

∫
Y
hd
(
c′(y);pP

d (y)
)
dµ(y)

∣∣∣∣
≤
∫
Y

(∑
z∈Z

pPd|z(y)

)∥∥(c(y)− c′(y))Td
∥∥
∞ dµ(y).

Proof . For y ∈ Y , define the nonempty compact set (closed, bounded, and contains 0)

Fibre0d
(
pP
d (y)

)
:=
{
x ∈ Fibred

(
pP
d (y)

) ∣∣x(T \Td) = 0
}
.

Every column of Rd;(·,Td) contains at least one 1 and so, for every x ∈ Fibre0d
(
pP
d (y)

)
,

∥x∥1 =
∑
τ∈Td

x(τ ) ≤
∑
z

(Rdx)(z) ≤
∑
z

pPd|z(y).

Define

f(y,x) :=

−c(y)
⊺
x if x ∈ Fibre0d

(
pP
d (y)

)
,

∞ otherwise,

and note that the following set

epif(y, ·) :=
{
(x, a) : x ∈ Fibre0d

(
pP
d (y)

)
, −c(y)⊺x≤ a

}
is always a closed and measurable set, since it is defined by linear constraints with measurable
coefficients, by Theorem 14.36 in Rockafellar and Wets (1998). This, in turn, implies, by
Theorem 14.37 in Rockafellar and Wets (1998), that there exists a measurable x⋆ with

x⋆(y) ∈ argmax
x∈Fibre0d(pP

d (y))

c(y)
⊺
x.

Since Rd;(·,T \Td) has only zero columns and c(T \Td) ≤ 0, we have

c(y)
⊺
x⋆(y) = hd

(
c(y);pP

d (y)
)
.

The first claim now follows since, for every measurable x with x(y) ∈ Fibre0d
(
pP
d (y)

)
,∫

Y
∥x(y)∥1 dµ(y)≤

∑
z

∫
Y
pPd|z(y)dµ(y) =

∑
z

P (D = d | Z = z)≤ |Z| .
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Next, since PZ > 0, we have∫
Y
|c(y)⊺x(y)|dµ(y)≤

∫
Y
∥c(y)∥∞

(∑
z

pPd|z(y)

)
dµ(y)

= EP

[
1{D = d}∥c(Y )∥∞

PZ(Z)

]
≤ 1

minz PZ(z)
EP [∥c(Y )∥∞]<∞ ,

which gives the second claim since the right hand side doesn’t depend on x, and we already
have c(y)

⊺
x⋆(y) = hd

(
c(y);pP

d (y)
)
.

Finally, note that

hd
(
c(y);pP

d (y)
)
− hd

(
c′(y);pP

d (y)
)
≤ (c(y)− c′(y))

⊺
x⋆(y)

≤

(∑
z

pPd|z(y)

)∥∥(c(y)− c′(y))(Td)
∥∥
∞ ,

and the result follows by noting that, since switching the roles of c and c′ gives the reverse
inequality, the above continues to hold if we take the absolute value on the left hand side,
so we can integrate the absolute value of the left hand side and apply the integral triangle
inequality to get the result. ■

Lemma A.3. Let H ∈ {0,1}m×n be an arbitrary binary matrix with no zero columns. Then,
there exists NH <∞, depending only on H , such that, for every b ∈ L1(µ;Rm) with b(y) ∈
coneH , there is a measurable partition B of Y , with |B| ≤NH , such that, for every B ∈ B
and every measurable A⊆B,

{
u ∈Rn

≥0

∣∣∣∣Hu=

∫
A
bdµ

}
=


u ∈Rn

≥0

∣∣∣∣∣∣∣∣∣∣∣

∃xA ∈ L1(µ;Rn
≥0) such that∫

A
xA dµ= u,

HxA(y) = b(y) ∀y ∈A,
xA;(j)(y)> 0⇐⇒ u(j) > 0 ∀y ∈A, j ∈ [n]


.

Proof . We will first partition the possible values of b(y) so that the same linear solution
formulas work throughout each cell. Their linearity will then let us construct a pointwise
solution with the prescribed integral.

Since H has no zero columns, the “fibre” H (r) := {x≥ 0 |Hx= r} is compact for any
r ∈ coneH and so, is a polytope. For each r ∈ coneH , we can view the fibre H (r) as the
feasible region of a linear program. Associated with every such fibre is a “normal fan”,34

which is a collection of cones such that the relative interiors of the cones in the normal fan
partitions the space of objective functions (i.e. the space of linear functionals on H (r)) into
functions that are maximized at the same face of H (r). Now, by Theorem 5.4.7 in De Loera

34See Definition 2.1.8 in De Loera, Rambau, and Santos (2010).
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et al. (2010),35 there is a finite partition CH of coneH into relatively open polyhedral cones
(“chambers”) such that, within each chamber C , the fibres {H (r)}r∈C are normally equiv-
alent, i.e. they have the same normal fan. In particular, given r1,r2 ∈ C and any objective
function c

⊺
x, the set of optimal bases36 is the same at H (r1) and H (r2). In fact, the set of

bases that are feasible at H (r) is invariant over r ∈ C . Let JC denote this common set of
feasible bases:

JC :=

{
J ⊆ [n]

∣∣∣∣∣ |J |= rankH(·,J) = rankH,

C ⊆ coneH(·,J)

}
.

For every J ∈JC , the basic solution H−1J r depends linearly on r and is nonnegative for
every r ∈ C . By the basic feasible solution characterization of optimal solutions to linear
programs (see, e.g. Theorem 4.4.1 Matousek and Gärtner (2007)), every linear objective at-
tains its maximum over H(r) at one of these solutions, which are the vertices of H(r) and
so,

H(r) = conv
{
H−1J r

∣∣J ∈JC

}
∀r ∈C.

If needed, set b(y) = 0 on the measurable null set

N := {y ∈ Y |b(y) /∈ coneH} .

This changes none of the integrals or almost-everywhere assertions in the claim, and ensures
that b(y) ∈ coneH for every y ∈ Y . Let B consist of the nonempty sets

BC := {y ∈ Y |b(y) ∈C} , C ∈ CH .

Since the chambers are Borel sets, B is a measurable partition of Y , with

|B| ≤ NH := |CH |.

Fix C ∈ CH , measurable A⊆BC , and u≥ 0 satisfying

Hu= bA :=

∫
A
bdµ.

If µ(A) = 0, then

0≤ ∥u∥1 ≤ 1
⊺
Hu= 0,

35Also see Section 1.2 and the discussion following Corollary 9.5.7 in De Loera et al. (2010).
36A feasible basis at r is a subset B ⊆ [n] such that the submatrix HB is invertible (assume, for simplicity,

that H has full row rank, otherwise this remark applies to any submatrix of H consisting of linearly independent
rows), and H−1B r ≥ 0, where H−1B r is defined, in an abuse of notation, as the vector x such that x[n]\B = 0

and xB =H−1B r. For any objective function c ∈Rn and r ∈ coneH , there exists a basis B such that H−1B r ∈
H (r) is an optimal solution to the linear programming problem max{c⊺x |Hx= r,x≥ 0}, in which case it
is called an optimal basic solution and we call B an optimal basis (which then also implies that c⊺H−1B r is the
optimal value for this LP).
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and we can take xA = 0. Suppose now that µ(A)> 0. Since C is a relatively open polyhedral
cone, there exist matrices EC ,GC with m columns such that

C = {r ∈Rm |ECr = 0, GCr > 0} .

Since b(y) ∈C for every y ∈A, integration gives

ECbA =

∫
A
ECbdµ= 0,

GCbA =

∫
A
GCbdµ > 0,

where strict positivity follows from µ(A)> 0, and so bA ∈C .
The convex-hull representation of H(bA) now gives coefficients αJ ≥ 0, J ∈JC , satis-

fying ∑
J∈JC

αJ = 1, u=
∑

J∈JC

αJH
−1
J bA.

Use these same coefficients at every y ∈A to define

xA(y) :=


∑

J∈JC

αJH
−1
J b(y) if y ∈A,

0 if y ∈ Y \A.

This map is measurable and nonnegative, and

HxA(y) =
∑

J∈JC

αJb(y) = b(y) ∀y ∈A.

Since every column of H contains a 1,∫
Y
∥xA(y)∥1 dµ(y)≤

∫
A
1
⊺
HxA(y)dµ(y)

=

∫
A
∥b(y)∥1 dµ(y)<∞,

and linearity gives ∫
A
xA dµ=

∑
J∈JC

αJH
−1
J

(∫
A
bdµ

)
= u.

Finally, for each j ∈ [n], the linear function

ℓj(r) :=

 ∑
J∈JC

αJH
−1
J r


(j)

is nonnegative on C , and so is either identically zero or strictly positive throughout C . In-
deed, if ℓj(r0) = 0< ℓj(r1) for some r0,r1 ∈ C , relative openness gives r0 − ϵr1 ∈ C for
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sufficiently small ϵ > 0, but

ℓj(r0 − ϵr1) = − ϵℓj(r1)< 0,

a contradiction. Since b(y),bA ∈C , the ⊆ direction now follows from

xA;(j)(y)> 0 ⇐⇒ ℓj(bA)> 0 ⇐⇒ u(j) > 0 ∀y ∈A, j ∈ [n].

For the reverse inclusion, any xA satisfying the conditions on the right gives

Hu= H

∫
A
xA dµ=

∫
A
HxA dµ=

∫
A
bdµ,

as required. ■

Corollary A.1. Fix d ∈ D and b ∈ L1(µ;RZ≥0). Let Bd(b) be a partition supplied by
Lemma A.3 for

Hd :=
[
Rd;(·,Td) I |Z|

]
.

Then,
∑

B∈Bd(b)

(
Fibred

(∫
B bdµ

))
(Td) is a nonempty polytope, and

∫
Y
Fibred(b(y))dµ(y) =

u ∈RT
≥0

∣∣∣∣∣∣u(Td) ∈
∑

B∈Bd(b)

(
Fibred

(∫
B
bdµ

))
(Td)

 .

where t

Proof . The matrix Hd has no zero columns, and its identity block ensures that b(y) ∈
coneHd. For every B ∈ Bd(b),∫

B
(Fibred(b(y)))(Td) dµ(y) =

(
Fibred

(∫
B
bdµ

))
(Td)

.

To prove ⊆, take v ∈
∫
B (Fibred(b(y)))(Td) dµ(y). By the definition of the Minkowski inte-

gral, there exists x ∈ L1(µ;RTd
≥0) such that Rd;(·,Td)x(y)≤ b(y) ∀y ∈B, with

v =

∫
B
xdµ ,

and integrating both sides of the inequalities satisfied by this x gives v ≥ 0 and

Rd;(·,Td)v =

∫
B
Rd;(·,Td)xdµ≤

∫
B
bdµ,

and so v ∈
(
Fibred

(∫
B bdµ

))
(Td).

Conversely, take v ∈
(
Fibred

(∫
B bdµ

))
(Td). The vector v∫

B
bdµ−Rd;(·,Td)v


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is nonnegative and has image
∫
B bdµ under Hd. By Lemma A.3, there exists xB ∈

L1(µ;RTd
≥0) satisfying

Rd;(·,Td)xB(y)≤ b(y) ∀y ∈B,∫
B
xB dµ= v,

and so v belongs to the Minkowski integral on the left.
Restricting selections to the cells, and combining them as

∑
B∈Bd(b)

1BxB , we get∫
Y
(Fibred(b(y)))(Td) dµ(y) =

∑
B∈Bd(b)

(
Fibred

(∫
B
bdµ

))
(Td)

.

The columns of Rd outside Td are zero. Thus, any selection in this last Minkowski integral
can be extended to a selection of Fibred(b(y)) with any prescribed nonnegative integral
u(T \Td) in the remaining coordinates, by setting x(T \Td)(y) = ρ0(y)u(T \Td), where ρ0 is the
probability density from Lemma A.1. Conversely, every integrable selection of the full fibre
restricts to an integrable selection of its Td coordinates, and so the claimed equality follows.

Finally, each summand is a polyhedron containing zero, and every v in the summand
indexed by B satisfies

∥v∥1 ≤ 1
⊺
Rd;(·,Td)v ≤

∫
B
∥b(y)∥1 dµ(y)<∞.

Each summand is therefore a nonempty polytope, and so is their finite Minkowski sum. ■

Lemma A.4. Fix d ∈ D. There exists a finite complete polyhedral fan Nd in RTd , consisting
of pointed cones37 and depending only on Rd, such that, for every Γ ∈Nd and r ∈ RZ≥0,
there exists vΓ,r ∈ (Fibred(r))(Td) satisfying

max
x∈(Fibred(r))(Td)

a
⊺
x= a

⊺
vΓ,r ∀a ∈ Γ.

Moreover, there exist a nonnegative integer kd and vectors ad,j ∈ RTd \ {0}, j ∈ [kd], de-
pending only on Rd, such that every Γ ∈Nd admits JΓ ⊆ [kd] with

Γ=

∑
j∈JΓ

αjad,j

∣∣∣∣∣∣αj ≥ 0 ∀j ∈ JΓ

 .

Proof . For every r ∈RZ≥0, the set (Fibred(r))(Td) contains 0, and

∥x∥1 ≤ 1
⊺
Rd;(·,Td)x≤ ∥r∥1 ∀x ∈ (Fibred(r))(Td),

37A cone is said to be “pointed” if it does not contain any line (i.e. no full line passing through origin).
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and so (Fibred(r))(Td) is a nonempty polytope. Denote its normal fan by Nd,r , and its normal
cone at a vertex v by Nd,r(v). By Farkas’ lemma,

Nd,r(v) = cone
({

R
⊺
d;(z,Td)

∣∣∣z ∈Z, Rd;(z,Td)v = r(z)

}
∪
{
−eτ

∣∣τ ∈ Td, v(τ ) = 0
})
,

where eτ ;(τ ′) = 1{τ = τ ′} for τ ,τ ′ ∈ Td. Every Nd,r(v) is therefore generated by a subset
of the fixed finite set

Vd :=
{
R

⊺
d;(z,Td)

∣∣∣z ∈Z}∪ {−eτ |τ ∈ Td} .

Since Nd,r consists of the vertex normal cones Nd,r(v) and their faces, the family

Nd :=
{
Nd,r

∣∣r ∈RZ≥0}
is finite.

Define the coordinate orthant fan by

Od :=

{∏
τ∈Td

Oτ

∣∣∣∣∣Oτ ∈ {{0},R≥0,R≤0} ∀τ ∈ Td

}
.

Let Nd be the common refinement of the fans in Nd ∪ {Od}; explicitly,

Nd :=

O ∩ ⋂
F∈Nd

ΓF

∣∣∣∣∣∣O ∈Od, ΓF ∈F ∀F ∈Nd

 .

The fan Nd is finite and complete because every fan in the finite family Nd ∪ {Od} is finite
and complete. Every Γ ∈Nd is contained in some O ∈Od, and so

Γ∩ (−Γ)⊆ O ∩ (−O) = {0},

which establishes pointedness. The construction of Nd depends only on Rd.
For every Γ ∈Nd and r ∈RZ≥0, refinement of Nd,r gives a vertex vΓ,r of (Fibred(r))(Td)

such that

Γ⊆ Nd,r(vΓ,r).

By the definition of Nd,r(vΓ,r),

a
⊺
(x− vΓ,r)≤ 0 ∀a ∈ Γ, x ∈ (Fibred(r))(Td),

and so

max
x∈(Fibred(r))(Td)

a
⊺
x= a

⊺
vΓ,r ∀a ∈ Γ.
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For each distinct extreme ray of the cones in Nd, choose a nonzero vector on the ray,
enumerate the resulting finite list as ad,1, . . . ,ad,kd

, and define

JΓ := {j ∈ [kd] |R≥0ad,j is an extreme ray of Γ} ∀Γ ∈Nd.

Every pointed polyhedral cone Γ ∈Nd is generated by its extreme rays, and so

Γ=

∑
j∈JΓ

αjad,j

∣∣∣∣∣∣αj ≥ 0 ∀j ∈ JΓ

 . ■

Lemma A.5. Let K ⊆Rn be nonempty, compact, and convex, and let N be a finite complete
fan of pointed polyhedral cones in Rn. Choose one nonzero vector on each distinct extreme
ray of the cones in N , and enumerate these vectors as a1, . . . ,ak. For every Γ ∈N , define

JΓ := {j ∈ [k] |R≥0aj is an extreme ray of Γ} .

Then the following statements hold.

(i) Suppose that, for every Γ ∈N ,

hK

∑
j∈JΓ

αjaj

=
∑
j∈JΓ

αjhK(aj) ∀(αj)j∈JΓ
∈RJΓ

≥0.

Then

K =
{
x ∈Rn

∣∣a⊺
jx≤ hK(aj) ∀j ∈ [k]

}
.

(ii) Let C : Y ⇒ Rn be a correspondence with nonempty compact convex values. Suppose
that, for every a ∈Rn, the function y 7→ hC(y)(a) belongs to L1(µ), and

hK(a) =

∫
Y
hC(y)(a)dµ(y).

Suppose also that

hC(y)

∑
j∈JΓ

αjaj

=
∑
j∈JΓ

αjhC(y)(aj)

for every y ∈ Y , Γ ∈N , and (αj)j∈JΓ
∈ RJΓ

≥0, under the standing convention for point-
wise assertions in y. Then

K =

{
x ∈Rn

∣∣∣∣a⊺
jx≤

∫
Y
hC(y)(aj)dµ(y) ∀j ∈ [k]

}
.

Proof . Every x ∈K satisfies a⊺
j x≤ hK(aj) for all j ∈ [k], by the definition of the sup-

port function hK .
Conversely, suppose x ∈Rn satisfies these inequalities. For any a ∈Rn, completeness of

N gives Γ ∈N with a ∈ Γ. Since Γ is generated by its extreme rays, there exist αj ≥ 0,
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j ∈ JΓ, such that a=
∑

j∈JΓ
αjaj . The hypothesis in part 1 gives

a
⊺
x=

∑
j∈JΓ

αja
⊺
jx

≤
∑
j∈JΓ

αjhK(aj) = hK(a).

Thus a⊺
x≤ hK(a) for every a ∈Rn, and so hyperplane separation gives x ∈K .

Under the conditions of the second claim, for every Γ ∈N and every (αj)j∈JΓ
∈RJΓ

≥0,

hK

∑
j∈JΓ

αjaj

=

∫
Y
hC(y)

∑
j∈JΓ

αjaj

 dµ(y)

=

∫
Y

∑
j∈JΓ

αjhC(y)(aj)dµ(y)

=
∑
j∈JΓ

αjhK(aj).

The first claim therefore applies, and the second claim follows immediately by substituting
hK(aj) =

∫
Y hC(y)(aj)dµ(y). ■

Corollary A.2. Suppose P satisfies Condition D, and fix d ∈D. For every a ∈RTd , define its
zero extension ã ∈RT by

ã(Td) = a, ã(T \Td) = 0.

Let ad,1, . . . ,ad,kd
be the vectors supplied by Lemma A.4, with zero extensions

ãd,1, . . . , ãd,kd
. Then

Πd =

{
u ∈RT

≥0

∣∣∣∣ ã⊺
d,ju≤

∫
Y
hd
(
ãd,j ;p

P
d (y)

)
dµ(y) ∀j ∈ [kd]

}
.

In particular, Πd is a nonempty closed convex polyhedron.

Proof . Define

K := (Πd)(Td), C(y) :=
(
Fibred(p

P
d (y))

)
(Td) .

By Corollary A.1, K is a nonempty polytope, and

Πd =
{
u ∈RT

≥0
∣∣u(Td) ∈K

}
.

For every a ∈RTd , Lemma A.2 applied to the constant coefficient ã gives

0≤ hK(a) =

∫
Y
hC(y)(a)dµ(y)

=

∫
Y
hd
(
ã;pP

d (y)
)
dµ(y)
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≤ ∥a∥∞
∑
z∈Z

P (D = d | Z = z)<∞.

In particular, y 7→ hC(y)(a) belongs to L1(µ).
For every Γ ∈Nd, Lemma A.4 supplies vΓ,pP

d (y) ∈ C(y) such that, for all nonnegative
coefficients (αj)j∈JΓ

,

hC(y)

∑
j∈JΓ

αjad,j

=

∑
j∈JΓ

αjad,j

⊺

vΓ,pP
d (y)

=
∑
j∈JΓ

αjhC(y)(ad,j).

Lemma A.5(ii), with n= |Td|, N = Nd, and generators aj = ad,j , therefore gives

K =

{
v ∈RTd

∣∣∣∣a⊺
d,jv ≤

∫
Y
hd
(
ãd,j ;p

P
d (y)

)
dµ(y) ∀j ∈ [kd]

}
.

Substituting this representation of K into the displayed representation of Πd, and using

ã
⊺
d,ju= a

⊺
d,ju(Td),

proves the claimed equality. The resulting representation of Πd is a finite intersection of
closed halfspaces containing 0, and so Πd is a nonempty closed convex polyhedron. ■

Lemma A.6. Let nx ∈ N, let g ∈ L1(µ;R≥0), and let measurable functions xn : Y → Rnx ,
n ∈N, satisfy

∥xn(y)∥∞ ≤ g(y) ∀n ∈N, y ∈ Y.

Then there exist integers 1≤ n1 < n2 < · · · and x ∈ L1(µ;Rnx), with ∥x(y)∥∞ ≤ g(y), such
that ∥∥∥∥∫

Y
w(y)

(
xnk

(y)−x(y)
)
dµ(y)

∥∥∥∥
1

→ 0 (k→∞)

for every measurable w : Y →R satisfying∫
Y
|w(y)|g(y)dµ(y)<∞.

Moreover, for any m ∈N, matrix G ∈Rm×nx , and measurable b : Y →Rm,

Gxn(y)≤ b(y) ∀n ∈N, y ∈ Y =⇒ Gx(y)≤ b(y) ∀y ∈ Y.

Proof . Define the finite measure

ν(A) :=

∫
A
g dµ ∀A ∈BY ,
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and, for every n ∈N, define

un(y) :=


xn(y)

g(y)
if g(y)> 0,

0 otherwise.

Then ∥un(y)∥∞ ≤ 1. Since BY is countably generated and ν is finite, L1(ν;Rnx) is sepa-
rable. Banach-Alaoglu and weak-* metrizability of the dual unit ball therefore give integers
1≤ n1 < n2 < · · · and a measurable u, with ∥u(y)∥∞ ≤ 1 for ν-almost every y, such that∥∥∥∥∫

Y
f(y)

(
unk

(y)−u(y)
)
dν(y)

∥∥∥∥
1

→ 0 ∀f ∈ L1(ν).

Set x(y) := g(y)u(y). Then

∥x(y)∥∞ ≤ g(y),∫
Y
∥x(y)∥1 dµ(y)≤ nx

∫
Y
g dµ <∞.

For every measurable w with
∫
Y |w|g dµ <∞, we have w ∈ L1(ν), and so∥∥∥∥∫

Y
w(xnk

−x)dµ

∥∥∥∥
1

=

∥∥∥∥∫
Y
w(unk

−u)dν

∥∥∥∥
1

→ 0.

Now suppose Gxn ≤ b for every n. For each i ∈ [m], define

Ai :=
{
y ∈ Y

∣∣G(i,·)x(y)> b(i)(y)
}
.

For every y ∈Ai,

−∥G(i,·)∥1g(y)≤G(i,·)x1(y)≤ b(i)(y),

b(i)(y)<G(i,·)x(y)≤ ∥G(i,·)∥1g(y),

and so 1Ai
b(i) ∈ L1(µ). Applying the established moment convergence with w = 1Ai

gives

0≤
∫
Ai

(
G(i,·)x− b(i)

)
dµ

= lim
k→∞

∫
Ai

(
G(i,·)xnk

− b(i)
)
dµ

≤ 0.

Since G(i,·)x(y) − b(i)(y) > 0 on Ai, this implies µ(Ai) = 0. Applying this argument for
every i ∈ [m] gives Gx≤ b, as required. ■

Corollary A.3. Let nx,mG,m ∈ N, g ∈ L1(µ;R≥0), and G ∈ RmG×nx . Let b : Y → RmG

and W : Y →Rm×nx be measurable, with∫
Y
|W (i,j)(y)|g(y)dµ(y)<∞ ∀i ∈ [m], j ∈ [nx].
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Define

X :=
{
x ∈ L1(µ;Rnx)

∣∣∥x(y)∥∞ ≤ g(y), Gx(y)≤ b(y) ∀y ∈ Y
}
.

Then

J :=

{∫
Y
W (y)x(y)dµ(y)

∣∣∣∣x ∈ X}
is compact and convex (potentially empty).

Proof . For every x ∈ X ,∫
Y
∥W (y)x(y)∥1 dµ(y)≤

m∑
i=1

nx∑
j=1

∫
Y
|W (i,j)(y)|g(y)dµ(y)<∞,

and so J ⊆Rm is well defined. If X = ∅, then J = ∅ is compact and convex.
Otherwise, take any sequence (zn)n∈N ⊆J , and choose xn ∈ X with

zn =

∫
Y
W (y)xn(y)dµ(y) ∀n ∈N.

By Lemma A.6, there exist integers 1≤ n1 < n2 < · · · and x ∈ X such that, taking w(y) =
W (i,j)(y),∫

Y
W (i,j)(y)

(
xnk;(j)(y)−x(j)(y)

)
dµ(y)→ 0 ∀i ∈ [m], j ∈ [nx].

Therefore,∥∥∥∥znk
−
∫
Y
W (y)x(y)dµ(y)

∥∥∥∥
1

≤
m∑
i=1

nx∑
j=1

∣∣∣∣∫
Y
W (i,j)(y)

(
xnk;(j)(y)−x(j)(y)

)
dµ(y)

∣∣∣∣
→ 0.

Since x ∈ X , the limit
∫
YWxdµ belongs to J . Thus J is sequentially compact in Rm, and

hence compact.
For x,x′ ∈ X and t ∈ [0,1], set xt := tx+ (1− t)x′. Then xt ∈ L1(µ;Rnx), and

∥xt(y)∥∞ ≤ t∥x(y)∥∞ + (1− t)∥x′(y)∥∞ ≤ g(y),

Gxt(y) = tGx(y) + (1− t)Gx′(y)≤ b(y),

and so xt ∈ X . Therefore,

t

∫
Y
Wxdµ+ (1− t)

∫
Y
Wx′ dµ=

∫
Y
Wxt dµ ∈ J ,

which proves convexity of J . ■
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Lemma A.7. Fix d ∈D. There exist a finite nonempty index set Jd, matrices Bd,J ∈RZ×T ,
J ∈Jd, depending only on Rd, and a jointly Borel function

ℓ⋆d :
{
c ∈RT ∣∣c(T \Td) ≤ 0

}
×RZ≥0→ RZ≥0

such that, for every (c,b) in its domain,

R
⊺
dℓ

⋆
d(c;b)≥ c,

b
⊺
ℓ⋆d(c;b) = hd(c;b),

∥ℓ⋆d(c;b)∥∞ ≤ ∥c∥∞,

ℓ⋆d(c;b) ∈ {Bd,Jc |J ∈Jd} .

Proof . Define

Gd :=

[
I |Z|
R

⊺
d

]
, Ed :=

[
0|Z|×|T |
I |T |

]
,

Jd :=
{
J ⊆ [|Z|+ |T |]

∣∣ |J |= |Z|, detGd;(J,·) ̸= 0
}
.

For every J ∈Jd, set

Bd,J := G−1d;(J,·)Ed;(J,·). (A.6)

Note that Jd is finite and [|Z|] ∈Jd.
Fix (c,b) in the specified domain of ℓ⋆d. The vector ∥c∥∞1Z is dual feasible, since every

column of Rd indexed by Td contains a one, and the other columns are zero with correspond-
ing coefficients nonpositive. Since b≥ 0, the dual objective b

⊺
ℓ is bounded below by zero.

The dual admits an optimal vertex ℓ of value hd (c;b), and some J ∈Jd satisfies

Gd;(J,·)ℓ= Ed;(J,·)c, ℓ=Bd,Jc .

Consider any J ∈Jd for which ℓ :=Bd,Jc is dual feasible. By construction,

Gd;(J,·)ℓ= Ed;(J,·)c .

If ℓ(z) > 0, the identity row for coordinate z cannot belong to this system, since its equation
would be ℓ(z) = 0. Since Gd;(J,·) is invertible, its z-column is nonzero, and so some row
R

⊺
d;(·,τ ) in this system has Rd;(z,τ ) = 1. Its equation and the nonnegativity of ℓ give

0< ℓ(z) ≤
∑
z′∈Z

Rd;(z′,τ )ℓ(z′)

= c(τ ) ≤ ∥c∥∞ ,

and so every dual-feasible Bd,Jc satisfies ∥Bd,Jc∥∞ ≤ ∥c∥∞.
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Fix an enumeration Jd = {J1, . . . , JNd
}, and define

vj(c,b) :=

b
⊺
Bd,Jj

c if GdBd,Jj
c≥Edc,

∞ otherwise.

Each vj is Borel, and their minimum is finite on the stated domain. Set

j⋆(c,b) := minargmin
j∈[Nd]

vj(c,b),

ℓ⋆d(c;b) := Bd,Jj⋆(c,b)
c.

The sets

{j⋆ = j}= {vj <∞}∩
⋂
k<j

{vj < vk} ∩
⋂
k>j

{vj ≤ vk}

are Borel, and so ℓ⋆d is jointly Borel. Its feasibility, optimality, and norm bound follow from
the construction. ■

Lemma A.8. Suppose P satisfies Condition D, S satisfies Condition C, and QS(P ) ̸= ∅. Fix
a nonempty D0 ⊆D and P -integrable functions gd : Y → Cd, d ∈D0. Define

Kd :=


(∫
Y
x(Td) dµ,

∫
Y
g
⊺
dxdµ

)∣∣∣∣∣∣∣
x ∈ L1(µ;RT

≥0),

x(y) ∈ Fibred
(
pP
d (y)

)
,

x(T \Td)(y) = 0

 .

Each Kd is nonempty, compact, and convex. Moreover,{
(π, (ud, td)d∈D0

)

∣∣∣∣∣ π ∈Π(P ),

(ud, td) ∈Kd, ud = π(Td) ∀d ∈D0

}

=

{(
πQ,

(
πQ
(Td),

∫
Y
g
⊺
dq

Q
d dµ

)
d∈D0

)∣∣∣∣∣Q ∈QS(P )

}
, (A.7)

and this common set is nonempty, compact, and convex.

Proof . Let rd :=
∑

z∈Z p
P
d|z and pmin := minz∈Z PZ(z) > 0. Every function in the defi-

nition of Kd satisfies

∥x(y)∥∞ ≤ ∥x(y)∥1 ≤ 1
⊺
Rdx(y)≤ rd(y),

and ∫
Y
(1 + ∥gd(y)∥∞) rd(y)dµ(y)≤ |Z|+

1

pmin
EP ∥gd(Y )∥∞ <∞.

Let nd := |Td|. Apply Corollary A.3 to the active coordinates, with

G :=

[
−Ind

Rd;(·,Td)

]
, b(y) :=

[
0

pP
d (y)

]
,
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W (y) :=

[
Ind

gd;(Td)(y)
⊺

]
,

and envelope rd. Its image is Kd, which contains (0,0). Apply Corollary A.3 By Theo-
rem 3.1, Π(P ) is compact and convex, and so the set on the left of (A.7) is compact and
convex.

For Q ∈QS(P ), define

xd;(τ )(y) := qQd|τ (y)1{τ ∈ Td} ∀d ∈D0.

By Lemma 3.1, these functions satisfy the defining constraints of Kd, and, since gd(y) ∈ Cd,(∫
Y
xd;(Td) dµ,

∫
Y
g
⊺
dxd dµ

)
=

(
πQ
(Td),

∫
Y
g
⊺
dq

Q
d dµ

)
.

This proves inclusion from right to left in (A.7) and nonemptiness.
Conversely, take a point on the left of (A.7) and choose its defining functions xd. Choose

Q0 ∈ QS(P ) with πQ0

= π, and let ρ0 be the probability density from Lemma A.1. For
d ∈D0, define

qd|τ (y) :=

xd;(τ )(y) if τ ∈ Td,

π(τ )ρ0(y) otherwise.

For d /∈D0, take qd = qQ
0

d . Then∫
Y
qd dµ= π, Rdqd ≤ pP

d ∀d ∈D,∫
Y
g
⊺
dqd dµ= td ∀d ∈D0.

The construction in the proof of Theorem 3.1, applied to this collection, supplies Q ∈QS(P )

with πQ = π and qQd = qd for every d ∈D, proving the reverse inclusion. ■

Lemma A.9. Suppose P satisfies Condition D, S satisfies Condition C, and QS(P ) ̸= ∅.
Fix a nonempty D0 ⊆ D, P -integrable functions gd : Y → Cd for d ∈ D0, b ∈ RT , and a
nonempty compact convex set Π0 ⊆Π(P ). Then

max
Q∈QS(P )
πQ∈Π0

{∑
d∈D0

∫
Y
gd(y)

⊺
qQd (y)dµ(y) + b

⊺
πQ

}

= inf
(vd)d∈D0

∈
∏

d∈D0
Cd

{∑
d∈D0

∫
Y
hd
(
gd(y)− vd;p

P
d (y)

)
dµ(y) + hΠ0

(
b+

∑
d∈D0

vd

)}
.

In particular, the maximum on the left is attained.
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Proof . Let Kd be the compact convex set in Lemma A.8, for the function gd, and define

X := Π0 ×
∏
d∈D0

Kd,

L :=
{
(π, (wd, td)d∈D0

)
∣∣wd = π(Td) ∀d ∈D0

}
.

Here L is a linear subspace of RT ×
∏

d∈D0
(RTd ×R). By Lemma A.8, X ∩L is nonempty

and compact, and the maximum in the statement equals

max
(π,(wd,td)d)∈X∩L

{
b
⊺
π+

∑
d∈D0

td

}
.

Moreover,

L⊥ =

{(∑
d∈D0

vd,
(
−vd;(Td),0

)
d∈D0

)∣∣∣∣∣vd ∈ Cd ∀d ∈D0

}
.

Since hL is zero on L⊥ and infinite elsewhere, Lemma 3.4, applied to X and L, gives

max
(π,(wd,td)d)∈X∩L

{
b
⊺
π+

∑
d∈D0

td

}

= inf
vd∈Cd, d∈D0

{
hΠ0

(
b+

∑
d∈D0

vd

)
+
∑
d∈D0

max
(w,t)∈Kd

(
t− v

⊺
d;(Td)w

)}
.

By the definition of Kd and Lemma A.2,

max
(w,t)∈Kd

(
t− v

⊺
d;(Td)w

)
=

∫
Y
hd
(
gd(y)− vd;p

P
d (y)

)
dµ(y) ,

and the result follows immediately, with attainment following from X ∩ L being compact.
■

Lemma A.10. Suppose P satisfies Condition D, S satisfies Condition C, and QS(P ) ̸= ∅.
Fix d⋆ ∈D, nonempty A⊆ Td⋆ , and P -integrable κ : Y →R. Define

NQ :=

∫
Y
κ(y)c

⊺
Aq

Q
d⋆(y)dµ(y), DQ := c

⊺
Aπ

Q,

KP :=
{
(NQ,DQ)

∣∣Q ∈QS(P )
}
,

Ψ(γ;P ) := sup
Q∈QS(P )

{
NQ − γDQ

}
∀γ ∈R.

Then KP is nonempty, compact, and convex, and

Ψ(γ;P ) = max
(N,a)∈KP

{N− γa} ∀γ ∈R.
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For every γ ∈R, the set

IP (γ) :=

{
a ∈R

∣∣∣∣∣ ∃N ∈R : (N, a) ∈KP ,

N− γa=Ψ(γ;P )

}
is nonempty and compact, and

lim
t↓0

Ψ(γ + t;P )−Ψ(γ;P )

t
= −minIP (γ),

lim
t↑0

Ψ(γ + t;P )−Ψ(γ;P )

t
= −maxIP (γ).

If a∗(P ) := minQ∈QS(P )D
Q > 0, both bounds on θQ =NQ/DQ are attained, and

Ψ(θ̄(P );P ) = 0,

IP (θ̄(P )) =
{
DQ
∣∣Q ∈QS(P ), θ

Q = θ̄(P )
}
.

If this set is {p†A(P )}, then

∂γΨ(γ;P )
∣∣
γ=θ̄(P )

= − p†A(P ).

Proof . Apply Lemma A.8 with D0 = {d⋆} and gd⋆ = κcA. The continuous linear map(
π, (π(Td⋆ ), t)

)
7→
(
t,c

⊺
Aπ
)

maps the compact convex set in (A.7) onto KP . For every γ, the set

KP (γ) := argmax
(N,a)∈KP

{N− γa}

is nonempty and compact, and so is its projection IP (γ) onto the second coordinate.
The function (γ,N, a) 7→N−γa has continuous derivative−awith respect to γ. Danskin’s

theorem therefore applies to its maximum over the nonempty compact set KP and gives

lim
t↓0

Ψ(γ + t;P )−Ψ(γ;P )

t
= max

(N,a)∈KP (γ)
(−a) =−minIP (γ),

lim
t↑0

Ψ(γ + t;P )−Ψ(γ;P )

t
= − lim

u↓0

Ψ(γ − u;P )−Ψ(γ;P )

u

= − max
(N,a)∈KP (γ)

a=−maxIP (γ).

If a∗(P )> 0, the function (N, a) 7→N/a is continuous onKP , and so attains both extrema.
Moreover, for every (N, a) ∈KP ,

N− θ̄(P )a= a

(
N

a
− θ̄(P )

)
≤ 0,

with equality exactly at the upper-endpoint maximizers. This proves the assertions at θ̄(P ).
When their masses coincide, the two one-sided derivatives coincide as well. ■
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Lemma A.11. Suppose P satisfies Condition D, S satisfies Condition C, andQS(P ) ̸= ∅. Fix
d⋆ ∈ D, nonempty A⊆ Td⋆ , and a P -integrable κ : Y → R. For γ ∈ R, v ∈ RT , and u ∈ C,
define

GP (γ,v) :=

∫
Y
hd⋆

(
(κ(y)− γ)cA − v;pP

d⋆(y)
)
dµ(y) + hΠ(P )(v),

HP (γ,v,u) :=

∫
Y
hd⋆

(
(κ(y)− γ)cA − v;pP

d⋆(y)
)
dµ(y)

+
∑
d∈D

∫
Y
hd
(
ud;p

P
d (y)

)
dµ(y) + hRπ

(
v−

∑
d∈D

ud

)
.

These functions are jointly convex, and

Ψ(γ;P ) = inf
v∈RT

GP (γ,v) = inf
v∈RT

u∈C

HP (γ,v,u) ∀γ ∈R. (A.8)

Under Condition CP, let mS be the number of rows of AS and define

Dθ :=

(u,λ) ∈ C ×RmS

≥0

∣∣∣∣∣∣
(
A

⊺
Sλ+

∑
d∈D

ud

)
(T \Td⋆ )

≥ 0

 ,

c0(y;γ,u,λ) := (κ(y)− γ)cA −A
⊺
Sλ−

∑
d∈D

ud,

JP (γ,u,λ) :=

∫
Y
hd⋆

(
c0(y;γ,u,λ);p

P
d⋆(y)

)
dµ(y)

+
∑
d∈D

∫
Y
hd
(
ud;p

P
d (y)

)
dµ(y) +λ

⊺
aS.

The function JP is finite and jointly convex on R×Dθ , and

Ψ(γ;P ) = inf
(u,λ)∈Dθ

JP (γ,u,λ) ∀γ ∈R. (A.9)

Suppose additionally that

a∗(P ) := min
Q∈QS(P )

c
⊺
Aπ

Q > 0.

Then

θ̄(P ) = inf
{
γ ∈R

∣∣∃v ∈RT :GP (γ,v)≤ 0
}

= inf
{
γ ∈R

∣∣∃ (v,u) ∈RT ×C :HP (γ,v,u)≤ 0
}
,

and, under Condition CP,

θ̄(P ) = inf {γ ∈R | ∃ (u,λ) ∈Dθ : JP (γ,u,λ)≤ 0} .

In each program, γ = θ̄(P ) is feasible if and only if the respective infimum in (A.8) or (A.9)
is attained at zero.
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If κ≤ κ≤ κ for finite κ,κ, each program may instead restrict γ to Θ0 = [κ,κ], using the
convention that its value is κ when its feasible set is empty.

Proof . Apply Lemma A.9 with D0 = {d⋆}, gd⋆ = (κ − γ)cA, b = 0, and Π0 = Π(P ).
This gives

Ψ(γ;P ) = inf
v∈Cd⋆

GP (γ,v).

If GP (γ,v) <∞, then v(T \Td⋆ ) ≥ 0. Replacing these coordinates by zero leaves the fibre
support unchanged and cannot increase hΠ(P )(v), since Π(P )⊆RT

≥0. Thus the infimum is
unchanged when v ranges over RT .

By Theorem 3.3,

GP (γ,v) = inf
u∈C

HP (γ,v,u),

which proves (A.8). Under Condition CP, strong duality gives

hRπ
(w) = min

λ≥0
A⊺

Sλ=w

λ
⊺
aS ∀w ∈RT .

Substitute this representation into HP and eliminate v using

v = A
⊺
Sλ+

∑
d∈D

ud.

The target fibre support is finite exactly when (u,λ) ∈Dθ . This proves (A.9). Joint convexity
follows from convexity of support functions and the affine dependence of their arguments on
the optimization variables. Finiteness of JP on its stated domain follows from Lemma A.2.

Now suppose a∗(P ) > 0. By Lemma A.10, there is Q⋆ ∈ QS(P ) with θQ
⋆

= θ̄(P ), and
Ψ(θ̄(P );P ) = 0. For γ < θ̄(P ),

Ψ(γ;P )≥ c
⊺
Aπ

Q⋆ (
θ̄(P )− γ

)
≥ a∗(P )

(
θ̄(P )− γ

)
> 0.

For γ > θ̄(P ),

Ψ(γ;P ) = max
Q∈QS(P )

c
⊺
Aπ

Q
(
θQ − γ

)
≤ a∗(P )

(
θ̄(P )− γ

)
< 0.

Hence none of the three programs is feasible below θ̄(P ), and each is feasible at every γ >
θ̄(P ), by (A.8) and (A.9). At γ = θ̄(P ), feasibility is exactly attainment of the respective
infimum at zero.

Finally, when κ takes values in Θ0, θ̄(P ) ∈Θ0. If θ̄(P )< κ, the preceding argument sup-
plies feasible values arbitrarily close to θ̄(P ) within Θ0. If θ̄(P ) = κ, the restricted feasible
set either contains this endpoint or is empty, and our convention gives the same value. ■
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Lemma A.12. Maintain the assumptions and notation of Lemma A.11, with Condition CP,
and suppose

κ≤ κ(y)≤ κ ∀y ∈ Y,

for finite κ,κ. There exists Bθ <∞, depending only on the fixed model matrices, κ− κ, and
cA, such that, for every such P and every γ ∈ [κ− 1, κ+ 1], the set

Oθ(P,γ) :=

{
(u,λ) ∈Dθ

∣∣∣∣∣ ∥(u,λ)∥∞ ≤Bθ,

JP (γ,u,λ) = Ψ(γ;P )

}
is nonempty. One member of Oθ(P,γ) can be chosen with ud⋆ = 0.

If a∗(P )> 0, the program in Lemma A.11 involving JP attains θ̄(P ) with outer variables
satisfying this bound.

Proof . Fix P and γ ∈ [κ− 1, κ+ 1]. Let x := (u,λ) ∈ Rpθ , where pθ := |D||T |+mS.
Enumerate D = {d1, . . . , dJ} and set d0 := d⋆.

We first identify finitely many linear inequalities that determine a cone of the fan in
Lemma A.4 for every coefficient appearing in JP . Define the fixed vectors ai and linear
maps Bi by

a0 := cA, B0x := −A
⊺
Sλ−

∑
d∈D

ud,

ai := 0, Bix := udi
∀i ∈ [J ],

and let

ci(y;x) := ai(κ(y)− γ) +Bix.

Then

JP (γ,x) =

J∑
i=0

∫
Y
hdi

(
ci(y;x);p

P
di
(y)
)
dµ(y) +λ

⊺
aS.

For x ∈ Dθ , every ci(y;x) has nonpositive coordinates outside Tdi
, and so its fibre support

depends only on its Tdi
coordinates.

For each i ∈ {0, . . . , J} and Γ ∈Ndi
, choose a finite representation

Γ=
{
a ∈RTdi

∣∣F i,Γa≥ 0
}
,

where F i,Γ ∈Rmi,Γ×Tdi . Let

J := {(i,Γ, r) | i ∈ {0, . . . , J}, Γ ∈Ndi
, r ∈ [mi,Γ]} .

For j = (i,Γ, r) ∈ J , define

v
⊺
j := F i,Γ;(r,·)Bi;(Tdi ,·),

bj := F i,Γ;(r,·)ai;(Tdi ).
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The corresponding inequality for ci;(Tdi )(y;x) ∈ Γ is

v
⊺
jx+ bj(κ(y)− γ)≥ 0.

Set

M := max

{
1, (κ− κ+ 1)max

j∈J
|bj |
}
.

Then |bj(κ(y)− γ)| ≤M for every j ∈ J and y ∈ Y .
Fix any x0 ∈ Dθ , and let K(x0) be the intersection of Dθ with the following constraint

for each j ∈ J : 
v
⊺
jx= v

⊺
jx0 if |v⊺

jx0| ≤M,

v
⊺
jx≥M if v⊺

jx0 >M,

v
⊺
jx≤−M if v⊺

jx0 <−M.

This polyhedron contains x0. Its constraint matrices range over a fixed finite collection, and
every right-hand side has absolute value at most M .

If v⊺
j x0 + bj(κ(y)− γ)≥ 0, then, for every x ∈K(x0),

v
⊺
jx+ bj(κ(y)− γ)≥ 0.

Indeed, the expression is unchanged in the first case, is at least M −|bj(κ(y)−γ)| ≥ 0 in the
second, and cannot be nonnegative at x0 in the third.

For each i and y, choose Γ ∈Ndi
containing ci;(Tdi )(y;x0). The preceding inequalities

imply

ci;(Tdi )(y;x) ∈ Γ ∀x ∈K(x0).

By Lemma A.4, the fibre support is linear on Γ. Hence, for x,x′ ∈K(x0) and t ∈ [0,1],

hdi

(
ci(y; tx+ (1− t)x′);pP

di
(y)
)

= thdi

(
ci(y;x);p

P
di
(y)
)
+ (1− t)hdi

(
ci(y;x

′);pP
di
(y)
)
.

Integrating and adding λ
⊺
aS shows that JP (γ, ·) is affine on K(x0). It is finite there by

Lemma A.2, and bounded below by Ψ(γ;P ) ∈R, by Lemma A.11.
We can therefore minimize an affine function over K(x0). To bound an optimizer inde-

pendently of x0, convert each possible constraint system for K(x0) into standard form by
writing x= x+−x−, adding nonnegative slack variables, and deleting redundant equations.
Let A be the resulting finite collection of full-row-rank constraint matrices. Every resulting
right-hand side b satisfies ∥b∥∞ ≤M . Define

Cbas := max

(
{1} ∪

{
∥B−1∥∞→∞

∣∣∣∣∣B is an invertible square column
submatrix of some A ∈A

})
,

Bθ := 2MCbas.
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An optimal basic feasible solution w⋆ of the standard-form program satisfies

w⋆
(B) = B−1b, w⋆

(Bc) = 0,

∥x⋆∥∞ ≤ 2∥w⋆∥∞ ≤ 2MCbas =Bθ,

where B indexes its basic columns and x⋆ = (x+)⋆ − (x−)⋆. In particular,

JP (γ,x
⋆)≤JP (γ,x0).

The matrices defining A depend only on the fixed model matrices and the fans in
Lemma A.4; the right-hand-side bound M additionally depends only on κ− κ and cA. Thus
Bθ has the asserted dependence.

Since x0 was arbitrary, the infimum over Dθ equals the infimum over

{x ∈Dθ | ∥x∥∞ ≤Bθ} ,

which is nonempty and compact. For x,x′ ∈Dθ , Lemma A.2 gives∣∣JP (γ,x)−JP (γ,x
′)
∣∣

≤

[
J∑

i=0

∥Bi∥∞→∞
∫
Y
∥pP

di
(y)∥1 dµ(y) + ∥aS∥1

]
∥x−x′∥∞.

The coefficient is finite, and so JP (γ, ·) is continuous. Its minimum on the compact set is
attained, proving Oθ(P,γ) ̸= ∅.

Finally, take a bounded optimizer and replace ud⋆ by 0. Its target coefficient changes from
c0(y) to c0(y) +ud⋆ , and

hd⋆

(
c0(y) +ud⋆ ;pP

d⋆(y)
)
≤ hd⋆

(
c0(y);p

P
d⋆(y)

)
+ hd⋆

(
ud⋆ ;pP

d⋆(y)
)
.

Thus the replacement cannot increase JP . It preserves Dθ , since ud⋆ is zero outside Td⋆ ,
and cannot increase the outer norm. The modified tuple is therefore also in Oθ(P,γ).

When a∗(P )> 0, Lemma A.10 gives Ψ(θ̄(P );P ) = 0, and the result at γ = θ̄(P ) proves
endpoint attainment. ■

Corollary A.4. Maintain the assumptions and notation of Lemma A.12. Fix γ ∈ [κ−1, κ+1]

and (u,λ) ∈ Oθ(P,γ), and let c0(y) := c0(y;γ,u,λ). There exist measurable ℓ0,ℓd : Y →
RZ≥0, d ∈D, satisfying

R
⊺
d⋆ℓ0(y)≥ c0(y), ∥ℓ0(y)∥∞ ≤ ∥c0(y)∥∞,

pP
d⋆(y)

⊺
ℓ0(y) = hd⋆

(
c0(y);p

P
d⋆(y)

)
,

R
⊺
dℓd(y)≥ ud, ∥ℓd(y)∥∞ ≤ ∥ud∥∞,

pP
d (y)

⊺
ℓd(y) = hd

(
ud;p

P
d (y)

)
∀d ∈D.
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For every such choice, define

m(y, d, z) := 1{d= d⋆}ℓ0;(z)(y) + ℓd;(z)(y) +
λ
⊺
aS
|Z|

.

There exists Cm <∞, independent of P , γ, and these choices, such that

∥m∥∞ ≤ Cm,∑
z∈Z

EP [m(W ) | Z = z] = Ψ(γ;P ).

The same bound holds for every m ∈M⋆
P . If a∗(P )> 0, then M⋆

P ̸= ∅.

Proof . The measurable multipliers and their pointwise properties follow from Lemma 3.2.
Set

C0 := (κ− κ+ 1)∥cA∥∞ +Bθ∥A
⊺
S∥∞→∞ + |D|Bθ,

Cm := C0 +Bθ +
Bθ∥aS∥1
|Z|

.

Since ∥(u,λ)∥∞ ≤Bθ ,

∥c0(y)∥∞ ≤ C0,

|m(y, d, z)| ≤ ∥ℓ0(y)∥∞ + ∥ℓd(y)∥∞ +
∥λ∥∞∥aS∥1
|Z|

≤Cm.

Integrating the pointwise optimality equalities gives∑
z∈Z

EP [m(W ) | Z = z] =

∫
Y
pP
d⋆(y)

⊺
ℓ0(y)dµ(y)

+
∑
d∈D

∫
Y
pP
d (y)

⊺
ℓd(y)dµ(y) +λ

⊺
aS

= JP (γ,u,λ) = Ψ(γ;P ).

If a∗(P ) > 0, take γ = θ̄(P ). By Lemmas A.10 and A.12, the required outer tuple exists
and the last display equals zero. The resulting m satisfies every condition in the definition of
M⋆

P . ■

Appendix B: Estimation Results and Proofs

Throughout, we will use shorthands of the form q := (qd)d∈D . For any P satisfying Con-
dition D, define

FP
S :=

{
(π,q)

∣∣∣∣∣
∫
qd dµ= π ∈Rπ ; qd ∈ L1

(
µ;RT

≥0
)
∀d ;

Rdqd (y) = pd (y) ∀d, y .

}
,
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and for any P also satisfying Assumption 5.1, define

Aθ(P ) :=

{
(π,q) ∈ FP

S

∣∣∣∣ ∫
Y
(κ− θ̄(P ))c⊺Aqd⋆ dµ= 0

}
.

For (π,q) ∈ FP
S , (π

′,q′) ∈ FP ′

S , define ∥(π,q)−(π′,q′)∥F ,1 := ∥π−π′∥1+
∑

d

∫
∥qd−

q′d∥1 dµ. Define the vector qad and the matrices Ea
d and E0

d by

(qad )(τ ) := qd|τ1{τ ∈ Td} ∀τ ∈ T ,

(Ea
d)(τ ,τ ′) := 1

{
τ = τ ′

}
∀
(
τ ,τ ′

)
∈ Td × T ,(

E0
d

)
(τ ,τ ′)

:= 1
{
τ = τ ′

}
∀
(
τ ,τ ′

)
∈ (T \ Td)× T ,

so that qd = (Ea
d)

⊺
Ea

dqd +
(
E0

d

)⊺
E0

dqd = qad +
(
E0

d

)⊺
E0

dqd .

B.1. Proofs of Estimation and Efficiency Results in Section 5

B.1.1. Proof of Lemma 5.1.

Proof . Apply Lemma A.12 with γ ∈Θ0. For every (u,λ) ∈Dθ , the pointwise optimality
equalities in Lemma 3.2 give∑

z∈Z
EP

[
mP

θ (γ,u,λ;W )
∣∣Z = z

]
= JP (γ,u,λ).

Substituting this equality into the bounded minimum supplied by Lemma A.12 gives (5.1).
■

B.1.2. Proof of Theorem 5.1.

Proof . Since Z is finite and PZ(z)> 0 for every z ∈Z , minz∈Z P̂Z;n(z)> 0 w.p.a.1 and
so, we condition on this event in the remainder of the proof.

Apply Corollary B.1 to the conditional-mean parameter in (4.1), noting that its hypotheses
hold since κ is bounded, and by Assumption 5.1, and so there exist constants δ, a,C > 0 such
that, for every P ′ ∈ Uδ(P ),

min
Q∈QS(P ′)

c
⊺
Aπ

Q ≥ a,∣∣θ̄(P ′)− θ̄(P )∣∣≤ C∆(P ′, P ).

In particular, the conditioning probability remains bounded away from zero throughout this
neighbourhood, and the error in the upper bound is controlled by the error in the conditional
sub-densities. By Assumption 5.2, P̃n satisfies Condition D, QS(P̃n) ̸= ∅, and ∆(P̃n, P )

P−→
0. Therefore P̃n ∈ Uδ(P ) with probability tending to one, and so the displayed inequality and
(5.2) give

˜̄θn − θ̄(P ) = θ̄(P̃n)− θ̄(P ) = oP (1) . ■
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B.1.3. Proof of Theorem 5.2.

Proof . First, by Assumption 5.1 and Corollary B.1, there exist δ, a > 0 and L <∞ such
that, for every law R satisfying Condition D, QS(R) ̸= ∅, and ∆(R,P )< δ,

min
Q∈QS(R)

c
⊺
Aπ

Q ≥a,

|θ̄(R)− θ̄(P )| ≤L∆(R,P ) ,

and note that Corollary A.4 supplies M <∞ such that ∥m∥∞ ≤M for every m ∈M⋆
R and

every such R.
Next, for each fold, take

an,k := c
⊺
Aπ̃

(−k),

mn,k(W ) := mP̃ (−k)

θ

(
˜̄θ(−k)n , ũ(−k), λ̃(−k);W

)
. (B.1)

Now, mn,k ∈M⋆
P̃

(−k)
n

and the primal solution defining π̃(−k) attains θ̄(P̃ (−k)
n ). Define

∆n,k :=∆(P̃ (−k)
n , P ),

bn,k :=θ̄(P̃
(−k)
n )− θ̄(P ) + 1

an,k

∑
z

EP [mn,k(W ) | Z = z],

ϕn,k(W ) :=
mn,k(W )−EP [mn,k(W ) | Z]

PZ(Z)an,k
,

where PZ(z) := P (Z = z) and the expectations involving functions estimated on the training
folds are understood as taken conditional on the training folds, i.e. holding training-estimated
quantities fixed.

By Assumption 5.2 and positivity of all PZ(z), maxk∆n,k = oP (1), and every P̃
(−k)
n

satisfies the conditions imposed on R above w.p.a.1. Since
∑

z EP̃
(−k)
n

[mn,k(W ) | Z = z] =

0, w.p.a.1, ∣∣∣∣∣∑
z

EP [mn,k(W ) | Z = z]

∣∣∣∣∣≤M∆n,k,

max
k
|bn,k| ≤

(
L+

M

a

)
max
k

∆n,k =oP (1) ,

and note that we now have an,k ≥ a and ∥mn,k∥∞ ≤M for every k, w.p.a.1. Therefore, we
can apply Lemma B.8 with ηn,k = θ̄(P̃

(−k)
n ) and ϑ= θ̄(P ), to get

ˆ̄θ(CF)
n − θ̄(P ) =

K∑
k=1

n(k)

n
bn,k +OP (n

−1/2) ,

and the result follows immediately, since
∣∣∣∑K

k=1
n(k)

n bn,k

∣∣∣≤maxk |bn,k|= oP (1). ■

B.1.4. Proof of Theorem 5.3.
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Proof . Use an,k,∆n,k, bn,k, a,L from the proof of Theorem 5.2, and define

Iθ(P ) :=
{
c
⊺
Aπ

Q :Q ∈QS(P ), θ
Q = θ̄(P )

}
.

By Lemma A.10, this is a nonempty compact interval. Applying the lower bound in
Lemma B.7 with R= P̃

(−k)
n and a population conditioning probability nearest to an,k gives,

w.p.a.1,

bn,k ≥−
L

a
∆n,k dist(an,k,Iθ(P )),

where dist(x, I) := infr∈I |x− r|. By Lemma B.6 and the assumed preliminary rate,

max
k
|{bn,k}−| ≤

L

a
max
k

∆n,k dist(an,k,Iθ(P ))

≤LCP

a
max
k

∆
3/2
n,k =OP (n

−1/2).

Finally, the expansion and score bound in Lemma B.8, applied as in the consistency proof,
give

ˆ̄θ(CF)
n − θ̄(P ) =

K∑
k=1

n(k)

n
bn,k +OP (n

−1/2).

Since these weights are nonnegative and sum to one, the preceding bound implies
√
n{ ˆ̄θ(CF)

n − θ̄(P )}− =OP (1). ■

B.1.5. Proof of Theorem 5.4.

Proof . Let bn,k and a > 0 be as in the proof of Theorem 5.2, and note that the proof of
Theorem 5.3 establishes

max
k
|{bn,k}−|=OP (n

−1/2).

For the moments m(k)
n;P ∈M⋆

P supplied by Assumption 5.4, define

en,k :=
∑
d,z

Rk,d,z(P̃,P ;m
(k)
n;P ).

By Lemma B.7, w.p.a.1,

bn,k ≤
en,k
an,k

≤
{en,k}+

a
,

and we have maxk{en,k}+ = OP (n
−1/2) by assumption. Together with the lower bound

just obtained, this implies maxk |bn,k|=OP (n
−1/2), and applying Lemma B.8 immediately

gives the result. ■

B.1.6. Proof of Theorem 5.5.
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Proof . Use the fold quantities in (B.1), and use ∆n,k, bn,k, ϕn,k, a,L,Cm from the proof
of Theorem 5.2. By Assumption 5.5, every Q ∈ QS(P ) with θQ = θ̄(P ) has conditioning
probability p†A(P ), as defined there, and so, by Assumption 5.7, we have

max
k

∆n,k|an,k − p†A(P )|=oP (n
−1/2).

For the moments m(k)
n;P ∈M⋆

P supplied by Assumption 5.7, define

en,k :=
∑
d,z

Rk,d,z(P̃,P ;m
(k)
n;P ) ,

and note that the assumption gives maxk{en,k}+ = oP (n
−1/2) here. By Lemma B.7, w.p.a.1,

−L
a
∆n,k|an,k − p†A(P )| ≤bn,k ≤

{en,k}+
a

,

and so, maxk |bn,k|= oP (n
−1/2).

It remains to verify convergence of the centred scores. Fix m∗ ∈M⋆
P and set pmin :=

minz PZ(z)> 0. By Lemmas B.9 and B.10,

an,k
P−→ p†A(P ),

∥mn,k −EP [mn,k(W ) | Z]−m∗ +EP [m∗(W ) | Z]∥L2(P )

P−→ 0.

The denominators an,k are bounded below by the constant a > 0 from Corollary B.1, w.p.a.1.
Using ∥m∗∥∞ ≤Cm gives

∥ϕn,k − ϕP ∥L2(P ) ≤
1

apmin
∥mn,k −EP [mn,k(W ) | Z]−m∗ +EP [m∗(W ) | Z]∥L2(P )

+
2Cm

apminp
†
A(P )

|an,k − p†A(P )|= oP (1).

Set ξn,k := ϕn,k − ϕP , where ϕP is defined in (5.9), and note that these functions satisfy the
training measurability condition in Lemma B.8 by construction, and

EP [ξn,k(W )] = 0, max
k
∥ξn,k∥L2(P ) = oP (1).

The last assertion of Lemma B.8, applied to ξn,k, gives

1√
n

K∑
k=1

∑
i∈Ik

ϕn,k(Wi) =
1√
n

n∑
i=1

ϕP (Wi) + oP (1).

Combining this with (B.9) and maxk |bn,k|= oP (n
−1/2), we have

√
n(ˆ̄θ(CF)

n − θ̄(P )) = 1√
n

n∑
i=1

ϕP (Wi) + oP (1) ,

and the result now follows immediately from the central limit theorem, since ϕP is bounded
and has mean zero. ■
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B.1.7. Proof of Lemma 5.2.

Proof . Applying Lemma B.11 to the given path (Pt)t ⊆PS establishes that the required
expansions hold in P ⊇PS and that the claimed derivatives are continuous and linear on
L2
0 (P ), and therefore on ṖS, which immediately implies the result, by definition of path

derivative. ■

B.1.8. Proof of Lemma 5.3.

Proof . Denote the tangent set of PS by TP
S and note that ṖP

S := spanL
2(P )

(
TP
S

)
by

definition.
First, for any a :Z →R with EP [a (Z)] = 0,

t 7→ rat (y, d, z) := (1 + ta (z)) r0 (y, d, z) = (1 + ta (z))PZ (z)pPd|z (y)

defines a path (P a
t )t in PS via dP a

t

dν := rat since (i) 1 + ta(z) > 0 for all z ∈ Z when t

is sufficiently small and rat integrates to 1 over W since r0 (y, d, z) = PZ (z)pPd|z(y) is a
density onW and a (Z) has mean zero, and (ii):

P a
t;Z (z) =

∑
d∈D

∫
Y
rat (y, d, z) dµ (y) = (1 + ta (z))PZ (z)> 0 ,

p
P a

t

d|z (y) =
rat (y, d, z)

P a
t;Z (z)

= pPd|z (y) ,

which implies the conditional (Y,D) distribution is unchanged along this path and, for suf-
ficiently small t, P a

t;Z (z)> PZ (z)/2. Therefore
(
P a
t;Z

)
t
⊆PS for sufficiently small t. We

now have the following expansion around t= 0,∥∥∥∥√rat −√r0 − t

2
a
√
r0

∥∥∥∥2
L2(ν)

=
∑
z∈Z

PZ(z)

(√
1 + ta(z)− 1− t

2
a(z)

)2

≤ C2t4

(∑
z∈Z

PZ(z)a(z)
4

)
=O(t4) = o(t2) .

and so (P a
t )t is QMD with score a, therefore a ∈ TP

S ⊆ ṖS.
Next, we have that the linear map s 7→ ṗ (s) satisfies, for any u ∈ L2

0 (P ),

∥ṗ (u)∥P = ∥u−EP [u (W ) |Z]∥L2(P ) ≤ ∥u∥L2(P ) ,

where the first equality follows from the isometry established in the main text. This implies

ṖP
S ⊆

{
s ∈ L2

0 (P )
∣∣∣ ṗP(s) ∈ Ċ P

S

}
,

since if s ∈ ṖP
S , then there exists a sequence QMD paths in PS with scores sn such that

∥ṗ (sn)− ṗ (s)∥P = ∥ṗ (sn − s)∥P ≤ ∥sn − s∥L2(P )→ 0 ,

which implies ṗ (s) ∈ Ċ P
S since Ċ P

S is closed in HP and each sn ∈ Ċ P
S , by definition.
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Finally, let s ∈ Ċ P
S . Then, there exists sn ∈ span

(
TP
S

)
such that

∥hsn − hs∥L2(P ) = ∥ṗ (sn)− ṗ (s)∥P → 0 ,

and since sn ∈ ṖP
S , and z 7→ EP [sn (W ) |Z = z] , z 7→ EP [s (W ) |Z = z] ∈ TP

S ⊆ ṖP
S by

the earlier argument, we have hsn ∈ ṖP
S , and the result now follows immediately by noting

that ṖP
S is the closed linear span of TP

S . ■

B.1.9. Proof of Theorem 5.6.

Proof . By the definitions in Lemmas B.12 and B.13, the asserted right-hand side is UP .
For every two-sided QMD path through P in PS with score s, Lemma B.17 gives ṗP (s) ∈
UP . By Lemma B.13, UP is a closed linear subspace of HP , and so the definition of Ċ P

S

gives

Ċ P
S ⊆ UP .

Conversely, let b ∈UP . Choose q̇d ∈ L1(µ;RT ) and π̇ ∈ ker(AS,JP
S
) such that

Rdq̇d = bd,∫
Y
q̇d dµ= π̇ ∀d,

q̇d|τ (y) = 0 ∀d, y,τ /∈ Sd(y).

Take (π†,q†) from Lemma B.12, and note that its positivity sets are exactly Sd(y), and the
rows of ASπ ≤ aS binding at π† are exactly JP

S .
Apply Lemma B.14 with (π0,q0) = (π†,q†) and J = JP

S , to get q̇(n)d , π̇n ∈ ker(AS,JP
S
),

and Cn <∞ such that ∫
Y
q̇
(n)
d dµ= π̇n ∀d,n,

|q̇(n)d|τ (y)| ≤ Cnq
†
d|τ (y) ∀d,τ , y,n,

and with bn := (Rdq̇
(n)
d )d∈D , we have ∥bn − b∥P → 0 For each n, Lemma B.15 therefore

supplies ϵn > 0 and a two-sided QMD path (Pn,t)|t|<ϵn ⊆PS through P , with score sn,
satisfying

p
Pn,t

d = pP
d + tRdq̇

(n)
d ∀d, |t|< ϵn,

EP [sn | Z] = 0,

ṗP (sn) = bn.

Thus bn ∈ Ċ P
S for every n. Since this space is closed in ∥ · ∥P , b ∈ Ċ P

S , proving the reverse
inclusion. ■

B.1.10. Proof of Lemma 5.4.
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Proof . For every stipulated QMD path, Corollary B.2 gives the asserted right derivative.
The maximum over conditioning probabilities equals

δP (ṗ
P (s))

p⋆
A
(P )

if δP (ṗP (s))≥ 0,

δP (ṗ
P (s))

p⋆A(P )
if δP (ṗP (s))< 0.

By Lemma B.21, the quadratic problem (5.14) has a unique solution, and pathwise differen-
tiability is equivalent to (5.13). ■

B.1.11. Proof of Theorem 5.7.

Proof . Let w := ṗP,⋆ and a− := p⋆
A
(P )> 0, and define

ϕ∗P (y, d, z) :=


wd;(z)(y)

a−pPd|z(y)
if pPd|z(y)> 0,

0 otherwise.

Every b ∈ Ċ P
S satisfies

∑
d

∫
Y bd;(z) dµ = 0 for every z: this holds for each generating

conditional-density derivative by Lemma 5.2, and extends to the closed span because∣∣∣∣∣∑
d

∫
Y
bd;(z) dµ

∣∣∣∣∣≤ 1√
PZ(z)

∥b∥P .

Applying this to w gives

EP [ϕ
∗
P (W ) | Z = z] =

1

a−

∑
d

∫
Y
wd;(z) dµ= 0,

∥ϕ∗P ∥2L2(P ) =
∥w∥2P
a2−

.

Moreover, ṗP (ϕ∗P ) =w/a−, and so Lemma 5.3 gives ϕ∗P ∈ Ṗ
P
S .

For every path score s, Lemma B.21 gives

˙̄θP (s) =
1

a−

〈
w, ṗP (s)

〉
P

=
1

a−

∑
d,z

PZ(z)

∫
Y
wd;(z)(y) (s(y, d, z)−EP [s(W ) | Z = z]) dµ(y)

= EP [ϕ
∗
P (W )s(W )].

The last equality uses the conditional mean-zero property proved above. Thus ϕ∗P is the
tangent-space representative of the derivative, and hence the EIF. Its squared norm gives the
stated efficiency bound. The same argument applies with known assignment probabilities,
since ϕ∗P is conditionally centred. ■

B.1.12. Proof of Corollary 5.1.
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Proof . Let a∗ := p†A(P ) = p⋆
A
(P ) = p⋆A(P ). By Lemma B.21, pathwise differentiability

is equivalent to

δP (b) =
〈
ṗP,⋆,b

〉
P

∀b ∈ Ċ P
S .

This implies linearity. Conversely, if δP is linear, its continuity and the Riesz representation
theorem give δP (b) = ⟨a,b⟩P for some a ∈ Ċ P

S . Completing the square gives the unique
quadratic maximizer ṗP,⋆ = a, proving the equivalence of the first two statements.

If δP is linear, then, for every m ∈M⋆
P and b ∈ Ċ P

S ,

δP (b)≤
∑
d,z

∫
Y
mbd;(z) dµ,

−δP (b) = δP (−b)≤−
∑
d,z

∫
Y
mbd;(z) dµ.

Thus

δP (b) =
∑
d,z

∫
Y
mbd;(z) dµ ∀m ∈M⋆

P , b ∈ Ċ P
S .

This gives the third statement. Conversely, if all these linear functionals agree, their infimum
δP equals any one of them and is linear.

Under the equivalent conditions, substituting the last display into (5.14) gives the asserted
quadratic objective for every m ∈M⋆

P . The EIF and variance formulas follow from Theo-
rem 5.7 with a− = a∗. ■

B.1.13. Proof of Lemma 5.5.

Proof . Take Q† from Assumption 5.8, and let π† := πQ†
and q†d := qQ

†

d . Since π† ∈
relintRπ , {

j ∈ [mS]
∣∣∣AS;(j,·)π

† = aS;(j)

}
= ES.

Indeed, a valid linear inequality binds at a relative-interior point of a convex set if and only
if it binds throughout that set. Since π† ∈Π(P )⊆Rπ , it follows that JP

S =ES.
By Theorem 5.6, every b ∈ Ċ P

S therefore has a representation bd =Rdq̇d with common
integral π̇ ∈ ker(AS,E). In particular,

bd(y) ∈ col(Rd),∫
Y
bd dµ= Rd

∫
Y
q̇d dµ=Rdπ̇,

which proves one inclusion.
Conversely, let b ∈HP satisfy

bd(y) ∈ col(Rd) ∀d, y,
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Y
bd dµ= Rdπ̇ ∀d

for some π̇ ∈ ker(AS,E). Define

S†d(y) :=
{
τ ∈ T

∣∣∣ q†d|τ (y)> 0
}
.

Since bd;(z)(y) = 0 whenever pPd|z(y) = 0, Assumption 5.8(iii) gives

bd(y) ∈ col
(
Rd(y;Q

†)
)
= col

(
Rd;(·,S†

d(y))

)
.

Use the fixed linear maps Ld,S constructed in the proof of Lemma B.13, and set

q̇0d(y) := Ld,S†
d(y)

bd(y).

These functions are measurable and satisfy

Rdq̇
0
d = bd,

q̇0d|τ (y) = 0 ∀d,τ , y with q†d|τ (y) = 0.

There are finitely many maps Ld,S . Writing CL := maxd,S ∥Ld,S∥1←1, the bound in
Lemma B.13 gives ∑

d

∫
Y
∥q̇0d∥1 dµ≤ CL∥b∥L1

≤ CL

(∑
z

1

PZ(z)

)1/2

∥b∥P <∞.

It remains to correct the integrals without changing the response images. Define

ed := π̇−
∫
Y
q̇0d dµ.

Then

Rded = Rdπ̇−
∫
Y
bd dµ= 0.

For each d ∈D, define

ρd(y) :=
minτ∈Td q

†
d|τ (y)∫

Y
min
τ∈Td

q†d|τ dµ

.

The denominator is positive by Assumption 5.8(ii), and
∫
Y ρd dµ= 1.

Every τ ∈ T belongs to Td for some d, and for such a d,

π†(τ ) =

∫
Y
q†d|τ dµ

≥
∫
Y
min
τ ′∈Td

q†d|τ ′ dµ > 0.
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We can therefore define

kd;(τ )(y) :=


ed;(τ )ρd(y) if τ ∈ Td,

ed;(τ )
q†d|τ (y)

π†(τ )
otherwise.

Each density used in this definition integrates to one, and the inactive columns of Rd are
zero, and so∫

Y
kd dµ= ed,

∫
Y
∥kd∥1 dµ= ∥ed∥1 <∞,

Rdkd(y) = ρd(y)Rded = 0.

Also, kd;(τ )(y) = 0 whenever q†d|τ (y) = 0: on active coordinates this follows from the mini-
mum defining ρd, and on inactive coordinates it follows from the displayed formula for kd.

Set q̇d := q̇0d + kd. Then

Rdq̇d = bd,∫
Y
q̇d dµ= π̇ ∈ ker(AS,E) = ker(AS,JP

S
),

q̇d|τ (y) = 0 ∀d,τ , y with q†d|τ (y) = 0.

By Lemma B.12, S†d(y)⊆ Sd(y), and so q̇d|τ (y) = 0 whenever τ /∈ Sd(y). Therefore, Theo-
rem 5.6 gives b ∈ Ċ P

S and completes the proof. ■

B.1.14. Proof of Theorem 5.8.

Proof . By Theorem 5.5,

√
n(ˆ̄θ(CF)

n − θ̄(P )) = 1√
n

n∑
i=1

ϕP (Wi) + oP (1), (B.2)

where, for any m ∈M⋆
P ,

ϕP (W ) =
m(W )−EP [m(W ) | Z]

PZ(Z)p
†
A(P )

.

In particular, ϕP is bounded and EP [ϕP (W ) | Z] = 0.
For every b ∈ Ċ P

S ,
∑

d

∫
Y bd;(z) dµ = 0 for each z, as established in the proof of Theo-

rem 5.7. By Assumption 5.6, every m1,m2 ∈M⋆
P therefore satisfies∑

d,z

∫
Y
(m1 −m2)bd;(z) dµ=

∑
d,z

∫
Y
(EP [m1(W ) | Z = z]−EP [m2(W ) | Z = z])bd;(z) dµ

= 0.

By Corollary 5.1, θ̄ is pathwise differentiable.
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For any QMD path score s, put hs := s − EP [s(W ) | Z]. Using Lemma 5.2 and Corol-
lary 5.1, and writing a∗ := p†A(P ), gives

˙̄θP (s) =
1

a∗

∑
d,z

∫
Y
m(y, d, z)pPd|z(y)hs(y, d, z)dµ(y)

=
1

a∗

∑
d,z

∫
Y
(m(y, d, z)−EP [m(W ) | Z = z])pPd|z(y)s(y, d, z)dµ(y)

= EP [ϕP (W )s(W )].

The second equality uses EP [hs(W ) | Z] = 0 and EP [m(W )−EP [m(W ) | Z] | Z] = 0.
To show regularity, fix a two-sided QMD path (Pt)|t|<ϵ ⊆PS through P with score s, and

fix h ∈R. Writing rt := dPt/dν, local asymptotic normality gives, under P ,

n∑
i=1

log
rh/
√
n(Wi)

r0(Wi)
=

h√
n

n∑
i=1

s(Wi)−
h2

2
∥s∥2L2(P ) + oP (1);

see Van Der Vaart (1998, Chapter 7). Independent randomization used for the folds or fitting
has the same law under the local alternatives and leaves this likelihood ratio unchanged.

The joint central limit theorem gives

1√
n

n∑
i=1

[
ϕP (Wi)

s(Wi)

]
⇝ N

(
0,

[
EP [ϕ

2
P ] EP [ϕP s]

EP [ϕP s] EP [s
2]

])
.

Contiguity transfers the remainder in (B.2) to Ph/
√
n, and Le Cam’s third lemma gives, under

these local alternatives,

1√
n

n∑
i=1

ϕP (Wi)⇝ N
(
hEP [ϕP s], EP [ϕ

2
P ]
)
;

see Van Der Vaart and Wellner (1996, Section 3.10). Pathwise differentiability also gives
√
n
(
θ̄(Ph/

√
n)− θ̄(P )

)
→ h ˙̄θP (s) = hEP [ϕP s].

Subtracting this deterministic shift gives
√
n
(
ˆ̄θ(CF)
n − θ̄(Ph/

√
n)
)
⇝ N (0,EP [ϕ

2
P ]),

as needed.
The EIF is the orthogonal projection of ϕP onto ṖP

S . Therefore

∥ϕP ∥2L2(P ) = ∥ϕ
∗
P ∥2L2(P ) + ∥ϕP − ϕ

∗
P ∥2L2(P ),

and efficiency is equivalent to ϕP ∈ ṖP
S . Since ϕP is conditionally centred, Lemma 5.3

makes this equivalent to ((
pPd|zϕP (·, d, z)

)
z∈Z

)
d∈D
∈ Ċ P

S .
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Under Assumption 5.8, Lemma 5.5 identifies this membership with the two requirements(
pPd|z(y)ϕP (y, d, z)

)
z∈Z
∈ col(Rd) ∀d, y,

Rdπ̇ = (EP [1{D = d}ϕP (W ) | Z = z])z∈Z ∀d

for some π̇ ∈ ker(AS,E). By Corollary B.3, they hold under (5.17), with the stated simplifi-
cation under support restrictions alone.

Finally, conditioning ϕ2P on Z gives

EP [ϕP (W )2] =
1

p†A(P )
2

∑
z∈Z

EP

[
(m(W )−EP [m(W ) | Z = z])2

∣∣∣Z = z
]

PZ(z)

=
1

p†A(P )
2

∑
z∈Z

VarP (m(W ) | Z = z)

PZ(z)
.

When the estimator is efficient, ϕP = ϕ∗P in L2(P ), and this is the efficiency bound. ■

B.2. Auxiliary Estimation Lemmas

Lemma B.1. Suppose S satisfies Condition CP. For each d ∈ D, let Cd : Y → RT ×T be
measurable and diagonal, with diagonal entries in {0,1} and zero entries on T \ Td. Fix
E ∈Rr×T and e ∈Rr , allowing r = 0. For P ′ satisfying Condition D, define

FP ′

S;C,E,e :=

{
(π′,q′) ∈ FP ′

S

∣∣∣∣∣ Eπ′ = e,

Cd(y)q
′a
d (y) = 0 ∀d ∈D, y ∈ Y

}
.

There is C0 <∞, depending only on (Rd)d∈D , AS, and E, such that whenever this set is
nonempty, every P satisfying Condition D and (π,q) ∈ FP

S admit (π′,q′) ∈ FP ′

S;C,E,e with

∥(π′,q′)− (π,q)∥F ,1 ≤ C0

[
∆(P ′, P ) +

∑
d∈D

∫
Y
∥Cdq

a
d∥1 dµ+ ∥Eπ− e∥1

]
. (B.3)

In particular, C0 does not depend on the laws, e, or the measurable locations at which the
entries of Cd equal one.

Proof . Fix (π,q) and a target witness (π̄,q) ∈ FP ′

S;C,E,e. We encode the new active den-
sity as td +ud, with td + vd = qad . This makes its change equal to ud − vd.

Let I be the identity on RT , and define

Dd :=
{
diag(c)

∣∣c ∈ {0,1}T , c(T \Td) = 0
}
.

For C ∈Dd, define

Hd,C :=


Rd Rd 0

I 0 I

0 I(T \Td,·) 0

C C 0

 ,
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bd(y) :=


pP ′

d (y)

qad (y)

0T \Td
0T

 , Ad,C := {y ∈ Y |Cd(y) =C} .

The binary matrix Hd,C has no zero columns: the identity blocks cover its first and third
column blocks, and Rd and I(T \Td,·) cover its second. For every y ∈Ad,C ,

Hd,C

 0

qd
a(y)

qad (y)

= bd(y).

Therefore 1Ad,C
bd is integrable and takes values in coneHd,C . Apply Lemma A.3 to this

function and matrix, and intersect the resulting partition with Ad,C , discarding empty cells.
Denote this partition of Ad,C by Bd,C , and let

Bd :=
⋃

C∈Dd

Bd,C .

In particular, |Bd,C | ≤NHd,C
.

Consider the finite system

π′ ≥ 0, ASπ
′ ≤ aS, Eπ′ = e,

td,B,ud,B,vd,B ≥ 0,

Hd,C

 td,B

ud,B

vd,B

=

∫
B
bd dµ ∀d ∈D, C ∈Dd, B ∈ Bd,C ,

∑
B∈Bd

(td,B +ud,B)(Td) = π′(Td) ∀d ∈D. (B.4)

This system is feasible: take π′ = π̄ and

(td,B,ud,B,vd,B) =

(
0,

∫
B
qd

a dµ,

∫
B
qad dµ

)
.

Let w collect the variables in (B.4), and define the source vector

w0 :=

(
π,

(∫
B
qad dµ,0,0

)
d∈D, B∈Bd

)
.
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At w0, all inequalities and active-mass equations in (B.4) hold. The remaining equality resid-
uals are 

∫
B
(pP

d − pP ′

d )dµ

0

0∫
B
Cqad dµ

 , Eπ− e.

Their total ℓ1 norm is at most

η := ∆(P ′, P ) +
∑
d∈D

∫
Y
∥Cdq

a
d∥1 dµ+ ∥Eπ− e∥1.

Hoffman’s error bound applies to the nonempty finite system (B.4), and supplies a feasible
w with

∥w−w0∥1 ≤ CHη.

The coefficient matrices of that system vary only with the finitely many possible cell counts
(|Bd,C |)d,C , each bounded by NHd,C

. Taking the maximum of their Hoffman constants gives
one CH depending only on (Rd)d∈D , AS, and E. Since the source u and v coordinates are
zero,

∥π′ −π∥1 +
∑
d∈D

∑
B∈Bd

1
⊺
(ud,B + vd,B)≤ CHη. (B.5)

By Lemma A.3, the nonnegative cell vectors in (B.4) can be realized by nonnegative inte-
grable functions td,ud,vd satisfying

Hd,C

 td(y)

ud(y)

vd(y)

= bd(y) ∀y ∈B,

∫
B

 td

ud

vd

 dµ=

 td,B

ud,B

vd,B


for every d ∈D, C ∈Dd, and B ∈ Bd,C . The block equations give

td + vd = qad ,

Rd(td +ud) = pP ′

d ,

(ud)(T \Td) = 0,

Cd(td +ud) = 0.
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Nonnegativity and td + vd = qad also force the inactive coordinates of td and vd to be zero.
Set q′ad := td +ud. The last equations in (B.4) give its required active masses, and∫

Y
∥q′ad − qad∥1 dµ=

∫
Y
∥ud − vd∥1 dµ

≤
∑
B∈Bd

1
⊺
(ud,B + vd,B).

Let ρ0 be the probability density from Lemma A.1. For τ /∈ Td, define

q′d|τ (y) :=


π′(τ )

π(τ )
qd|τ (y) if π(τ ) > 0,

π′(τ )ρ0(y) otherwise.

In either case, ∫
Y
q′d|τ dµ= π′(τ ),∫

Y

∣∣∣q′d|τ − qd|τ ∣∣∣ dµ=
∣∣∣π′(τ ) −π(τ )

∣∣∣ .
These coordinates do not enter Rdq

′
d. The resulting tuple belongs to FP ′

S;C,E,e, and

∥(π′,q′)− (π,q)∥F ,1 ≤ (1 + |D|)∥π′ −π∥1 +
∑
d∈D

∑
B∈Bd

1
⊺
(ud,B + vd,B)

≤ (1 + |D|)CHη,

by (B.5). Take C0 = (1+ |D|)CH . ■

Lemma B.2. Suppose S satisfies Condition CP. There isC <∞, depending only on (Rd)d∈D

and AS, such that, for any P,P ′ satisfying Condition D with QS(P ) ̸= ∅ and QS(P
′) ̸= ∅,

every (π,q) ∈ FP
S admits (π′,q′) ∈ FP ′

S satisfying

∥(π′,q′)− (π,q)∥F ,1 ≤ C∆(P ′, P ). (B.6)

For b0 ∈R, b ∈RT , and bounded measurable gd : Y →RT , define

T (π,q) := b0 + b
⊺
π+

∑
d∈D

∫
Y
g
⊺
dqd dµ,

LT := max

{
∥b∥∞, max

d∈D
sup
y∈Y
∥gd(y)∥∞

}
.

The same (π′,q′) satisfies

|T (π′,q′)− T (π,q)| ≤ CLT∆(P ′, P ).
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Further, ∣∣∣∣∣ inf
(π′,q′)∈FP ′

S

T (π′,q′)− inf
(π,q)∈FP

S

T (π,q)

∣∣∣∣∣≤ CLT∆(P ′, P ),

∣∣∣∣∣ sup
(π′,q′)∈FP ′

S

T (π′,q′)− sup
(π,q)∈FP

S

T (π,q)

∣∣∣∣∣≤ CLT∆(P ′, P ).

Proof . Apply Lemma B.1 with Cd ≡ 0, E ∈ R0×T , and e ∈ R0. Its target set is FP ′

S ,
which is nonempty by the construction in the proof of Theorem 3.1. Both additional residuals
in (B.3) vanish, giving (B.6).

For the resulting pair,

|T (π′,q′)− T (π,q)| ≤ ∥b∥∞∥π′ −π∥1

+
∑
d∈D

sup
y∈Y
∥gd(y)∥∞

∫
Y
∥q′d − qd∥1 dµ

≤ LT ∥(π′,q′)− (π,q)∥F ,1 ≤CLT∆(P ′, P ).

In particular,

inf
(π′,q′)∈FP ′

S

T (π′,q′)≤ inf
(π,q)∈FP

S

T (π,q) +CLT∆(P ′, P ),

sup
(π,q)∈FP

S

T (π,q)≤ sup
(π′,q′)∈FP ′

S

T (π′,q′) +CLT∆(P ′, P ).

Interchanging P and P ′ gives the two asserted absolute-value bounds. ■

Corollary B.1. Suppose S satisfies Condition CP. Fix bN ,bD ∈ RT and bounded measur-
able functions gN,d,gD,d : Y →RT , d ∈D. Define

N(π,q) := b
⊺
Nπ+

∑
d∈D

∫
Y
g
⊺
N,dqd dµ,

D(π,q) := b
⊺
Dπ+

∑
d∈D

∫
Y
g
⊺
D,dqd dµ,

D∗(R) := inf
(π,q)∈FR

S

D(π,q).

For laws with D∗(R)> 0, define

θ−(R) := inf
(π,q)∈FR

S

N(π,q)

D(π,q)
, θ+(R) := sup

(π,q)∈FR
S

N(π,q)

D(π,q)
.

Fix P satisfying Condition D with QS(P ) ̸= ∅ and D∗(P )> 0, and define

Uδ(P ) :=

{
R

∣∣∣∣∣ R satisfies Condition D,
QS(R) ̸= ∅, ∆(R,P )< δ

}
.
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There exist δ, a > 0 and finite CD,Cθ such that, for every R,S ∈ Uδ(P ),

D∗(R)≥ a,

|D∗(R)−D∗(S)| ≤ CD∆(R,S),

max
s∈{−,+}

|θs(R)− θs(S)| ≤ Cθ∆(R,S).

In the conditional-mean case

N(π,q) =

∫
Y
κc

⊺
Aqd⋆ dµ, D(π,q) = c

⊺
Aπ,

with d⋆ ∈D, ∅ ̸=A⊆ Td⋆ , and bounded measurable κ : Y →R, both endpoints are attained
at every R ∈ Uδ(P ).

Proof . With C from Lemma B.2, set

Lr := Cmax

{
∥br∥∞, max

d∈D
sup
y∈Y
∥gr,d(y)∥∞

}
∀r ∈ {N,D}.

By Lemma B.2,

|D∗(R)−D∗(S)| ≤ LD∆(R,S).

Take

a :=
D∗(P )

2
, δ :=

a

1 +LD
.

For R ∈ Uδ(P ),

D∗(R)≥ D∗(P )−LD∆(R,P )

≥ D∗(P )−LDδ ≥ a.

Every feasible tuple satisfies ∥π∥1 =
∫
Y ∥qd∥1 dµ= 1 for every d, and so

|N(π,q)| ≤ ∥bN∥∞ +
∑
d∈D

sup
y∈Y
∥gN,d(y)∥∞ =:B.

For R,S ∈ Uδ(P ) and (π,q) ∈ FR
S , choose (π′,q′) ∈ FS

S using Lemma B.2, and let

N := N(π,q), D :=D(π,q), N ′ :=N(π′,q′), D′ :=D(π′,q′).

Then

|N ′ −N | ≤ LN∆(R,S),

|D′ −D| ≤ LD∆(R,S), D,D′ ≥ a,

and

N ′

D′
− N

D
=
N ′ −N
D′

+
N(D−D′)

DD′
,
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D

∣∣∣∣≤ (LN

a
+
BLD

a2

)
∆(R,S).

Taking infima or suprema over (π,q) gives

θ−(S)≤ θ−(R) +Cθ∆(R,S),

θ+(R)≤ θ+(S) +Cθ∆(R,S),

where Cθ := LN/a + BLD/a
2. Interchanging R and S gives the asserted absolute-value

bounds, with CD = LD .
In the conditional-mean case, Lemma 3.1 and the construction in the proof of Theorem 3.1

give {
(N(π,q),D(π,q))

∣∣ (π,q) ∈ FR
S

}
=KR,

where KR is the set in Lemma A.10. That lemma makes KR compact, and (N,D) 7→N/D

is continuous on KR because D ≥ a. Both extrema are therefore attained. ■

Lemma B.3. Suppose θ is the conditional-mean parameter (4.1), with ∅ ̸= A ⊆ Td⋆ , and
Condition T3 holds. Suppose P satisfies Condition D, S satisfies Condition CP, and Assump-
tion 5.1 holds.

There exist bounded measurable ℓd : Y →RZ≥0, vectors vd ∈RT , and λ≥ 0 such that∑
d∈D

vd = A
⊺
Sλ,

rd(y) := R
⊺
dℓd(y)− 1{d= d⋆}(κ(y)− θ̄(P ))cA + vd ≥ 0,

and every (π,q) ∈ FP
S satisfies∫

Y
(θ̄(P )− κ)c⊺Aqd⋆ dµ= λ

⊺
(aS −ASπ) +

∑
d

∫
Y
r
⊺
dqd dµ≥ 0. (B.7)

The functions can be chosen using the matrices Bd,J and finite sets Jd in Lemma A.7, so
that

rd;(τ )(y) ∈ {αd,τ ,Jκ(y) + βd,τ ,J |J ∈Jd} ,

where, with I the identity on RT ,

αd,τ ,J := 1{d= d⋆}
(
(R

⊺
dBd,J − I)cA

)
(τ )
,

βd,τ ,J := −
(
(R

⊺
dBd,J − I)

[
1{d= d⋆}θ̄cA + vd

])
(τ )
.

In particular, αd,τ ,J = 0 whenever d ̸= d⋆.
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Proof . By Lemma A.12, choose an optimal (u,λ) at γ = θ̄(P ) with ud⋆ = 0. Set

vd⋆ := A
⊺
Sλ+

∑
d̸=d⋆

ud, vd := −ud ∀d ̸= d⋆.

Choose the bounded basic dual solutions from Lemma A.7 at coefficients

1{d= d⋆}(κ(y)− θ̄(P ))cA − vd.

Their feasibility gives rd ≥ 0, and their objective equalities give∑
d

∫
Y
ℓ
⊺
dp

P
d dµ+λ

⊺
aS = 0.

For every feasible pair, therefore,∑
d

∫
Y
r
⊺
dqd dµ=

∑
d

∫
Y
ℓ
⊺
dp

P
d dµ−

∫
Y
(κ− θ̄(P ))c⊺Aqd⋆ dµ+

∑
d

v
⊺
dπ

= −λ
⊺
aS −

∫
Y
(κ− θ̄(P ))c⊺Aqd⋆ dµ+λ

⊺
ASπ.

Rearranging proves (B.7); every term on its right is nonnegative.
Finally, the result now follows by noting that, wherever the selected basis is J , we have

rd(y) = (R
⊺
dBd,J − I)

[
1{d= d⋆}(κ(y)− θ̄(P ))cA − vd

]
. ■

Lemma B.4. Maintain the assumptions and fixed choices of Lemma B.3, and let

rd(y) :=
∑
z∈Z

pPd|z(y).

There exists CP <∞ such that, for every t > 0 and (π,q) ∈ FP
S , there is (π∗,q∗) ∈Aθ(P )

satisfying

∥(π,q)− (π∗,q∗)∥F ,1 ≤ CP

[(
1 +

1

t

)∫
Y
(θ̄(P )− κ)c⊺Aqd⋆ dµ

+
∑
d∈D

∑
τ∈Td

∫
Y
rd(y)1{0< rd;(τ )(y)≤ t}dµ(y)

]
.

Proof . Fix a feasible pair and set

ϵ :=

∫
Y
(θ̄(P )− κ)c⊺Aqd⋆ dµ≥ 0.

For τ /∈ Td, the corresponding response column is Rd;(·,τ ) = 0 and the target coefficient is
zero, and so rd;(τ )(y) = vd;(τ ) ≥ 0. Define

I0 :=
{
τ ∈ T

∣∣∃d ∈D : τ /∈ Td, vd;(τ ) > 0
}
.
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For each τ ∈ I0, choose one such d(τ ). By (B.7),∑
τ∈I0

π(τ ) ≤ ϵ
∑
τ∈I0

1

vd(τ );(τ )
.

Let Cd(y) be diagonal, with

Cd;(τ ,τ )(y) := 1{τ ∈ Td, rd;(τ )(y)> 0}.

For active coordinates, qd|τ ≤ rd, and so∑
d

∫
Y
∥Cdq

a
d∥1 dµ≤

ϵ

t
+
∑
d

∑
τ∈Td

∫
Y
rd1{0< rd;(τ ) ≤ t}dµ.

Here the contribution from {rd;(τ ) > t} is bounded using qd|τ ≤ rd;(τ )qd|τ/t and (B.7).
With I the identity on RT , set

E :=

[
I(I0,·)
λ
⊺
AS

]
, e :=

[
0I0
λ
⊺
aS

]
.

The preceding mass bound and (B.7) imply

∥Eπ− e∥1 ≤

(
1 +

∑
τ∈I0

1

vd(τ );(τ )

)
ϵ.

Every term in (B.7) is nonnegative. Its left-hand side is therefore zero exactly when

Cdq
a
d = 0 ∀d, Eπ = e.

Thus FP
S;C,E,e =Aθ(P ), which is nonempty by Corollary B.1. Apply Lemma B.1 with P ′ =

P and the displayed C,E,e. Its term ∆(P ′, P ) is zero, and substitution of the two bounds
above proves the claim. ■

Lemma B.5. Maintain the assumptions and basic dual choices of Lemma B.3, and suppose
Assumption 5.3 holds. Let rd :=

∑
z p

P
d|z . There exist tP > 0 and CP <∞ such that∑

d∈D

∑
τ∈Td

∫
Y
rd(y)1{0< rd;(τ )(y)≤ t}dµ(y)≤ CP t ∀t ∈ (0, tP ). (B.8)

Proof . Use the finite coefficients αd,τ ,J , βd,τ ,J from Lemma B.3. For every d,τ ,{
y
∣∣0< rd;(τ )(y)≤ t

}
⊆

⋃
J∈Jd

{y |0<αd,τ ,Jκ(y) + βd,τ ,J ≤ t} .

Let Fκ be the finite atomic support and fκ the bounded density of the absolutely continuous
part of the conditional law of κ(Y ) given D = d⋆, as supplied by Assumption 5.3.

There are finitely many positive values among

{βd,τ ,J |d ∈D, τ ∈ Td, J ∈Jd, αd,τ ,J = 0} ,
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{αd⋆,τ ,Jx+ βd⋆,τ ,J |τ ∈ Td⋆ , J ∈Jd⋆ , x ∈ Fκ} .

Choose tP > 0 smaller than all those positive values. Then, for 0< t < tP , no positive con-
stant term and no positive value at an atom can belong to (0, t]. For α ̸= 0, the interval
{x ∈R | 0<αx+ β ≤ t} has length t/|α|, and so∫

R
1{0<αx+ β ≤ t}fκ(x)dx≤

∥fκ∥∞
|α|

t.

Set pmin := minz PZ(z)> 0. For every Borel B ⊆R,∫
Y
rd⋆(y)1{κ(y) ∈B}dµ(y)≤ 1

pmin

∑
z

PZ(z)

∫
Y
pPd⋆|z(y)1{κ(y) ∈B}dµ(y)

=
P (D = d⋆)

pmin
P (κ(Y ) ∈B |D = d⋆).

All slopes with d ̸= d⋆ are zero. Combining the finite union above with these bounds proves
(B.8), for example with

CP :=
∥fκ∥∞
pmin

∑
τ∈Td⋆

∑
J∈Jd⋆

αd⋆,τ,J ̸=0

1

|αd⋆,τ ,J |
.

■

Lemma B.6. Maintain the assumptions of Lemma B.5. There exist ϵP , δP > 0 and CP <∞
such that the following statements hold.

For every (π,q) ∈ FP
S with

0≤
∫
Y
(θ̄(P )− κ)c⊺Aqd⋆ dµ < ϵP ,

there is (π∗,q∗) ∈Aθ(P ) with

∥(π,q)− (π∗,q∗)∥F ,1 ≤ CP

[∫
Y
(θ̄(P )− κ)c⊺Aqd⋆ dµ

]1/2
.

Further, for every R ∈ UδP (P ) and (π′,q′) ∈Aθ(R),

dist
(
c
⊺
Aπ
′, [p⋆

A
(P ), p⋆A(P )]

)
≤ CP

√
∆(R,P ).

Proof . For a feasible pair, let

ϵ :=

∫
Y
(θ̄(P )− κ)c⊺Aqd⋆ dµ.

Let C4 be the constant from Lemma B.4, and let C5, tP be those from Lemma B.5. If 0 <
ϵ <min{1, t2P }, apply these results with t=

√
ϵ to obtain an attaining pair satisfying

∥(π,q)− (π∗,q∗)∥F ,1 ≤ C4

[
ϵ+

ϵ√
ϵ
+C5

√
ϵ

]
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≤ C4(2 +C5)
√
ϵ.

If ϵ= 0, the original pair is in Aθ(P ).
Now fix (π′,q′) ∈Aθ(R). By Lemma B.2, choose (π,q) ∈ FP

S with

∥(π,q)− (π′,q′)∥F ,1 ≤ C∆(R,P ).

Since the primed pair attains θ̄(R),

ϵ= [θ̄(P )− θ̄(R)]c⊺Aπ′ + θ̄(P )c
⊺
A(π−π′)

−
∫
Y
κc

⊺
A(qd⋆ − q′d⋆)dµ.

By Corollary B.1, and since c
⊺
Aπ
′ ≤ 1, there is C ′ <∞ such that

0≤ ϵ≤ C ′∆(R,P )

throughout a sufficiently small neighbourhood of P . Choose δP ≤ 1 small enough that this
upper bound is less than ϵP .

The first claim now supplies (π∗,q∗) ∈Aθ(P ) with

|c⊺A(π′ −π∗)| ≤ ∥cA∥∞
(
C∆(R,P ) +CP

√
C ′∆(R,P )

)
.

By Lemma A.10, the conditioning probabilities of pairs in Aθ(P ) form exactly
[p⋆

A
(P ), p⋆A(P )]. Taking the distance to this interval and enlarging CP proves the second

claim. ■

Let I1, . . . , IK be independent folds, as defined in Section 5, with fixed K and n(k)/n P−→
ck ∈ (0,1). Let Fn,k be the sigma-algebra generated by the observations outside Ik

Lemma B.7. Consider the conditional-mean parameter (4.1), with bounded κ and ∅ ̸=A⊆
Td⋆ . Suppose S satisfies Condition CP, and both P and R satisfy Condition D and Assump-
tion 5.1. For each S ∈ {P,R}, let

(πS ,qS) ∈Aθ(S), mS ∈M⋆
S , aS := c

⊺
AπS .

Then

(θ̄(R)− θ̄(P ))(aR − aP )
aR

≤ θ̄(R)− θ̄(P ) + 1

aR

∑
z∈Z

EP [mR(W ) | Z = z]

≤ 1

aR

∑
d∈D,z∈Z

∫
Y
[pPd|z(y)− p

R
d|z(y)][mR(y, d, z)−mP (y, d, z)]dµ(y).

Proof . Let qT = (qd,T )d∈D . For S,T ∈ {P,R}, take (uS ,λS ,ℓ0,S , (ℓd,S)d∈D) satisfying
the defining conditions for mS . Those conditions and (πT ,qT ) ∈Aθ(T ) give∑

z

ET [mS(W ) | Z = z] =

∫
Y
ℓ
⊺
0,Sp

T
d⋆ dµ+

∑
d

∫
Y
ℓ
⊺
d,Sp

T
d dµ+λ

⊺
SaS



113

≥
∫
Y
(κ− θ̄(S))c⊺Aqd⋆,T dµ+λ

⊺
S(aS −ASπT )

≥ (θ̄(T )− θ̄(S))aT .

Also,
∑

z ES [mS(W ) | Z = z] = 0, so∑
d,z

∫
Y
[pPd|z(y)− p

R
d|z(y)][mR(y, d, z)−mP (y, d, z)]dµ(y)

=
∑
z

EP [mR(W ) | Z = z] +
∑
z

ER[mP (W ) | Z = z]

≥
∑
z

EP [mR(W ) | Z = z] + (θ̄(R)− θ̄(P ))aR.

Dividing the last inequality by aR > 0 gives the upper bound. The first display with (S,T ) =

(R,P ) gives the lower bound. ■

Lemma B.8. For every k, let ηn,k and an,k be Fn,k-measurable, and let mn,k : Ω×W →R
be jointly Fn,k ⊗BW -measurable. Suppose that, for fixed a > 0 and M <∞,

min
k∈[K]

an,k ≥ a, max
k∈[K]

∥mn,k∥∞ ≤M

with probability tending to one. For a fixed ϑ ∈R, define

ϑ̂n :=

K∑
k=1

n(k)

n

ηn,k + 1

an,k

∑
z∈Z

1

n
(k)
z

∑
i∈Ik
Zi=z

mn,k(Wi)

 ,
bn,k := ηn,k − ϑ+

1

an,k

∑
z∈Z

EP [mn,k(W ) | Z = z],

ϕn,k(W ) :=
mn,k(W )−EP [mn,k(W ) | Z]

PZ(Z)an,k
.

Then

ϑ̂n − ϑ=

K∑
k=1

n(k)

n
bn,k +

1

n

K∑
k=1

∑
i∈Ik

ϕn,k(Wi) +OP (n
−1), (B.9)

1

n

K∑
k=1

∑
i∈Ik

ϕn,k(Wi) = OP (n
−1/2). (B.10)

Further, suppose ξn,k : Ω×W →R is jointly Fn,k ⊗BW -measurable, EP [ξn,k(W )] = 0,
and maxk ∥ξn,k∥L2(P ) = oP (1). Then

1√
n

K∑
k=1

∑
i∈Ik

ξn,k(Wi) = oP (1). (B.11)
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Proof . The stipulated bounds and n(k)z /n(k) ≥ PZ(z)/2 for every k, z hold w.p.a.1, and
so we assume them throughout.

Set

µn,k,z := EP [mn,k(W ) | Z = z],

An,k,z :=
1

n(k)

∑
i∈Ik

1{Zi = z} [mn,k(Wi)− µn,k,z] .

Conditional on Fn,k, these summands are independent and have mean zero. On training out-
comes satisfying ∥mn,k∥∞ ≤M ,

E[A2
n,k,z | Fn,k]≤

4M2

n(k)
.

Therefore An,k,z =OP (n
−1/2). Also, n(k)z /n(k) − PZ(z) =OP (n

−1/2), and so

1

n
(k)
z

∑
i∈Ik
Zi=z

mn,k(Wi)− µn,k,z

=
An,k,z

n
(k)
z /n(k)

=
An,k,z

PZ(z)
+An,k,z

PZ(z)− n(k)z /n(k)

PZ(z)n
(k)
z /n(k)

=
An,k,z

PZ(z)
+OP (n

−1).

Summing over z, dividing by an,k ≥ a, and weighting by n(k)/n gives (B.9). The conditional
variance bound also gives (B.10), since K is fixed.

For the last claim, set

Vn,k :=
1√
n

∑
i∈Ik

ξn,k(Wi).

Conditional independence and conditional mean zero give

E[V 2
n,k | Fn,k] =

n(k)

n
∥ξn,k∥2L2(P ).

For every ϵ > 0, conditional Chebyshev therefore gives

Pr(|Vn,k|> ϵ)≤ E
[
min

{
1,
n(k)

nϵ2
∥ξn,k∥2L2(P )

}]
→ 0.

Summing over the fixed number of folds proves (B.11). ■

Lemma B.9. Consider the conditional-mean parameter in (4.1), with bounded κ. Suppose P
satisfies Condition D, S satisfies Condition CP, and Assumptions 5.1 and 5.5 hold.
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For every ϵ > 0, there exists δ > 0 such that, for every P ′ ∈ Uδ(P ), with Uδ(P ) as defined
in Corollary B.1, all feasible conditioning probabilities are positive, and every (π′,q′) ∈ FP ′

S

satisfying ∫
Y κ(y)c

⊺
Aq
′
d⋆(y)dµ(y)

c⊺Aπ
′ = θ̄(P ′)

also satisfies ∣∣∣c⊺Aπ′ − p†A(P )∣∣∣< ϵ.

In particular, if measurable random laws P ′n and measurable pairs (π′n,q
′
n) satisfy these

compatibility and attainment requirements with probability tending to one, and ∆(P ′n, P )
P−→

0, then

c
⊺
Aπ
′
n

P−→ p†A(P ).

Proof . The positivity assertion follows from Corollary B.1. Suppose the uniform assertion
fails. Then there exist ϵ > 0, laws P ′n ∈ U1/n(P ), and attaining pairs (π′n,q

′
n) ∈ F

P ′
n

S such
that ∣∣∣c⊺Aπ′n − p†A(P )∣∣∣≥ ϵ ∀n.

By Lemma B.2, choose (πn,qn) ∈ FP
S with∥∥(πn,qn)− (π′n,q

′
n)
∥∥
F ,1 ≤ C∆(P ′n, P )→ 0.

Define

an := c
⊺
Aπn, a′n := c

⊺
Aπ
′
n,

Nn :=

∫
Y
κ(y)c

⊺
Aqd⋆,n(y)dµ(y), N′n :=

∫
Y
κ(y)c

⊺
Aq
′
d⋆,n(y)dµ(y),

where qd,n and q′d,n are the treatment-d components of qn and q′n, respectively. Boundedness
of κ gives

|an − a′n|+ |Nn −N′n| ≤ (1 + ∥κ∥∞)∥cA∥∞
∥∥(πn,qn)− (π′n,q

′
n)
∥∥
F ,1→ 0.

Since N′n = θ̄(P ′n)a
′
n, 0≤ a′n ≤ 1, and θ̄(P ′n)→ θ̄(P ) by Corollary B.1,∣∣Nn − θ̄(P )an
∣∣≤ |Nn −N′n|+ |θ̄(P ′n)− θ̄(P )|a′n + |θ̄(P )| |a′n − an| → 0.

The construction in Theorem 3.1 and Lemma A.10 give (Nn, an) ∈ KP , where KP is
compact. Choose increasing indices nk such that

(Nnk
, ank

)→ (N, a) ∈KP .

Then N= θ̄(P )a, and so Assumption 5.5 gives a= p†A(P ). Since a′nk
− ank

→ 0, this con-
tradicts |a′nk

− p†A(P )| ≥ ϵ.
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Finally, the uniform assertion gives, for each ϵ > 0 and its corresponding δ > 0,

P
(∣∣∣c⊺Aπ′n − p†A(P )∣∣∣≥ ϵ)≤ P

(
∆(P ′n, P )≥ δ

)
+ o(1)→ 0.

■

Lemma B.10. Suppose θ is the conditional-mean parameter (4.1), with ∅ ≠ A ⊆ Td⋆ , and
Condition T3 holds. Suppose also that P satisfies Condition D, S satisfies Condition CP, and
Assumptions 5.1 and 5.6 hold. Fix m∗ ∈M⋆

P .
For every ϵ > 0, there exists δ > 0 such that every R ∈ Uδ(P ) and m ∈M⋆

R satisfy

∥m−EP [m(W ) | Z]−m∗ +EP [m∗(W ) | Z]∥L2(P ) < ϵ.

In particular, for jointly measurable random selections mn ∈M⋆
P ′

n
with ∆(P ′n, P )

P−→ 0,

∥mn −EP [mn(W ) | Z]−m∗ +EP [m∗(W ) | Z]∥L2(P )
P−→ 0.

Proof . Suppose the uniform assertion fails. Then there exist ϵ > 0, laws Rn ∈ U1/n(P ),
and mn ∈M⋆

Rn
for which the displayed norm is at least ϵ.

Let γn := θ̄(Rn) and γ := θ̄(P ). Choose witnesses (un,λn,ℓn,0, (ℓn,d)d∈D) for mn. By
compactness of the bounded outer domain, there exist 1 ≤ n1 < n2 < · · · and (u,λ) ∈ Dθ

such that

∥unk
−u∥∞ + ∥λnk

−λ∥∞→ 0.

Also, Corollary B.1 gives γn→ γ.
Enumerate D = {d1, . . . , dJ} and also denote d0 := d⋆. For i ∈ [J ], use ℓn,i := ℓn,di

, and
define

cn,0(y) := (κ(y)− γn)cA −A
⊺
Sλn −

∑
d

un,d, cn,i(y) := un,di
,

c0(y) := (κ(y)− γ)cA −A
⊺
Sλ−

∑
d

ud, ci(y) := udi
.

In particular,

sup
y
∥cnk,0(y)− c0(y)∥∞ ≤ |γnk

− γ|∥cA∥∞ + ∥A⊺
S(λnk

−λ)∥∞

+
∑
d

∥unk,d −ud∥∞→ 0,

max
i∈[J ]

sup
y
∥cnk,i(y)− ci(y)∥∞→ 0.

By Corollary A.4, ∥mn∥∞ ≤Cm, and so∣∣∣∣∣∑
z

EP [mn(W ) | Z = z]

∣∣∣∣∣=
∣∣∣∣∣∣
∑
d,z

∫
Y
mn(p

P
d|z − p

Rn

d|z)dµ

∣∣∣∣∣∣
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≤ Cm∆(Rn, P )→ 0.

Inner dual feasibility gives

Ψ(γn;P )≤JP (γn,un,λn)≤
∑
z

EP [mn(W ) | Z = z].

Since conditioning probabilities belong to [0,1],

|Ψ(γn;P )| ≤ |γn − γ| → 0.

Therefore JP (γn,un,λn)→ 0.
The integrated-support inequality in Lemma A.2 gives, here,

|JP (γnk
,unk

,λnk
)−JP (γ,u,λ)|

≤
J∑

i=0

∫
Y
∥pP

di
(y)∥1∥cnk,i(y)− ci(y)∥∞ dµ(y)

+ ∥aS∥1∥λnk
−λ∥∞→ 0.

Thus JP (γ,u,λ) = 0.
For i ∈ {0, . . . , J}, set

gn,i(y) := pP
di
(y)

⊺
ℓn,i(y)− hdi

(cn,i(y);p
P
di
(y))≥ 0.

Expanding the two objectives gives

J∑
i=0

∫
Y
gn,i dµ=

∑
z

EP [mn(W ) | Z = z]−JP (γn,un,λn)→ 0.

Choose 1≤ k1 < k2 < · · · such that

J∑
i=0

∫
Y
gnkj

,i dµ≤ 2−j .

By monotone convergence,∫
Y

∞∑
j=1

J∑
i=0

gnkj
,i(y)dµ(y)≤

∞∑
j=1

2−j = 1,

and so gnkj
,i(y)→ 0 for every i, outside one µ-null set.

Define

Li(y) :=

ℓ ∈RZ≥0

∣∣∣∣∣∣∣
R

⊺
di
ℓ≥ ci(y),

∥ℓ∥∞ ≤ ∥ci(y)∥∞,
pP
di
(y)

⊺
ℓ= hdi

(ci(y);p
P
di
(y))

 .

These sets are nonempty by Lemma 3.2, and are compact and convex. Fix y outside the null
set. Every convergent subsequence ℓnkjr

,i(y)→ ℓ has ℓ ∈ Li(y): the feasibility and norm
inequalities pass to the limit, and gnkjr

,i(y)→ 0 gives the objective equality. The vectors are
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uniformly bounded, and so

dist2

(
ℓnkj

,i(y),Li(y)
)
→ 0.

The constraints defining Li(y) are measurable in y and continuous in ℓ. By Theorems
14.36-14.37 in Rockafellar and Wets (1998), the unique Euclidean projections

ℓ◦j,i(y) := argmin
ℓ∈Li(y)

∥ℓ− ℓnkj
,i(y)∥22

are measurable. Define

m◦j (y, d, z) := 1{d= d⋆}ℓ◦j,0;(z)(y) +
J∑

i=1

1{d= di}ℓ◦j,i;(z)(y) +
λ
⊺
aS
|Z|

.

Its inner objective equalities and JP (γ,u,λ) = 0 give m◦j ∈M⋆
P . Pointwise convergence of

the projection distances, convergence of λnkj
, and the common bounded envelope give

∥mnkj
−m◦j∥L2(P )→ 0

by dominated convergence.
By Assumption 5.6,m◦j−EP [m

◦
j (W ) | Z] =m∗−EP [m∗(W ) | Z] in L2(P ). Conditional

centring is an L2(P ) contraction, and so∥∥∥mnkj
−EP [mnkj

(W ) | Z]−m∗ +EP [m∗(W ) | Z]
∥∥∥
L2(P )

≤ ∥mnkj
−m◦j∥L2(P )→ 0,

contradicting the choice of mn. This proves the uniform assertion, which immediately gives
the random-sequence assertion because Pr(∆(P ′n, P )≥ δ)→ 0. ■

Lemma B.11. Let ν be the product measure on Y × D × Z produced by µ on Y and the
counting measure on D × Z . Let (Pt)t be a two-sided QMD path through P in P with
score s ∈ L2

0 (P ). Let s̄z := EP [s (W ) |Z = z], hs (y, d, z) = s (y, d, z)− s̄z , and pPt

d|z (y) =

rt (y, d, z)/Pt;Z (z) for sufficiently small |t|. Then, as t→ 0,

∥rt − r0 − tr0s∥L1(ν) = o (|t|) ,∑
z∈Z
|Pt;Z (z)− PZ (z)− tPZ (z) s̄z|= o (|t|) ,

∑
d∈D
∥pPt

d|z − p
P
d|z − tp

P
d|zhs (·, d, z)∥L1(µ) = o (|t|) ,

and

∑
d,z

PZ (z)

∥∥∥∥∥∥∥
√
pPt

d|z −
√
pPd|z

t
− 1

2
hs (·, d, z)

√
pPd|z

∥∥∥∥∥∥∥
2

L2(µ)

→ 0 .
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Finally, the following maps, defined for u ∈ L2 (P ), are linear and continuous over L2
0 (P ):

ṙ0 (u) := r0u ,

ṗP (u) :=
(
pPd|zhu (·, d, z)

)
d,z

,

ṖZ (u) := (PZ (z)EP [u (W ) |Z = z])z ,

u̇P (u) :=

(
1

2
hu (·, d, z)

√
pPd|z

)
d,z

,

where u̇P has the finite product space
∏

d∈D,z∈Z L
2(µ) endowed with the norm ∥v∥ =

∥(vd,z)d,z∥ := (
∑

d∈D
∑

z∈Z PZ (z)∥vd,z∥2L2(µ))
1/2 as its codomain.

Proof . Let r := r0. Define

et :=
√
rt −
√
r− t

2
s
√
r,

so that ∥et∥L2(ν)

|t| → 0 and

∥
√
rt −
√
r∥L2(ν) ≤

|t|
2
∥s∥L2(P ) + ∥et∥L2(ν) =O(|t|) ,

with ∥√rt∥L2(ν) = ∥
√
r∥L2(ν) = 1.

Let At = et(
√
rt +
√
r), Bt = (t/2)s

√
r(
√
rt −
√
r) and Rt = rt − r− tsr, and note that

Rt = (
√
rt −
√
r)(
√
rt +
√
r)− tsr

= et(
√
rt +
√
r) +

t

2
s
√
r(
√
rt +
√
r− 2

√
r) =At +Bt.

By Cauchy-Schwarz,

∥At∥L1(ν) ≤ ∥et∥L2(ν)∥
√
rt +
√
r∥L2(ν) ≤ 2∥et∥L2(ν) = o(|t|),

∥Bt∥L1(ν) ≤
|t|
2
∥s∥L2(P )∥

√
rt −
√
r∥L2(ν)

≤ t2

4
∥s∥2L2(P ) +

|t|
2
∥s∥L2(P )∥et∥L2(ν) =O(t2) ,

and so,

∥Rt∥L1(ν) ≤ ∥At∥L1(ν) + ∥Bt∥L1(ν) = o(|t|) ,

as required.
Now, for each z, integrating rt − r = tsr+Rt over y ∈ Y and summing over d ∈D gives

Pt;Z (z)− PZ (z) = t
∑
d∈D

∫
Y
s(y, d, z)r(y, d, z)dµ(y) +

∑
d∈D

∫
Y
Rt(y, d, z)dµ(y)

= tPZ (z) s̄z +
∑
d∈D

∫
Y
Rt(y, d, z)dµ(y)
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= O (|t|) ,

and so, Pt;Z (z)>PZ (z)/2 for sufficiently small t, since∣∣∣∣∣∑
d∈D

∫
Y
Rt(y, d, z)dµ(y)

∣∣∣∣∣≤∑
d∈D

∫
Y
|Rt(y, d, z)|dµ(y)≤ ∥Rt∥L1(ν) = o(|t|) ,

which immediately gives the second claim since

∑
z∈Z
|Pt;Z(z)− PZ(z)− tPZ(z)s̄z|=

∑
z∈Z

∣∣∣∣∣∑
d∈D

∫
Y
Rt(y, d, z)dµ(y)

∣∣∣∣∣
≤ ∥Rt∥L1(ν)

Next, fix (d, z), and define the shorthands p := pPd|z , pt := pPt

d|z , sd,z(y) := s(y, d, z), ṗ :=
p(sd,z − s̄z) and pmin := minz∈Z PZ(z)> 0, so that

Pt;Z(z)(pt − p− tṗ) = rt(·, d, z)− Pt;Z(z)p− tPt;Z(z)ṗ

= tPZ(z)sd,zp+Rt(·, d, z)−

(
tPZ(z)s̄z +

∑
d∈D

∫
Y
Rt(y, d, z)dµ(y)

)
p− tPt;Z(z)ṗ

=Rt(·, d, z)− p
∑
d∈D

∫
Y
Rt(y, d, z)dµ(y)− tṗ(Pt;Z(z)− PZ(z)),

Note that ∥p∥L1(µ) = P (D = d | Z = z)≤ 1 and

∥hs∥2L2(P ) = EP s
2 −EP {EP [s | Z]2} ≤ ∥s∥2L2(P ) ,∑

d′∈D
z′∈Z

∥pPd′|z′hs(·, d′, z′)∥L1(µ) =
∑
d′∈D
z′∈Z

1

PZ(z′)

∫
Y
|hs(y, d′, z′)|r(y, d′, z′)dµ(y)

≤ 1

pmin
∥hs∥L1(P ) ≤

1

pmin
∥hs∥L2(P )

≤ 1

pmin
∥s∥L2(P ) <∞ ,

(B.12)

so, ∥ṗ∥L1(µ) <∞ and we have

∥pt − p− tṗ∥L1(µ)

≤ 2

PZ(z)

{
∥Rt(·, d, z)∥L1(µ) +

∣∣∣∣∣∑
d∈D

∫
Y
Rt(y, d, z)dµ(y)

∣∣∣∣∣∥p∥L1(µ) + |t| |Pt;Z(z)− PZ(z)| ∥ṗ∥L1(µ)

}

≤ 2

PZ(z)
{o(|t|) + o(|t|) +O(t2)}= o(|t|),

and, for each z ∈Z , summing over d ∈D gives the third claim.
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For z ∈ Z let at,z = Pt;Z(z)
−1/2 and az = PZ(z)

−1/2. For f(x) = x−1/2, f ′(PZ(z)) =

−1
2PZ(z)

−3/2 and supx∈[PZ(z)/2,3PZ(z)/2] |f
′′(x)|<∞. We now have the expansion,

αt,z := at,z − az +
t

2
az s̄z

=−1
2PZ(z)

−3/2
∑
d∈D

∫
Y
Rt(y, d, z)dµ(y) + ζt,z,

with Taylor remainder |ζt,z| ≤ 1
2 supx∈[PZ(z)/2,3PZ(z)/2] |f

′′(x)| |Pt;Z(z) − PZ(z)|2 and so,
αt,z = o(|t|), at,z − az =O(|t|), and at,z ≤ (PZ(z)/2)

−1/2.
Next, for each (d, z), substituting

√
pt = at,z

√
rt(·, d, z) into the QMD expansion gives√

pPt

d|z −
√
pPd|z −

t

2
hs(·, d, z)

√
pPd|z

= at,zet(·, d, z) +
t

2
(at,z − az)s(·, d, z)

√
r(·, d, z) + αt,z

√
r(·, d, z),

where these three terms have the following L2(µ) bounds:

∥at,zet(·, d, z)∥2 ≤ (PZ(z)/2)
−1/2∥et∥L2(ν) = o(|t|),∥∥∥ t

2(at,z − az)s(·, d, z)
√
r(·, d, z)

∥∥∥
2
≤ |t|2 |at,z − az|∥s∥L2(P ) =O(t2),

∥αt,z

√
r(·, d, z)∥2 = |αt,z|

√
P (D = d,Z = z) = o(|t|).

Applying triangle inequality, dividing by |t|, squaring, and taking the finite sum over (d, z)
gives the fourth claim.

Finally, linearity of the four maps follows immediately from linearity of expectation and
so, it suffices to show that they are bounded (hence continuous), which we get as follows,

∥ṙ0(u)∥L1(ν) =

∫
W
|u(w)|r0(w)dν(w) = EP [|u|]≤ ∥u∥L2(P ) ,

∥ṖZ(u)∥1 =
∑
z∈Z

PZ (z) |EP [u |Z = z]| ≤
∑
z∈Z

PZ (z)EP [|u| |Z = z]≤ ∥u∥L2(P ) ,

∑
d∈D,z∈Z

∥pPd|zhu(·, d, z)∥L1(µ) ≤
1

pmin
∥u∥L2(P ) ,

∥u̇P (u)∥= 1
2∥hu∥L2(P ) ≤ 1

2∥u∥L2(P ) ,

where the last two lines follow from applying (B.12) with s= u. ■

Lemma B.12. Suppose P satisfies Condition D, S satisfies Condition CP, and QS(P ) ̸= ∅.
Define

Sd(y) :=

{
τ ∈ T

∣∣∣∣∣ sup
x∈FP

d (y)

x(τ ) > 0

}
.
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Then {y : τ ∈ Sd(y)} is measurable for every d,τ , and every (π,q) ∈ FP
S satisfies

qd(y) ∈FP
d (y), qd|τ (y) = 0 ∀τ /∈ Sd(y).

Moreover, there exists (π†,q†) ∈ FP
S such that

π† ∈ relintΠ(P ),

q†d|τ (y)> 0 ⇐⇒ τ ∈ Sd(y),{
j ∈ [mS]

∣∣∣AS;(j,·)π
† = aS;(j)

}
= JP

S .

Proof . Choose π† ∈ relintΠ(P ), which is possible by Theorem 3.1 and lemma 3.3, and
define

Z0 :=

{
τ ∈ T

∣∣∣∣ max
π∈Π(P )

π(τ ) = 0

}
,

C†d :=

u ∈Πd

∣∣∣∣∣∣Ad,JP
d
u=

∫
Y

(
hd
(
ad,j ;p

P
d (y)

))
j∈JP

d

dµ(y),

u(Z0) = 0

 .

A valid linear inequality binds at a relative-interior point of a convex set if and only if it binds
throughout that set. Therefore, by the finite inequality representation in Lemma 3.3, C†d is the
minimal face of Πd containing π†, and π† ∈ relintC†d. The same observation applied to
ASπ ≤ aS gives the asserted equality of binding row sets.

Every response inequality Rdu≤
∫
Y p

P
d dµ is valid on Πd and binds at π† by Lemma 3.1.

It therefore binds throughout C†d. If an integrable selection x(y) ∈ Fibred(p
P
d (y)) has inte-

gral in C†d, then ∫
Y

(
pP
d −Rdx

)
dµ= 0,∫

Y

[
hd
(
ad,j ;p

P
d (y)

)
− a

⊺
d,jx(y)

]
dµ(y) = 0 ∀j ∈ JP

d ,∫
Y
x(Z0) dµ= 0.

All these integrands are nonnegative, and so their coordinates vanish almost everywhere.
These are exactly the equations defining FP

d (y). The reverse implication follows by inte-
grating those equations, and so, by the definition of Minkowski integral,

C†d =

∫
Y

FP
d (y)dµ(y).

Since Π(P )⊆C†d, this also proves the assertion about every feasible pair.
It remains to construct a selection that is positive on every permitted coordinate. Let I

be the identity matrix on RT . The active-coordinate projection of FP
d (y) is the nonempty
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compact polytope

Xd(y) :=
{
x ∈RTd

≥0

∣∣∣Hdx= bd(y)
}
,

Hd :=

 Rd;(·,Td)
Ad;(JP

d ,Td)
I(Z0,Td)

 , bd(y) :=

 pP
d (y)(

hd(ad,j ;p
P
d (y))

)
j∈JP

d

0Z0

 .
Its right-hand side is measurable by Lemma A.2. Choose independent rows Id spanning the
row space of Hd, and enumerate the column sets J ⊆ Td with |J |= |Id| and Hd;(Id,J) non-
singular. For each such J , define the basic formula

xd,J ;(J)(y) := H−1d;(Id,J)
bd;(Id)(y), xd,J ;(Td\J)(y) := 0.

Let Jd(y) consist of those J for which xd,J(y)≥ 0 and Hdxd,J(y) = bd(y), and set

x+
d,act(y) :=

1

|Jd(y)|
∑

J∈Jd(y)

xd,J(y).

There is at least one feasible basic solution. Each basic formula is a fixed linear map of bd(y),
and its feasibility is determined by finitely many measurable equalities and inequalities, and
so this average is measurable.

Every vertex of Xd(y) occurs among these formulas. Since Xd(y) is their convex hull,

x+
d,act;(τ )(y)> 0 ⇐⇒ τ ∈ Sd(y) ∀τ ∈ Td,

∥x+
d,act(y)∥1 ≤ 1

⊺
pP
d (y).

The response and support rows are zero on T \Td, by the definition of Rd and the construc-
tion in Lemma 3.3. Therefore, using ρ0 from Lemma A.1, complete this vector by

x+
d;(τ )(y) := ρ0(y)1{τ /∈ Z0} ∀τ /∈ Td.

Then x+
d is integrable, belongs to FP

d (y), and is positive exactly on Sd(y). This also proves
the asserted measurability of Sd.

Let u+
d :=

∫
Y x

+
d dµ. Since u+

d ∈C
†
d and π† ∈ relintC†d, choose ϵd ∈ (0,1) such that

u−d :=
π† − ϵdu+

d

1− ϵd
∈C†d.

The Minkowski-integral equality above supplies x−d (y) ∈FP
d (y) with

∫
Y x
−
d dµ= u−d . Set-

ting

q†d := ϵdx
+
d + (1− ϵd)x−d ,

the result follows immediately by noting that∫
Y
q†d dµ= π†, Rdq

†
d = pP

d , q†d|τ (y)> 0 ⇐⇒ τ ∈ Sd(y) ■
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Lemma B.13. Suppose P satisfies Condition D, S satisfies Condition CP, and QS(P ) ̸= ∅.
With Sd as defined in Lemma B.12, define

EP :=

{
u ∈

∏
d∈D

L1(µ;RT )

∣∣∣∣∣ud;(τ )(y) = 0 ∀d, y,τ /∈ Sd(y)

}
,

UP,1 :=

(Rdud)d∈D

∣∣∣∣∣∣
u ∈ EP ,

∃π̇ ∈ kerAS,JP
S
:

∫
Y
ud dµ= π̇ ∀d

 ,

UP := UP,1 ∩HP .

Then UP,1 is a closed linear subspace of
∏

d∈D L
1(µ;RZ), equipped with

∥b∥L1 :=
∑
d∈D

∫
Y
∥bd(y)∥1 dµ(y),

and UP is a closed linear subspace of (HP ,∥ · ∥P ).

Proof . For S ⊆ T , let Bd,S := {y : Sd(y) = S}, which is measurable by Lemma B.12.
Choose a fixed linear map Ld,S :RZ →RT such that

(Ld,Sb)(T \S) = 0 ∀b ∈RZ ,

RdLd,Sb= b ∀b ∈ colRd;(·,S).

For example, choose row indices I and column indices J ⊆ S such that |I| = |J | =
rankRd;(·,S) and Rd;(I,J) is nonsingular, and set

(Ld,Sb)(J) := R−1d;(I,J)b(I), (Ld,Sb)(T \J) := 0.

For rank zero, take Ld,S = 0.
For any b ∈

∏
dL

1(µ;RZ), define

u0
d(b)(y) :=

∑
S⊆T

1Bd,S
(y)Ld,Sbd(y). (B.13)

There are finitely many matrices Ld,S , and so, with CL := maxd,S ∥Ld,S∥1←1,∑
d

∫
Y
∥u0

d(b)−u0
d(c)∥1 dµ≤ CL∥b− c∥L1 .

Define the finite-dimensional subspaces

Kd :=
∑
S⊆T

µ(Bd,S)>0

{
k ∈RT ∣∣k(T \S) = 0, Rdk= 0

}
,

V :=
{
(π̇− kd)d∈D

∣∣ π̇ ∈ kerAS,JP
S
, kd ∈Kd ∀d

}
.
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The space Kd is exactly the set of integrals of integrable functions kd(y) satisfying

kd;(T \Sd(y))(y) = 0, Rdkd(y) = 0.

One inclusion follows by integrating over Bd,S . For the other, every vector k in the summand
associated with Bd,S is realized by

y 7→ k
ρ0(y)1Bd,S

(y)∫
Bd,S

ρ0 dµ
,

using ρ0 from Lemma A.1.
Set

Tb :=

(∫
Y
u0
d(b)dµ

)
d∈D

.

The preceding characterization of Kd gives

b ∈UP,1 ⇐⇒

{
bd =Rdu

0
d(b) ∀d,

Tb ∈ V.

Indeed, any witnessing u differs from u0(b) by functions whose integrals belong to Kd.
Conversely, if Tb = (π̇ − kd)d ∈ V , add the kernel functions just constructed to u0

d(b) to
obtain common integral π̇.

The maps b 7→ Tb and b 7→ (bd −Rdu
0
d(b))d are continuous in ∥ · ∥L1 by the displayed

bound, and V is a finite-dimensional linear subspace. Their inverse images in the last display
are therefore closed, proving that UP,1 is closed.

Finally, Cauchy–Schwarz gives

∥b∥L1 ≤

(∑
z∈Z

1

PZ(z)

)1/2

∥b∥P ∀b ∈HP ,

and so UP = UP,1 ∩HP is closed in ∥ · ∥P . ■

Fix d0 ∈D. For J ⊆ [mS] and u ∈
∏

d∈D L
1(µ;RT ), define

AJ(u) :=


(∫
Y
(ud −ud0

)dµ

)
d∈D\{d0}

AS,J

∫
Y
ud0

dµ

 . (B.14)

Thus AJ(u) = 0 if and only if the integrals of ud equal a common vector in kerAS,J .

Lemma B.14. Suppose P satisfies Condition D, S satisfies Condition CP, and (π0,q0) ∈
FP
S . Let J ⊆ [mS] and q̇d ∈ L1(µ;RT ) satisfy

q̇d|τ (y) = 0 ∀d,τ , y with q0d|τ (y) = 0,∫
Y
q̇d dµ= π̇ ∈ kerAS,J ∀d.
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Suppose b := (Rdq̇d)d∈D ∈ HP . Then there exist q̇(n)d ∈ L1(µ;RT ), π̇n ∈ kerAS,J , and
Cn <∞ such that ∫

Y
q̇
(n)
d dµ= π̇n ∀d,n,

|q̇(n)d|τ (y)| ≤ Cnq
0
d|τ (y) ∀d,τ , y,n,∑

d

∫
Y
∥q̇(n)d − q̇d∥1 dµ→ 0,

∥∥∥(Rdq̇
(n)
d )d − b

∥∥∥
P
→ 0.

Proof . Define

td,n(y) := min

(
{1} ∪

{
nq0d|τ (y)

|q̇d|τ (y)|

∣∣∣∣∣τ ∈ T , q̇d|τ (y) ̸= 0

})
.

Then 0< td,n ≤ 1, td,n ↑ 1, and |td,nq̇d|τ | ≤ nq0d|τ . Dominated convergence gives∑
d

∫
Y
(1− td,n)∥q̇d∥1 dµ→ 0,

∥((td,n − 1)bd)d∥2P =
∑
d,z

PZ(z)

∫
{pP

d|z>0}
(1− td,n)2

b2d|z

pPd|z
dµ→ 0.

The respective dominators are
∑

d ∥q̇d∥1 and the integrable coordinates defining ∥b∥2P .
Let

B0 :=

{
u ∈

∏
d

L1(µ;RT )

∣∣∣∣∣∃C <∞ : |ud;(τ )(y)| ≤Cq0d|τ (y) ∀d,τ , y

}
.

Choose u(1), . . . ,u(r) ∈B0 such that AJ(u
(1)), . . . ,AJ(u

(r)) form a basis of AJ(B
0). Let

G :=
[
AJ(u

(1)) · · · AJ(u
(r))
]
,

αn := (G
⊺
G)−1G

⊺AJ((td,nq̇d)d).

The columns of G are independent. Moreover, AJ((q̇d)d) = 0, and the first displayed con-
vergence gives αn→ 0. If r = 0, omit the coefficient vector and use empty sums below.

Set

q̇
(n)
d := td,nq̇d −

r∑
j=1

αn;(j)u
(j)
d .
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Then AJ((q̇
(n)
d )d) = 0, which gives the required common integral π̇n ∈ kerAS,J . Choose

Cj <∞ with |u(j)
d;(τ )| ≤Cjq

0
d|τ . The relative bound holds with

Cn := n+

r∑
j=1

|αn;(j)|Cj .

Also, |(Rdu
(j)
d )(z)| ≤Cjp

P
d|z , and so

∥(Rdu
(j)
d )d∥2P ≤ C2

j

∑
d,z

PZ(z)

∫
Y
pPd|z dµ=C2

j .

Therefore, ∑
d

∫
Y
∥q̇(n)d − q̇d∥1 dµ+

∥∥∥(Rdq̇
(n)
d )d − b

∥∥∥
P

≤
∑
d

∫
Y
(1− td,n)∥q̇d∥1 dµ+ ∥((td,n − 1)bd)d∥P

+

r∑
j=1

|αn;(j)|

(∑
d

∫
Y
∥u(j)

d ∥1 dµ+Cj

)
→ 0,

which proves both convergence assertions. ■

Lemma B.15. Suppose P satisfies Condition D, S satisfies Condition CP, and (π0,q0) ∈
FP
S . Define

J :=
{
j ∈ [mS]

∣∣AS;(j,·)π
0 = aS;(j)

}
.

Suppose, for some C <∞,

|q̇d|τ (y)| ≤ Cq0d|τ (y) ∀d,τ , y,∫
Y
q̇d dµ= π̇ ∈ kerAS,J ∀d.

Then there exist ϵ > 0 and laws (Pt)|t|<ϵ satisfying Condition D, with

P0 = P, QS(Pt) ̸= ∅, Pt;Z = PZ ,

pPt

d = pP
d + tRdq̇d ∀d, |t|< ϵ.

This path is QMD at zero with score

h(y, d, z) :=


(Rdq̇d(y))(z)

pPd|z(y)
if pPd|z(y)> 0,

0 otherwise,

and EP [h | Z] = 0. If P ∈PS, ϵ can be chosen so that Pt ∈PS for every |t|< ϵ.
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Proof . Choose ϵ0 > 0 such that

ϵ0C ≤
1

2
,

ϵ0|AS;(j,·)π̇| ≤
aS;(j) −AS;(j,·)π

0

2
∀j /∈ J.

Such a choice exists because there are finitely many rows and each numerator in the second
line is positive. For |t|< ϵ0, set

qtd := q0d + tq̇d, πt := π0 + tπ̇.

Then

qtd|τ ≥ (1− |t|C)q0d|τ ≥
1

2
q0d|τ ,∫

Y
qtd dµ= πt,

AS,Jπ
t = aS,J ,

aS;(j) −AS;(j,·)π
t ≥

aS;(j) −AS;(j,·)π
0

2
∀j /∈ J.

In particular, πt ∈Rπ .
Define

rt(y, d, z) := PZ(z)(Rdq
t
d(y))(z).

This function is nonnegative, and∑
d

∫
Y
rt(y, d, z)dµ(y) = PZ(z)

∑
d

(Rdπ
t)(z) = PZ(z)1

⊺
πt = PZ(z).

It therefore defines a probability law Pt with Pt;Z = PZ . The common-parent construction
in Theorem 3.1, applied to (πt, (qtd)d), gives QS(Pt) ̸= ∅ and the asserted conditional sub-
densities.

Nonnegativity of Rd gives

|(Rdq̇d)(z)| ≤ CpPd|z,

and so |h| ≤C and rt = r0(1 + th). Since 1
⊺
πt = 1 for all these t, 1⊺

π̇ = 0, and

EP [h | Z = z] =
∑
d

∫
Y
(Rdq̇d)(z) dµ= 1

⊺
π̇ = 0.

For an absolute constant CT <∞,∣∣∣√1 + u− 1− u

2

∣∣∣≤ CTu
2 ∀|u| ≤ 1

2
.
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Therefore, ∥∥∥∥√rt −√r0 − t

2
h
√
r0

∥∥∥∥2
L2(ν)

≤ C2
T t

4EP [h
4]≤C2

TC
4t4 = o(t2),

which proves QMD.
Finally,

∆(Pt, P ) = |t|
∑
d

∫
Y
∥Rdq̇d∥1 dµ→ 0.

If P ∈PS, Corollary B.1 therefore keeps the minimum conditioning probability positive
after reducing ϵ0. The assignment probabilities remain unchanged, and so this also applies to
the model with known assignment probabilities. ■

Lemma B.16. Suppose P satisfies Condition D, S satisfies Condition CP, and QS(P ) ̸= ∅.
There exist bounded measurable f †d : Y → RZ , vectors v†d ∈ RT , and λ† ∈ RmS

≥0 such that,
defining

a†d(y) := R
⊺
df
†
d(y) + v†d,

we have

a†d;(τ )(y) = 0 ∀d, y,τ ∈ Sd(y),

a†d;(τ )(y)≥ 1 ∀d, y,τ /∈ Sd(y),

λ†(j) ≥ 1 ∀j ∈ JP
S ,

λ†(j) = 0 ∀j /∈ JP
S ,∑

d

v†d = A
⊺
Sλ
†,

∑
d

∫
Y
(f †d)

⊺
pP
d dµ+ (λ†)

⊺
aS = 0.

Proof . For each d, apply Lemma A.3 to Rd;(·,Td) and pP
d , and denote its partition by Bd.

Let

B :=

{⋂
d∈D

Bd

∣∣∣∣∣Bd ∈ Bd ∀d, µ

(⋂
d∈D

Bd

)
> 0

}
,

bd,B :=

∫
B
pP
d dµ.

The omitted cells form a null set. Because Lemma A.3 applies to every measurable subset of
each of its cells, its realization conclusion holds on every B ∈ B.

Consider the finite system

xd,B ≥ 0, Rdxd,B = bd,B ∀d,B,
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B∈B

xd,B = π ∀d, ASπ+ s= aS, s≥ 0. (B.15)

It is nonempty by compatibility. Its feasible set is compact: π ∈Rπ , 0≤ xd,B;(τ ) ≤ π(τ ) ≤
1, and s= aS −ASπ.

Every feasible array in (B.15) can be realized by nonnegative functions qd,B , zero outside
B, satisfying ∫

B
qd,B dµ= xd,B,

Rdqd,B(y) = pP
d (y) ∀y ∈B,

qd,B;(τ )(y)> 0 ⇐⇒ xd,B;(τ ) > 0 ∀y ∈B,τ .

For active coordinates this is Lemma A.3. For inactive coordinates, use

qd,B;(τ )(y) := xd,B;(τ )
ρ0(y)1B(y)∫

B ρ0 dµ
,

where ρ0 is supplied by Lemma A.1. Then qd :=
∑

B qd,B has common integral π, and
(π, (qd)d) ∈ FP

S .
Take (π†,q†) from Lemma B.12, and set

x†d,B :=

∫
B
q†d dµ, s† := aS −ASπ

†,

Sd,B :=
{
τ ∈ T

∣∣∣x†d,B;(τ ) > 0
}
.

If x†d,B;(τ ) = 0, then q†d|τ = 0 almost everywhere on B, and so τ /∈ Sd(y) there. If x†d,B;(τ ) >

0, the preceding realization of the array x† gives a feasible pair positive in this coordinate
throughout B. The universal support assertion in Lemma B.12 then gives τ ∈ Sd(y) almost
everywhere on B. Therefore,

Sd(y) = Sd,B ∀B ∈ B, y ∈B.

Define

cd,B := (1{τ /∈ Sd,B})τ∈T , e :=
(
1{j ∈ JP

S }
)
j∈[mS]

.

Maximize ∑
d,B

c
⊺
d,Bxd,B + e

⊺
s

subject to (B.15). Every feasible array has xd,B;(τ ) = 0 for τ /∈ Sd,B , by its realization and
Lemma B.12, and s(j) = 0 for j ∈ JP

S , by the definition of JP
S .

The dual minimizes ∑
d,B

f
⊺
d,Bbd,B +λ

⊺
aS
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over fd,B ∈RZ , vd ∈RT , and λ ∈RmS satisfying

R
⊺
dfd,B + vd ≥ cd,B ∀d,B,

λ≥ e,
∑
d

vd = A
⊺
Sλ.

Here the first inequalities correspond to xd,B ≥ 0, the second to s ≥ 0, and the equality to
the unrestricted vector π.

Strong duality supplies an optimal (f †d,B,v
†
d,λ
†) with value zero. Substitution of the fea-

sible (π†,x†,s†) gives

0 =
∑
d,B

(
R

⊺
df
†
d,B + v†d

)⊺
x†d,B + (λ†)

⊺
s†.

Since x†d,B;(τ ) > 0 for τ ∈ Sd,B , the corresponding dual coefficient must be zero. Also, s†(j) >

0 for j /∈ JP
S by Lemma B.12, and so λ†(j) = 0 for those rows.

Finally, define

f †d(y) :=
∑
B∈B

1B(y)f
†
d,B ,

and note that it is measurable and bounded since B is finite, as required. ■

Lemma B.17. Suppose P satisfies Condition D, S satisfies Condition CP, and QS(P ) ̸= ∅.
Let (Pt)|t|<ϵ be a two-sided QMD path through P with score s ∈ L2

0(P ), such that Pt satisfies
Condition D and QS(Pt) ̸= ∅ for every |t|< ϵ. Then

ṗP (s) ∈ UP ,

where UP is defined in Lemma B.13. In particular, this conclusion holds for every two-sided
QMD path through P in PS.

Proof . Let b := ṗP (s). By Lemma B.11, b ∈HP and∥∥∥∥∥
(
pPt

d − pP
d

t

)
d

− b

∥∥∥∥∥
L1

→ 0.

Take (π†,q†) from Lemma B.12, and f †d,v
†
d,λ
†,a†d from Lemma B.16. Define

F (t) :=
∑
d

∫
Y
(f †d)

⊺
pPt

d dµ+ (λ†)
⊺
aS.

For each t, choose any (πt,qt) ∈ FPt

S . The response equations and common integrals give

F (t) =
∑
d

∫
Y
(a†d)

⊺
qtd dµ+ (λ†)

⊺
(aS −ASπ

t)
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≥
∑
d

∫
Y

∑
τ /∈Sd(y)

qtd|τ (y)dµ(y) +
∑
j∈JP

S

(
aS;(j) −AS;(j,·)π

t
)
≥ 0.

Also, F (0) = 0 by Lemma B.16. Boundedness of f †d and the L1 derivative above yield

F (t) = t
∑
d

∫
Y
(f †d)

⊺
bd dµ+ o(|t|).

Since F (t)≥ F (0) = 0 for both signs of t, the coefficient of t is zero, and so F (t) = o(|t|).
For t ̸= 0, define

et,d;(τ )(y) := qtd|τ (y)1{τ /∈ Sd(y)},

ut,d :=
qtd − et,d − q†d

t
.

Then ut ∈ EP , and the preceding inequality gives∑
d

∫
Y
∥et,d∥1 dµ≤ F (t),∥∥∥AS,JP

S
(πt −π†)

∥∥∥
1
≤ F (t).

Let CR := maxd ∥Rd∥1←1. Then

∥(Rdut,d)d − b∥L1 ≤

∥∥∥∥∥
(
pPt

d − pP
d

t

)
d

− b

∥∥∥∥∥
L1

+
CRF (t)

|t|
→ 0.

Set J := JP
S and use the map AJ from (B.14). The common integrals of qtd and q†d give∫
Y
(ut,d −ut,d0

)dµ= − 1

t

∫
Y
(et,d − et,d0

)dµ,

AS,J

∫
Y
ut,d0

dµ=
1

t

[
AS,J(π

t −π†)−AS,J

∫
Y
et,d0

dµ

]
.

Therefore, with CA := |D|+ 1+ ∥AS,J∥1←1,

∥AJ(ut)∥1 ≤
CAF (t)

|t|
→ 0.

The image AJ(EP ) is finite-dimensional. Choose a basis a1, . . . ,ar of this image and
preimages w(1), . . . ,w(r) ∈ EP with AJ(w

(j)) = aj . Define the linear map

B

 r∑
j=1

cjaj

 :=

r∑
j=1

cjw
(j).

Then AJB is the identity on AJ(EP ), and, for some CB <∞,∑
d

∫
Y
∥(Ba)d∥1 dµ≤ CB∥a∥1 ∀a ∈AJ(EP ).
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If the image is {0}, take B = 0.
Set

ũt := ut −BAJ(ut).

Then ũt ∈ EP and AJ(ũt) = 0, and so (Rdũt,d)d ∈UP,1. Moreover,

∥(Rdũt,d)d − b∥L1 ≤ ∥(Rdut,d)d − b∥L1 +CRCB∥AJ(ut)∥1→ 0.

Closedness in Lemma B.13 gives b ∈UP,1. Since b ∈HP , it follows that b ∈UP , as required.
■

Lemma B.18. Suppose θ is the conditional-mean parameter (4.1), with ∅ ≠ A ⊆ Td⋆ , and
Condition T3 holds. Suppose S satisfies Condition CP. Fix γ ∈ [κ− 1, κ+1], and use Dθ,c0

from Lemma A.11 and Bθ from Lemma A.12.
Let Vθ(γ) be the class of measurable functions

m(y, d, z) = 1{d= d⋆}ℓ0;(z)(y) + ℓd;(z)(y) +
λ
⊺
aS
|Z|

admitting witnesses (u,λ) ∈Dθ and measurable ℓ0,ℓd : Y →RZ≥0 such that

∥(u,λ)∥∞ ≤ Bθ,

R
⊺
d⋆ℓ0(y)≥ c0(y;γ,u,λ), ∥ℓ0(y)∥∞ ≤ ∥c0(y;γ,u,λ)∥∞,

R
⊺
dℓd(y)≥ ud, ∥ℓd(y)∥∞ ≤ ∥ud∥∞ ∀d ∈D.

Every member satisfies ∥m∥∞ ≤ Cm, with Cm from Corollary A.4. For every finite list
f1, . . . , fr ∈ L1(ν), the set{(∫

W
fj(w)m(w)dν(w)

)
j∈[r]

∣∣∣∣∣m ∈ Vθ(γ)

}
is nonempty and compact.

For every R satisfying Condition D with QS(R) ̸= ∅,

Ψ(γ;R) = min
m∈Vθ(γ)

∑
z

ER[m(W ) | Z = z]. (B.16)

If, in addition, R satisfies Assumption 5.1, then

M⋆
R =

{
m ∈ Vθ(θ̄(R))

∣∣∣∣∣∑
z

ER[m(W ) | Z = z] = 0

}
.

Proof . The bounds defining the class give ∥m∥∞ ≤ Cm by the calculation in Corol-
lary A.4. The class is nonempty: take (u,λ) = 0 and choose the bounded inner duals supplied
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by Lemma 3.2. For any feasible pair at R, direct integration of the dual inequalities gives∑
z

ER[m(W ) | Z = z]≥
∫
Y
(κ− γ)c⊺Aqd⋆ dµ+λ

⊺
(aS −ASπ)

≥
∫
Y
(κ− γ)c⊺Aqd⋆ dµ.

Taking the supremum over FR
S gives the lower bound in (B.16). Equality is attained by

Lemma A.12 and Corollary A.4. At γ = θ̄(R) the minimum is zero, and the remaining asser-
tion follows from the definition of M⋆

R.
To prove compactness, take any sequence mn ∈ Vθ(γ) and choose witnesses. Enumerate

D = {d1, . . . , dJ}, and also define d0 = d⋆. Compactness of the bounded outer domain gives
n1 < n2 < · · · and a feasible limit (u,λ) such that

∥(unk
,λnk

)− (u,λ)∥∞→ 0.

Writing cnk,i and ci for the corresponding coefficients, their formulas give

max
0≤i≤J

sup
y
∥cnk,i(y)− ci(y)∥∞

≤
(
1 + |D|+ ∥A⊺

S∥∞→∞
)
∥(unk

,λnk
)− (u,λ)∥∞→ 0.

Take the positive probability density ρ0 from Lemma A.1. The vectors ρ0ℓnk,i have a com-
mon integrable envelope Cρ0. Apply Lemma A.6 jointly to their finitely many coordinates.
It supplies k1 < k2 < · · · and bounded measurable ℓi such that∫

Y
f(y)

(
ℓnkj

,i(y)− ℓi(y)
)
dµ(y)→ 0 ∀f ∈ L1(µ).

Indeed, the test function in Lemma A.6 is f/ρ0, and its required weighted integral is
C
∫
Y |f |dµ <∞.

For every nonnegative f ∈ L1(µ), we now have∫
Y
f
(
R

⊺
di
ℓi − ci

)
dµ= lim

j

∫
Y
f
(
R

⊺
di
ℓnkj

,i − cnkj
,i

)
dµ≥ 0,∫

Y
fℓi dµ≥ 0,∫

Y
f (∥ci(y)∥∞1− ℓi(y)) dµ(y)≥ 0.

Since this holds for every such test function f (and µ is σ-finite), these inequalities must hold
pointwise for a.e. y ∈ Y , and so m ∈ Vθ(γ), as required. ■

Lemma B.19. Maintain the parameter and model assumptions of Lemma B.18. For all com-
patible R,S satisfying Condition D and all γ ∈ [κ− 1, κ+ 1],

|Ψ(γ;R)−Ψ(γ;S)| ≤ Cm∆(R,S). (B.17)
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Fix P ∈PS and a two-sided QMD path (Pt)|t|<ϵ ⊆PS through P with score s. Then

Ψ(θ̄(P );Pt) = tδP
(
ṗP (s)

)
+ o(t) (t ↓ 0). (B.18)

Proof . For fixed γ, choose a minimizer mR at R in (B.16). It is also feasible in the mini-
mization at S, and so

Ψ(γ;S)−Ψ(γ;R)≤
∑
d,z

∫
Y
mR(y, d, z)(p

S
d|z − p

R
d|z)dµ

≤ Cm∆(R,S).

Interchanging R,S proves (B.17).
Let θ̄ := θ̄(P ) and ṗ := ṗP (s). By Lemma B.11,∑

d,z

∥pPt

d|z − p
P
d|z − tṗd|z∥L1(µ) = o(|t|).

Hence

sup
m∈Vθ(θ̄)

∣∣∣∣∣∣
∑
z

EPt
[m(W ) | Z = z]−

∑
z

EP [m(W ) | Z = z]− t
∑
d,z

∫
Y
mṗd|z dµ

∣∣∣∣∣∣
≤ Cm

∑
d,z

∥pPt

d|z − p
P
d|z − tṗd|z∥L1(µ) = o(|t|).

By Lemma B.18, the set

K :=


∑

z

EP [m(W ) | Z = z],
∑
d,z

∫
Y
mṗd|z dµ

∣∣∣∣∣∣m ∈ Vθ(θ̄)


is nonempty and compact. Its minimum first coordinate is zero. Among points with first
coordinate zero, the minimum second coordinate is δP (ṗ), because their moments are exactly
M⋆

P .
Danskin’s theorem, applied to v(t) := min(a,b)∈K(a+ tb), therefore gives

v(t) = tδP (ṗ) + o(t) (t ↓ 0).

Taking minima in the uniform remainder bound above gives Ψ(θ̄;Pt) = v(t)+o(|t|), proving
(B.18). ■

Lemma B.20. Maintain the parameter and model assumptions of Lemma B.18. Fix P ∈PS

and a two-sided QMD path (Pt)|t|<ϵ ⊆PS through P with score s. Let ṗ := ṗP (s). For
every b ∈R,

Ψ(θ̄ (P ) + tb;Pt) = t

[
δP (ṗ) + max

a∈[p⋆
A
(P ),p⋆

A(P )]
(−ba)

]
+ o(t) (t ↓ 0).
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Proof . Let θ̄ := θ̄(P ) and IP := [p⋆
A
(P ), p⋆A(P )]. By Lemma A.10, choose a feasible pair

at Pt attaining Ψ(θ̄ + tb;Pt), and denote its numerator and conditioning probability by Nt

and at. Evaluating the same pair at threshold θ̄ gives

Ψ(θ̄+ tb;Pt) = Nt − θ̄at − tbat

≤ Ψ(θ̄;Pt)− tbat. (B.19)

By Lemma B.11, ∆(Pt, P ) =O(t). Use Lemma B.2 to match the chosen pair to a pair in
FP
S within O(t) in ∥ · ∥F ,1, and denote the latter’s numerator and mass by N0

t , a
0
t . Bounded-

ness of κ gives

|N0
t −Nt|+ |a0t − at|= O(t).

By Lemma A.10,

Ψ(γ;Pt) = max
(N,a)∈KPt

{N− γa}, γ ∈R ,

and since 0≤ a≤ 1 for every (N, a) ∈KPt
,∣∣Ψ(θ̄+ tb;Pt)−Ψ(θ̄;Pt)
∣∣≤ max

(N,a)∈KPt

|tba| ≤ t|b|.

Combining this inequality with Ψ(θ̄;P ) = 0 and Lemma B.19 gives

|Ψ(θ̄+ tb;Pt)| ≤ t|b|+Cm∆(Pt, P ) =O(t) ,

and so, N0
t − θ̄a0t =O(t).

By Lemma A.10, compactness of KP , together with N0
t − θ̄a0t → 0 and at − a0t → 0,

implies that every accumulation point of at belongs to IP , which gives

limsup
t↓0

(−bat)≤ max
a∈IP

(−ba).

Now, dividing (B.19) by t and applying Lemma B.19 gives

limsup
t↓0

Ψ(θ̄+ tb;Pt)

t
≤ δP (ṗ) +max

a∈IP
(−ba).

For the reverse bound, fix a0 ∈ IP and an endpoint-attaining pair (π0,q0) at P with con-
ditioning probability a0. Fix α ∈ (0,1). For each sufficiently small u > 0, choose (π̂u, q̂u) ∈
FPu

S attaining Ψ(θ̄;Pu), and let âu := c
⊺
Aπ̂u.

The pair

(πt,α,qt,α) := (1− α)(π0,q0) + α(π̂t/α, q̂t/α)

is feasible for the law Rt,α with assignment probabilities PZ and conditional sub-densities

p
Rt,α

d := (1− α)pP
d + αp

Pt/α

d .
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Indeed, its marginal integrals agree, its type vector is in the convex set Rπ , and its response
equations are those displayed above; Lemma 3.1 gives compatibility.

Let et := pPt − pP − tṗ, with ∥et∥1 :=
∑

d,z

∫
Y |et,d|z|dµ. By Lemma B.11, ∥et∥1 =

o(|t|). For fixed α,

∆(Rt,α, Pt) = ∥αet/α − et∥1

≤ α∥et/α∥1 + ∥et∥1 = o(t).

Evaluate the residual at the mixed feasible pair and use (B.17) to get

Ψ(θ̄+ tb;Pt)≥ αΨ(θ̄;Pt/α)− tb
[
(1− α)a0 + αât/α

]
−Cm∆(Rt,α, Pt).

Since a0, ât/α ∈ [0,1], division by t and Lemma B.19 give

lim inf
t↓0

Ψ(θ̄+ tb;Pt)

t
≥ δP (ṗ)− ba0 − |b|α.

Let α ↓ 0, then maximize over a0 ∈ IP . This matches the upper bound and proves the result.
■

Corollary B.2. Under the assumptions and notation of Lemma B.20,

lim
t↓0

θ̄(Pt)− θ̄(P )
t

= max
a∈[p⋆

A
(P ),p⋆

A(P )]

δP (ṗ)

a
.

Proof . Let a− := p⋆
A
(P )> 0, a+ := p⋆A(P ), and

F (b) := δP (ṗ) + max
a∈[a−,a+]

(−ba),

b∗ := max
a∈[a−,a+]

δP (ṗ)

a
.

Direct substitution gives F (b∗) = 0. For b2 > b1,

F (b2)≤ F (b1)− a−(b2 − b1).

Thus, for every η > 0, F (b∗−η)> 0 and F (b∗+η)< 0. By Lemma B.20, for all sufficiently
small t > 0,

Ψ(θ̄(P ) + t(b∗ − η);Pt)> 0,

Ψ(θ̄(P ) + t(b∗ + η);Pt)< 0.

The residual-sign characterization in Lemma A.10 therefore gives

b∗ − η <
θ̄(Pt)− θ̄(P )

t
< b∗ + η.

■
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Lemma B.21. Suppose θ is the conditional-mean parameter (4.1), with ∅ ≠ A ⊆ Td⋆ , and
Condition T3 holds. Suppose S satisfies Condition CP and P ∈PS.

The functional δP is finite, Lipschitz, concave, and positively homogeneous on Ċ P
S . The

problem

max
b∈Ċ P

S

{
2δP (b)− ∥b∥2P

}
has a unique solution w := ṗP,⋆.

Let a− := p⋆
A
(P ) and a+ := p⋆A(P ). Then θ̄ is pathwise differentiable at P if and only if

δP (b) =


⟨w,b⟩P if ⟨w,b⟩P ≥ 0,

a+
a−
⟨w,b⟩P if ⟨w,b⟩P < 0

∀b ∈ Ċ P
S .

When this condition holds, the derivative at score s is

˙̄θP (s) =
1

a−

〈
w, ṗP (s)

〉
P
.

Proof . Let H := Ċ P
S . For m ∈M⋆

P and b ∈HP , weighted Cauchy-Schwarz gives∣∣∣∣∣∣
∑
d,z

∫
Y
m(y, d, z)bd;(z)(y)dµ(y)

∣∣∣∣∣∣≤
∑

d,z

1

PZ(z)

∫
Y
m(y, d, z)2pPd|z(y)dµ(y)

1/2

∥b∥P

≤ Cm

(∑
z

1

PZ(z)

)1/2

∥b∥P .

The bound is uniform over m. Taking infima in the definition of δP therefore gives

|δP (b)− δP (b′)| ≤ Cm

(∑
z

1

PZ(z)

)1/2

∥b− b′∥P .

Finiteness follows by taking b′ = 0. Concavity and positive homogeneity follow by taking
the infimum of the same continuous linear functionals: for α ∈ [0,1] and t≥ 0,

δP (αb+ (1− α)b′)≥ αδP (b) + (1− α)δP (b′),

δP (tb) = tδP (b).

For every m ∈M⋆
P , let

am := ΠH

((
pPd|z(·)m(·, d, z)

PZ(z)

)
z∈Z

)
d∈D

,

C := conv {am |m ∈M⋆
P } ,
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where ΠH is orthogonal projection in HP and the closure is in H . The preceding bound
shows that C is nonempty, closed, convex, and bounded. For every b ∈H ,

⟨am,b⟩P =
∑
d,z

∫
Y
m(y, d, z)bd;(z)(y)dµ(y),

δP (b) = inf
a∈C
⟨a,b⟩P .

Let w := ΠC0. The Hilbert projection theorem gives ⟨a−w,w⟩P ≥ 0 for every a ∈ C ,
and so

δP (w) = ∥w∥2P , δP (b)≤ ⟨w,b⟩P .

It follows that

2δP (b)− ∥b∥2P ≤ 2⟨w,b⟩P − ∥b∥2P

= ∥w∥2P − ∥b−w∥2P .

Equality holds at b=w, proving existence and uniqueness of the asserted maximizer.
Suppose now that θ̄ is pathwise differentiable, with derivative represented by g ∈ L2

0(P ).
The map

b 7→ EP

[
g(W )

bD;(Z)(Y )

pPD|Z(Y )

]
is continuous and linear on H , with the quotient defined as zero where its denominator is
zero, because ∥∥∥∥∥bD;(Z)(Y )

pPD|Z(Y )

∥∥∥∥∥
L2(P )

= ∥b∥P .

By the Riesz representation theorem, there is a ∈H representing this map.
Fix b ∈ H . By Theorem 5.6 and lemmas B.12 and B.14, there are bn ∈ H with ∥bn −

b∥P → 0 that satisfy the relative bounds in Lemma B.15. That result supplies two-sided
QMD paths with fixed assignment probabilities and scores

sn(y, d, z) :=


bn,d;(z)(y)

pPd|z(y)
if pPd|z(y)> 0,

0 otherwise.

Their endpoint derivatives equal EP [gsn] = ⟨a,bn⟩P . By Corollary B.2,

δP (bn) =

a−⟨a,bn⟩P if ⟨a,bn⟩P ≥ 0,

a+⟨a,bn⟩P if ⟨a,bn⟩P < 0.

Continuity extends this identity to every b ∈H . Since a+ ≥ a−, it implies

2δP (b)− ∥b∥2P ≤ a2−∥a∥2P − ∥b− a−a∥2P ,
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with equality at b = a−a. Uniqueness of the maximizer gives w = a−a, which yields the
stated condition.

Conversely, suppose that condition holds. By Corollary B.2, the right derivative along
every QMD path with score s is

1

a−

〈
w, ṗP (s)

〉
P
.

For the reversed path the score is −s, and so its right derivative is the negative of this expres-
sion. The two-sided derivative therefore exists. By Lemma B.11,∣∣∣∣ 1a− 〈w, ṗP (s)

〉
P

∣∣∣∣≤ ∥w∥Pa−
∥s∥L2(P ).

The derivative is continuous and linear, proving pathwise differentiability. ■

Corollary B.3. Suppose S satisfies Condition CP,Rπ ̸= ∅, and P satisfies Condition D. Use
the globally binding row set ES defined in Section 5. If (5.17) holds, then every g ∈ L2(P )

with EP [g(W ) | Z] = 0 satisfies(
pPd|z(y)g(y, d, z)

)
z∈Z
∈ col(Rd) ∀d, y,

and there exists π̇ ∈ ker(AS,E) such that

Rdπ̇ = (EP [1{D = d}g(W ) | Z = z])z∈Z ∀d.

Under restrictions only on the support of T , (5.17) is equivalent to

rank


Rd1

...
Rd|D|

= 1+ |Z|(|D| − 1).

Proof . Set

A := AS,E ,

R :=


Rd1

...
Rd|D|

 ,
V0 :=

{
(vd)d∈D ∈ (RZ)D

∣∣∣∣∣∑
d

vd = 0

}
.

Since kerA = span(Rπ −Rπ) and 1
⊺
π = 1 on Rπ , every π̇ ∈ kerA satisfies 1

⊺
π̇ = 0.

Also,
∑

dRd = 1Z1
⊺
T . Therefore R(kerA)⊆ V0. By rank-nullity,

dimR(kerA) = dimkerA− dim(kerA∩ kerR)
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= rank

[
A

R

]
− rankA

= |Z|(|D| − 1) = dimV0.

Thus R(kerA) = V0.
For any d and v ∈ RZ , choose e ̸= d. The block vector with blocks v at d, −v at e, and

zero elsewhere belongs to V0. Hence col(Rd) =RZ , which proves the pointwise assertion.
Set

bd := (EP [1{D = d}g(W ) | Z = z])z∈Z .

Conditional centring gives
∑

d bd = 0, and so (bd)d ∈ V0 = R(kerA). This supplies the
required π̇.

Under support restrictions alone, Rπ is the simplex on the retained types, and so
row(A) = span{1⊺}. For every z, summing the zth rows of Rd over d gives 1

⊺. Thus this
row already belongs to row(R), and the final claim follows from

rank

[
A

R

]
− rankA= rankR− 1.

■

Appendix C: Inference Results and Proofs

C.1. Uniformly Valid Inference on Specification and Parameter-Inclusion Tests

Let θ = NQ

DQ be represented as in (†). Let Θ0, ΘS (P ) and Θ̃S (P ) be defined as in Ap-
pendix A.3. In this section, we develop inference procedures that implement the inclusion
test proposed in Theorem A.1 and the specification test proposed in Theorem 3.3, and con-
trol size uniformly over null distributions in a very broad class of data distributions P , while
remaining consistent against any fixed alternative in this class. We will only impose the fol-
lowing minimal requirement on P , which only requires that its assignment probabilities are
uniformly bounded away from zero.

Assumption C.1. The class P consists of data distributions satisfying Condition D, such that

inf
P∈P

min
z∈Z

P (Z = z)> 0 .

Note that when assignment probabilities are known exactly, as in a randomized controlled
trial, P includes all data distributions P with those assignment probabilities.

In the remainder of this section, assume that we only have access to a finite sample

{(Yi,Di,Zi)}ni=1 = {Wi}ni=1
i.i.d.∼ P

of independently and identically distributed draws from an unknown distribution P ∈P .
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C.1.1. The Test. We will start from the generalized inclusion test provided in Theorem A.1,
which suggests using an infimal convolution statistic based on the criterion FP (v, t;γ), de-
fined in (A.4). As written there, however, FP (v, t;γ) is expressed in terms of the support
function of Π, which depends on P . We will instead work with the following criterion that
replaces Π with Rπ , and is obtained by substituting the expression given in Theorem 3.3 in
place of hΠ , simplifying, and reparametrizing.

Recall that C :=
∏

d∈D Cd, with Cd :=
{
u ∈RT ∣∣u(T \Td) = 0

}
, and the shorthand v :=

(vd)d∈D is used to split v into its Cd components. For any b ∈RT , denote by b↾d the vector
generated from b by setting its d-Never-Taker coordinates to 0. Define the criterion

LP (γ;v, t) :=
∑
d∈D

∫
Y
hd

(
t (κd (y)cd − γκd (y)ad)↾d − vd;p

P
d (y)

)
dµ (y)

+ hRπ

(∑
d∈D

vd + t (cπ − γaπ) + ζγ (t)

)
, (C.1)

where ζγ is the never-taker adjustment term defined in Appendix A.3. Now, under the con-
ditions of Theorem A.1, we still have

Θ̃S (P ) =

γ ∈Θ0

∣∣∣∣∣∣ inf
v∈C,t∈R
∥(v,t)∥2≤1

LP (γ;v, t)≥ 0

 .

Further, we also have, by Theorem 3.3,

QS (P ) ̸= ∅ ⇐⇒ inf
v∈C
∥v∥2≤1

LP (v,0)≥ 0 ,

where I note that LP does not depend on γ when t= 0 and so omit it above. Therefore, the
specification test can be viewed as a specialization of the same criterion.

C.1.2. The Test Statistic and Critical Value. In moment form, we can write

LP (γ;v, t) :=
∑
z∈Z

EP

[
mP

L(θ) (γ;v, t;W )
∣∣∣Z = z

]
, (C.2)

where

mP
L(θ) (γ;v, t;Y,D,Z) :=

∑
d∈D

mP
d

(
t (κd (Y )cd − γκd (Y )ad)↾d − vd;Y,D,Z

)

+
1

|Z|
hRπ

(∑
d∈D

vd + t (cπ − γaπ) + ζγ (t)

)
.

Partition the sample into training and evaluation folds IT , IE ⊆ [n] and define n(k) := |Ik|
and n(k)z := | {i ∈ Ik |Zi = z} |, for k ∈ {T,E}. As before, denote the empirical distribution
by P̂n and denote by P̌n a (potentially regularized) estimator of P̂n such that P̌n induces a
µ-dominated distribution of Y ; in the remainder, we will generally suppress their dependence
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on n. Let P̌ (k) denote the version of P̌ estimated on fold k, and extend the remaining notation
accordingly. In the remainder, I assume that the folds are selected independently of the data,
that |Ik|> 0 for each k ∈ {T,E}, and n(T )

n → cT for some cT ∈ (0,1), with n(T )

n + n(E)

n = 1.
Now, let m̌L(θ) be the version of mP

L(θ) obtained by replacing mP
d with m̌d, where, for

each d ∈D, m̌d is the training fold estimated moment function,

m̌d = m̌
(T )
d :=mP̌ (T )

d ,

which we will assume is obtained via Algorithm 3.1.38 Next, letting w := (v, t), define the
evaluation fold quantities

m̄z (γ;w) :=
1

n
(E)
z

∑
i∈IE :Zi=z

m̌L(θ) (γ;w;Wi) , L̂n (γ;w) :=
∑
z∈Z

m̄z (γ,w) ,

ψ̂i (γ;w) :=
n(E)

n
(E)
Zi

(
m̌L(θ) (γ;w;Wi)− m̄Zi

(γ;w)
)
, σ̂2 (γ;w) :=

1

n(E)

∑
i∈IE

ψ̂i (γ;w)2

and, for i.i.d. multipliers {ξi}i∈IE ∼N(0,1) drawn independently of the data, let

G∗n (γ;w) :=
1√
n(E)

∑
i∈IE

ξiψ̂i (γ;w) .

Define V := {w ∈ C ×R | ∥w∥2 ≤ 1} and, for any τn := cn−β with c > 0 and 0< β < 1
2 ,

define the two “screening” sets,

V̂ cal
n,γ := {w ∈ V | σ̂ (γ;w)> τn (1 + |γ|)∥w∥2} ,

V̂ test
n,γ := {w ∈ V | σ̂ (γ;w)> 2τn (1 + |γ|)∥w∥2} ,

where the factor (1 + |γ|) is included to accommodate unbounded Θ0, but can be omitted
when Θ0 is compact.

For α ∈ (0,1), define the critical value kn,γ (1− α) as the (conditional on both folds) 1−α
quantile of39

sup
w∈V̂ cal

n,γ

−G∗n (γ;w)

σ̂ (γ;w)
.

38This fact is important for the empirical process complexity control result used in the proof of Theorem C.1,
but other constructions could be accommodated, provided a suitable empirical process complexity control argu-
ment is applicable.

39Set kn,γ (1− α) =∞ whenever V̂ cal
n,γ = ∅.
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Consider the inclusion test ϕn (γ) defined by

ϕn (γ) :=



1 if sup
w∈V̂ test

n,γ

−
√
n(E)L̂n (γ;w)

σ̂ (γ;w)
> kn,γ (1− α) ,

1 if inf
w∈V

{
L̂n (γ;w) +

log
(
n(E)

)
√
n(E)

(1 + |γ|)∥w∥2

}
< 0 ,

0 otherwise.

Define the ϕspecn as the specification test defined analogously using L̂n (v,0) in place of
L̂n (γ;v, t) and imposing γ = t = 0 throughout the construction just specified, including in
the rejection criteria, critical value, and the definitions of V , V̂ cal

n and V̂ test
n .40

We now have the following result, which establishes the uniform validity and fixed-
alternative consistency of these two procedures.

Theorem C.1. Suppose S satisfies Condition C and P satisfies Assumption C.1. Then, the
following statements hold, for any given α ∈ (0,1), c > 0, and β ∈ (0,1/2).

(i) (Specification Test.)
a) limsup

n→∞
sup
P∈P:
QS(P )̸=∅

P (ϕspecn = 1)≤ α and,

b) whenever P ∈P satisfies ∆
(
P̌ (T ), P

) P−→ 0 and QS (P ) = ∅,

P (ϕspecn = 1)→ 1 .

(ii) (Parameter-Inclusion Test.) Suppose, in addition, that θ satisfies Condition T3 and either
Condition T1, or Condition T2 together with Assumption A.1 for each P ∈P .41 Then,
a) limsup

n→∞
sup
P∈P

γ∈Θ̃S(P )

P (ϕn(γ) = 1)≤ α and,

b) whenever P ∈P satisfies ∆
(
P̌ (T ), P

) P−→ 0 and γ ∈Θ0 \ Θ̃S(P ),

P (ϕn(γ) = 1)→ 1 .

Appendix D: Equivalence of Structural and Potential Outcomes IV Models

The potential outcomes framework with a randomly assigned instrument, is summarized
by the following condition on P .

Condition PO (Potential Outcomes IV Model). There exists random variables
((Yd : d ∈D) , (Dz : z ∈Z)) that satisfy the following properties:

40If n(E)
z = 0 for any z ∈Z , then define both tests as failing to reject.

41Note that this non-zero denominator condition, only needed for effects ratios, allows for the separation of
the denominator from 0 to depend on P , it need not be uniform over P .
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(i) Almost surely,

D =
∑
z∈Z

1{Z = z}Dz and Y =
∑
d∈D

1{D = d}Yd . (D.1)

(ii) For each d ∈D, Yd has a density with respect to µ.
(iii) ((Yd : d ∈D) , (Dz : z ∈Z))⊥ Z

In fact, this model is equivalent to the model of Condition M, in the sense formalized in
the following result.

Proposition D.1. Suppose P satisfies Condition D. Then, the following statements hold:

(i) Condition PO holds if and only if Condition M holds.
(ii) Given any random variables V and εY , and maps gD and gY such that (V ,εY ,gD,gY )

witnesses Condition M, ((gY (d,V ,εY ) : d ∈D) , (gD (z,V ) : z ∈Z)) witnesses Condi-
tion PO.

(iii) Given any ((Yd : d ∈D) , (Dz : z ∈Z)) that witnesses Condition PO, there exists ran-
dom variables V and εY , and maps gD and gY such that

Law((gY (d,V ,εY ) : d ∈D) , (gD (z,V ) : z ∈Z)) = Law((Yd : d ∈D) , (Dz : z ∈Z)) ,

and (V ,εY ,gD,gY ) witnesses Condition M.

Proof . Part (ii) follows from (2.4), (2.5), and the independence and µ-domination re-
quirements imposed by Condition M. For (iii), set V :=D = (Dz)z∈Z . As in the proof of
Theorem 2.1, take mutually independent random vectors

e (v)∼ Law((Yd : d ∈D) | V = v) , v ∈ supp (V ) ,

jointly independent of (V ,Z). Define εY := (e (v))v∈supp(V ) and

gD (z,v) := v(z),

gY
(
d,v,e′

)
:=
(
e′(v)

)
(d)
.

By Condition PO and construction,

(e (V ) ,V ,Z)
d
= ((Yd : d ∈D) ,D,Z) .

The maps are measurable and Z,V ,εY are mutually independent. Now, the structural equa-
tions generate ((Yd : d ∈D) ,D,Z), and hence generates P and satisfies the required µ-
domination, proving (iii). Part (i) follows immediately from (ii)–(iii). ■

Appendix E: Computational Appendix

<coming soon>
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